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Foreword 



0.1. Fourier analysis on manifolds. The Fourier transform on L^(R") and 
its inversion formula are well-known : 



Since -Ae" ^ = |Cpe" ^ « is an eigenfunction of -A. Therefore ^A^i and dO^) 
illustrate the expansion of arbitrary functions in terms of eigenfunctions (more 
appropriately generalized eigenfunctions since they do not belong to L^(R")) of 
the Laplacian. 

There are two directions of development of the above fact. One is quantum 
mechanics, where the Schrodinger operator H ~ —A + V{x) is the most basic tool 
to decribe the physical system of atoms or molecules. If H has the continuous 
spectrum, it is known that there exists a system of generalized eigenfunctions of H 
which play the same role as e"'^. Moreover, by using these generalized eigenfunc- 
tions one can define an operator called the scattering matrix or the S-matrix, which 
is the fundamental object to study the physical properties of quantum mechanical 
particles through the scattering experiment. 

The other direction is the Fourier transform on manifolds, especially on homo- 
geneous spaces of Lie groups, which is a central theme in the representation theory. 
Hyperbolic manifolds, one of the deepest sources of classical mathematics, appear 
also in this context. In particular, hyperbolic quotient manifolds by the action of 
discrete subgroups of S'L(2,R) and the associated S-matrix are important objects 
in number theory. 

0.2. Perturbation of the continuous spectrum. The aim of the perturba- 
tion theory of continuous spectrum is, given an operator Hq whose spectral property 
is rather easy to understand, to study the spectral properties of Hq + V, where V 
is the perturbation deforming the operator Hq. When H = Hq + V has the contin- 
uous spectrum, an effective way of studying its spectral properties is to construct 
a generalized Fourier tranform associated with H. To accomplish this idea, it is 
necessary that the Fourier transform for Hq can be constructed easily. For example, 
it is the case for the Laplacian — A on R". If the perturbation term V is an oper- 
ator on the same Hilbert space as for Hq and is not so strong, one can construct 
the Fourier transform associated with Hq + Vhy using the technique of functional 
analysis and partial differential equations. 

This is not so easy for operators on hyperbolic manifolds. Even the construction 
of the Fourier transform associated with the Laplace-Beltrami operator on the 
hyperbolic space is no longer a trivial work. To construct the Fourier transform on 
hyperbolic spaces based on the upper half space model or the ball model, one needs 
deep knowledge of Bessel functions. Under the action of discrete subgroups, the 
properties of groups will reflect on the structure of manifolds or the construction 
of generalized eigenfunctions. 
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0.3. Spectral and scattering theory on hyperbolic manifolds. In the 

present note, we deal with the spectral theory and the associated forward and in- 
verse problems for Laplace-Beltrami operators on hyperbolic manifolds. Since we 
are mainly interested in its spectral properties, Selberg's work |Se56] and its de- 
velopments are beyond our scope. As an approach to the hyperbolic manifolds 
from the spectral theory, the first important paper is that of Faddeev [Fa67j . Lang 
[La75j is a detailed exposition of Faddeev's article. There are also works of Roel- 
cke |Roe66| . Venkov |Ve90| and a recent article of Iwaniec |Iwa02] . The study 
of spectral theory, in particular, that of continuous spectrum is drastically changed 
in these 30 years. The book of Lax-Phillips LaPh76 ] has distinguished features, 
leaning over the analysis of wave equation. The derivation of the analytic continu- 
ation of Eisenstein series from that of the resolvent was done by Colin de Verdiere 
[Col81| . Agmon [Ag86 used the modern spectral theory for this problem. Hislop 
[His94] uses Mourre theoryiwhich is a modern powerful technique to study the con- 
tinuous spectrum of self-adjoint operators, see e.g. |Is04aj ) to prove the resolvent 
estimates for the Laplacian on hyperbolic spaces. 

The scattering metric proposed by Melrose |Me95j aims at constructing a gen- 
eral calculus on non-compact manifolds on which the scattering theory is developed. 
Melrose' theory includes the following model. Let be a compact n-dimensional 
Riemannian manifold with boundary. Assume that near the boundary, A4 is dif- 
feomorphic to M x (0, 1), M being a compact n — 1-dimcnsional manifold, and 
introduce the following metric 

, o (dv)'^ + A(x,v,dx,dy) 

ds^ = ^ ^J^' —, < y < 1, xgM, 

y 

where A{x, y, dx, dy) is a symmetirc covariant tensor such that as — >■ 

(0.3) A{x, y, dx, dy) ^ ^0(2;, dx) + yAi{x, dx, dy) + 7/^^2(2;, dx, dy) + • • • , 

Aq being the Riemannian metric on M. This generalizes the upper half-space model 
of the hyperbolic space. Spectral structures of the associated Laplace-Beltarmi 
operator were studied by Mazzeo |Ma88| and Mazzeo- Melrose [MaM e87J. Related 
inverse problem was studied by Joshi-Sa Barreto |JoSaBaOO| . In particular, Sa 
Barreto [SaBaOS] proved that the coincidence of the scattering operators gives 
rise to an isometry of associated metrics. Here the essential role is played by 
the boundary control method presented by Belishev |Be87| . (see also [BeKu87] . 
[Be97| . |BeKu92] ). which makes it possible to reconstruct a Riemannian manifold 
from the boundary spectral data of the associated Laplace-Belrami operator. 

A feature of Melrose theory is that it proves the analytic continuation of the 
resolvent of Laplace-Beltrami operator for a broad class of metric so that it enables 
us to study the resonance, another important subject in spectral and scattering 
theory ([GuZw97]), |Zw99j ). We do not deal with the resonance in this note. 
However, let us mention the recent article of Borthwick |Bo07| which studies the 
inverse problem related to the resonance based on Melrose theory and includes a 
thorough list of references. 

In the case of the Schrodinger operator —A + V{x) on R", the behavior of 
solutions to the Schrodinger equation has a clear difference depending on the decay 
order of the potential at infinity. If we assume that V{x) — 0{\x\~p), \x\ — ^ 00, 
the border line is the case p — 1. This is also true on hyperbolic spaces. The 
difference occurs in the case p = 1 of the decay order d^'', where dh denotes the 
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hyperbolic distance. In ()0.3p . y corresponds to e^'^''. Hence from the view point of 
perturbation theory, the theory of scattering metric deals with the case in which 
the perturbation term is expanded as the power of e~'^'^ . 

0.4. Contents of this note. The purpose of this note is the exposition of the 
basic knowledge of the generalized Fourier transform on asymptotically hyperbolic 
manifolds and their applications to inverse scattering problem. We deal with the 
general short-range perturbation of the metric, namely, we consider the metric 
which differ from the standard hyperbolic metric with the term decaying like dj^^~'^, 
where dh is the hyperbolic distance. 

More precisely we shall study an n-dimensional connected Riemannian manifold 
M, which is written as a union of open sets: 

M ^/CUA^iU-'-UTWat. 

The basic assumptions are as follows: 

(A-1) /C is compact. 

(A-2) MiriMj = 9, i^j. 

(A-3) Each Aii, i — I, - ■ ■ ,N, is dijfeomorphic either to Aio = M x (0, 1) or to 
M.OO = M X (l,oo), M being a compact Riemannian manifold of dimension n — 1. 
Here the manifold M is allowed to be different for each i. 

(A-4) On each A4i, the Riemannian metric ds^ has the following form 

(0.4) ds^ = {{dy)'^ + h{x, dx) + A{x, y, dx, dy)) , 

A{x,y,dx,dy) = ^ aij{x,y)dx''dx^ + 2 Qm(a:, y)dx^dy + an^jx, y){dy)'^ , 

i,j=l i=l 

where h(x,dx) — Y^^i jli f^ij{x)dx^dx^ is a positive definite metric on M, and 
aij{x,y), 1 < i, j < n, satisfies the following condition 

(0.5) |5^i?^a(a;,y)| <C„^(l + |logy|)— Va,/3 

for some eo > 0. Here = y{y)dx, y{y) € C°°((0,oo)) such that y{y) — y for 
y > 2 and y{y) — 1 for < y < 1. 

Of course this metric ds^ depends on the end Mi, hence should be written as 

ds^ = y^'^[{dyY + hi{x, dx) + Ai{x, y, dx, dy)). 

Picking up the wave equation, we shall study the following scattering problem. 
Consider the initial value problem for the wave equation 

{dfU^AgU on M, 

where / is orthogonal to the point spectral subspace for — Ag. Then for any compact 
set K on Ai, the solution u{t) behaves as 

\u{t)fdVg 0, as t^±oo. 

Namely, the wave disappears from any compact set in A4 . On each end Mj , it will 
behave like 

\\u{t) ~ uf\t)\\ 0, as t->-±oo. 
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where Uj {t) is the solution to the free wave equation 

f a^uf ^ = Agowf \ on Mj, 

(±)| _ .(±) a„(±)| _ A r^v~f(±) 

AgO being the Laplace-Beltrami operator associated with the metric y^^{^{dy)^ + 

hj(x, dx)) . The scattering operator S assigns to the asymptotic data in the remote 
past that in the remote future: 

The inverse scattering is an attempt to recover the metric of A4 from the scattering 
operator S. To study this problem, we first investigate the spectral properties of 
the associated Laplace-Beltrami operator — Ag. Namely 

• Location of the essential spectrum. 

• Absence of eigenvalues embedded in the continuous spectrum when one 
of the ends is regular, i.e. one M.i is diffeomorphic to M x (0, 1). 

• Discreteness of embedded eigenvalues in the continuous spectrum when 
all the ends are cusps, i.e. all Ali are diffeomorphic to Mi x (1, oc). 

• Limiting absorption principle for the resolvent and the absolute continuity 
of the continuous spectrum. 

Our next issue is the forward problem. Namely 

• Construction of the generalized Fourier transform associated with — Ag. 

• Asymptotic completeness of time-dependent wave operators. 

• Characterization of the space of scattering solutions to the Helmhotz equa- 
tion in terms of the generalized Fourier transform. 

• Asymptotic expansion of scattering solutions to the Helmholtz equation 
and the S-matrix. 

As a byproduct, we also study 

• Representation of the fundamental solution to the wave equation in the 
upper-half space model. 

• Radon transform and the propagation of singularities for the wave equa- 
tion. 

Finally, we shall discuss the inverse problem. Namely 

• Identification of the Riemannian metric from the scattering matrix. 

We show that two asymptotically hyperbolic manifolds satisfying the above as- 
sumptions are isometric, if the metrics coincide on one regular end, and also the 
S-matrices coincide on that end. 

The ingredient of each chapter is as follows. 

Chapter 1 Fourier transforms on hyperbolic spaces 

We discuss the construction of the Fourier transform associated with the Laplace- 
Beltrami operator of H" as well as its spectral properties. Moreover, we characterize 
the solution space of the Helmholtz equation in terms of the Fourier transform. We 
also study the hmdamental solution to the wave equation and the Radon transform. 
We mainly use the estimates of Bessel functions. This chapter is the basis of whole 
arguments in this note. Main results are Theorems 3.13, 4.2, 4.3, 6.5 and 6.6. 

Chapter 2 Perturbation of the metric 
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This is an exposition of spectral and scattering theory for Laplace-Beltrami 
operators associated with asynipotically hyperboUc metrics on R" and their scat- 
tering matrices. As in Chapter 1, we will discuss the generalized Fourier transform, 
the asymptotoic expansion of the resolvent, the Helmholtz equation and the Radon 
transform. This is also an introduction to the classical spectral theory. Main results 
are Theorems 2.3, 7.1, 7.8, 7.9, 7.10 and 8.9. 

Chapter 3 Manifolds with hyperbolic ends 

The general hyperbolic manifolds are constructed by the action of discrete 
groups on H". Wc shall consider simple cases and study the spectral properties 
of the resulting quotient manifolds. We also discuss the action of SL{2, Z). Main 
results are Theorems 3.8, 3.12, 3.13 and 3.14. 

Chapter 4 Radon transform and propagation of singularities in H" 

The Radon transform describes singularities of solutions to the wave equation. 
We shall discuss this classical matter in this chapter for the hyperbolic space. The 
goal is Theorem 5.2 which is a generalization of Theorem 6.6 in Chapter 1. 

Chapter 5 Introduction to inverse scattering 

Local perturbations of the metric of hyperbolic manifolds are identified from 
the scattering matrix. We shall prove this fact by using spectral theory. Our goal 
is Theorem 4.8, which asserts that if the metrics coincide on one regular end of the 
asymptoticaly hyperbolic manifolds, and also the S-matrices coincide on that end, 
then two manifolds are isometric. 

The method we have given here works not only for asymptotically hyperbolic 
ends but also for the manifolds on which the spectral representation is established. 
In particlular. Theorem 4.8 holds for manifolds with asymptotically Euclidean ends, 
or the mixture of Euclidean and hyperbolic ends. 

Chapter 6 Boundary control method 

To identify the metric, we reduce the problem to that of the inverse spectral 
problem on non-compact manifolds with compact boundaries. The crucial role 
is played by the boundary control method developed by Belishev and Kurylev. 
This section is devoted to a comprehensive and self-contained exposition of this 
approach. We shall give a complete proof of the BC-method except for Tataru's 
theorem on the uniqueness of solutions to non-characteristic Cauchy problem for 
the wave equation. 

Appendix A Radon transform and propagation of singularities in R" 

The relation between the propagation of singularities and the Radon transform 
is not obvious even for the case of perturbed Euclidean metric. Wc shall give 
detailed proof for this subject for the case of general short-range perturbation of 
the Euclidean metric. Main results are Theorems 6.7 and 6.10. 

The main part of our results will be proved under a weaker decay assumption 
on the metric. More precisely, if we assume instead of (A-4) that in the region 
< 2/ < 2/0 



(0.6) 



ds^ = y ^ {{dy)^ + h{x, dx) + B{x, y, dx)) , 



n-l 
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where each bij{x,y) satisfies 

(0.7) \D:D^yb{x,y)\<C^^{l + p{x,y)r'-\ e>0, 

p{x,y) being the distance of {x,y) G A4 from some fixed point, we can derive the 
same results as those presented below. In fact, we shall prove that the metric of the 
form (|0.4p satisfying (jO.Sp is transformed to the metric of the form (|0.6p satisfying 
(jO.Sp (see Theorem 1.6 in Chapter 4), and once we adopt (j0.6p . we only use the 
decay assumption (|0.7p . 

Even if we start from the metric of the form (|0.4p satisfying (|0.7p . the results 
below, except for Theorem 2.10, Corollary 2.11 in Chapter 2 and Theorems in Chap- 
ter 4, also hold. The difference is that the non-existence of eigenvalues embedded 
in the continuous spectrum may not be true. However, even in this case, one can 
show that the embedded eigenvalues are discrete with possible accumulation points 
and oo just like Chapter 3, Theorem 3.5. 

We have tried to make Chapters 1, 2 and 6 as elementary as possible so that one 
needs little knowledge to understand the spectral theory and inverse problems. The 
readers interested in only the inverse problems can skip Chapter 4 and Appendix. If 
one wants to know the essential step of the limiting absorption principle (resolvent 
estimates), one should skip Chapter 1 and read subsections 2.3, 2.4 and 2.5 of 
Chapter 2 first. Although it is written for the upper-half space model, the same 
idea works for the analysis of ends. We employed the method of integration by parts 
to prove the limiting absorption principle, which is essentially due to Eidus [Ei69j . 
This approach is simple and needs no preparatory tool, moreover it is flexible and 
applicable to various situation. For the other approaches, see e.g. |EGM98] . 
|FrHi89| . |Kub73j . |Mue87| . |Mue92j . 

To construct the generalized Fourier transform, we compute the asymptotic ex- 
pansion at infinity of the resolvent. This is a classical idea, and has been frequently 
used (see e.g. |Sa79| . or [Gu92]). We also utilize the Besov type space introduced 
by Agmon-Hormander |AgHo76j to construct eigenoperators, which, as has been 
done by Yafaev [Yaf91j , makes it possible to characterize the solution space of the 
Helmholtz equation by the generalized Fourier transform and to derive the S-matrix 
from the asymptotic expansion of solutions to the Helmholtz equation. 

One can deal with other types of metric by the methods employed here. For 
example, the asymptotically Euclidean ends can be treated in the same way by 
utilizing results in Chap. 2, §5, §6 and Appendix A. The inverse scattering from 
asymptotically (Euclidean) cylindrical ends has been studied in jlKLlO] . In prac- 
tical situation, this problem includes that of wave guides. In IKLllj, inverse 
scattering from cusp of asymptotically hyperbolic manifolds (or orbifolds) in 2- 
dimensions is studied. The idea consists in generalizing the notion of S-matrix, 
which makes it possible to determine all geometrically finite hyperbolic surfaces. 
One can also consider a mixture of these different types of ends. 

There are many unknown problems on spectral properties and inverse scattering 
for a big variety of other types of ends. We hope that the methods in this paper 
will be helpful for the future study of these fields. 

0.5. Remarks on notation. 

• For two Banach spaces X, y, B(X;F) denotes the totality of bounded 
linear operators from X to Y. 
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• For a self-adjoint operator A 

<t{A) = the spectrum of A, 

(Tp{A) = the set of all eigenvalues of A, 

<^ac{A) = the absolutely continuous spectrum of A, 

<Td{A) = the dscrete spectrum of A, 

(Je{A) = the essential spectrum of A. 

• For an open set 57 in a manifold, C^{fl) is the set of all infinitely differ- 
entiable functions with compact support in fl. 

• For a measure d/x on 17, i^(fi; d^) denotes all functions / such that 



• For an open set il, H™-(yi) is the Sobolev space of order m on $7, namely 
the set of all functions / on J7 whose all weak derivatives of order up to 
m belong to L^(17;d/x). 

• ^/oc(^) denotes the set of all u such that u E H"^{uj) for all relatively 
compact open set uj in 17. 

• In the inequalities, C's denote various constants. Although these con- 
stants may vary from line to line, they are denoted by the same letter 
C. 

• Theorems, Lemmas, etc. are quoted as follows. In each chapter. Theorem 
m.n means Theorem m.n of § m of that chapter. Theorem p.m.n means 
Theorem m.n of Chapter p. 

Throughout this note, we have assumed the standard knowledge of functional analy- 
sis. We have also given a brief explanation for the basic knowledge of the spectrum 
of self-adjoint operators and partial differential equations when it appears. The 
reader should consult Kato |Ka76] . Reed-Simon |ReSi| . Isozaki |Is04a] for details. 

0.6. Very short perspective. Let us explain the basic strategy of construct- 
ing the Fourier transform in this paper taking as an example. We regard 
H = —d? /dx^ as the Laplacian on the 1-dimensional manifold R^. The resolvent 
R{z) = {H — z)^^ oi H has the following expession: 



Therefore assuming that / e L^(R^) and z ^ A > 0, and letting x — ±oo, we have 



Let Eh{X) be the spectral measure for H. Then by Stone's formula, we have for 
< a < & < oo 
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Letting u = R{X + iO)f, we have by integration by parts 

([i?(A + iO)-i?(A-zO)]/,/) = {uj)-{f,u) 

/•« _ _ 
= lim / — uu") dx 

= lim [u'u — uu']^if^ 

= ^(l/(^/A)|2 + l/(-^/A)|^), 

which implies 

||/f= lim iEH{{a,b))fJ)= r \m\'dk. 

These calculations suggest that 

• The Fourier transform is obtained from the asymptotic expansion at in- 
finity of the Green operator of the Laplacian. 

• Parseval's formula is a consequence of Stone's formula and integration by 
parts. 

We should stress that 

• The limit i?(A ± iO) of the resolvent i?(A ±ie) as e J, plays an important 
role. 

The procedure of taking the limit as e 4- of R{X±ie) is called the limiting absorption 
principle. 

We shall explain these matters on asymptotically hyperbolic spaces. 
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CHAPTER 1 



Fourier transforms on the hyperbolic space 



1. Basic geometry in the hyperbolic space 

1.1. Upper-half space model. We begin with reviewing elementary geo- 
metric properties of the hyperbolic space H". Throughout this article H" is the 
Euclidean upper-half space 

(1.1) Rl = {{x,y); xeR"~\ y>0} 
equipped with the metric 

(1.2) ds^ = \d-\' + idy)\ 

yU 

In the following, ioi v — (wi, • • • , Vd) € R'', \v\ means its Euclidean length : \v\ = 

Theorem 1.1. (1) The following 4 maps are the generators of the group of 
isometries on H" ; 

(a) dilation : {x,y) — )■ (Ax, Ay), A > 0, 

(h) translation : {x,y) — {x + v,y), v £ R""-'^, 

(c) rotation : {x,y) ^ {Rx,y), R£0{n~l), 

(d) inversion with respect to the unit sphere centered at (0,0) ; 

{x,y) 



{x,y) {x,y) 



(2) Any isometry on H" is a product of the above 4 isometries. 

Proof. The assertion (1) follows from a direct computation. We use 

dx 2x dy 2y 
ax — — jdr, ay = — jdr, 

where r^ = x^ + y^, x = x/r^, y = y/r^, to prove (d). The proof of the assertion 
(2) is in |BePe92j pp. 21, 24. □ 

Recall that the inversion with respect to the sphere {|x — xo| = r} is the map: 
X — > r^(x — xo)/|x — xop -I- xq. We give examples of the isometry in and H'^, 
which can be proved by a straightforward computation. 

1.2. and linear fractional transformation. When rt = 2, it is conve- 
nient to identify a point {x,y) G with the complex number z — x + iy. For a 
matrix 

a b 



7=( , eSLi2,K) 
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1. FOURIER TRANSFORMS ON THE HYPERBOLIC SPACE 



the Hnear fractional transformation 

az + b 

z ^ ^ ■ z := ; 

cz + d 

defines an isometry on H^. 

1.3. and qucirternions. Represent a point {xi,X2,X3) e by a quar- 
ternion 

-, , . , . f Xi+iX3 X2 
Z = Xil + X2I + X3J = 

\^ -X2 xi - 1x3 
with k-component equal to ; then H'^ C Q. For a matrix 



7: 

the Mobius transformation 

z ^ 7 • z := (az + 6)(cz + d)~^. 

acts from H"* to Q. Using ad — be = 1, straightforward although lengthy com- 
putations show that 7 • z actually belongs to H^. Thus 7 defines an isometry on 

1.4. Geodesies. The equation of a geodesic in a Riemannian manifold with 
metric ds^ = gijdx'^dx^ is 

pfe dx^dx>>_ ^ 
dt^ dt dt ' 

pfe ^ 1 fcp ( ^9ip dgjp dgij 
2^ V 9xi dxi dxP 
where (5'-') is the inverse matrix of {gij). It is well-known that this may be rewritten 
as Hamilton's canonical equation with Hamiltonian h{x,^) = ^g^-'^i^j- 

dx^ dh d^i dh 
dt d^i' dt dx^ 

^9"' _ ik ( ddkr 



(One can check it directly by using the formula -;- — = — 0**^ ( -- — ) g^^). In the 

ox^ \ ox™ J 

case of H", with {^,r]) dual to {x,y), Hamilton's equation turns out to be 

dx 2e dy 2 

■dt=y^' Tt=y'^' 

^^=0, ^ = -2/(ICI 

Hence ^ does not depend on t. If ^ = 0, the curve becomes a straight line {x = a;(0)}. 
When ^ ^ 0, {x{t),y{t)) moves in the 2-dimensional plane spanned by 2 vectors 
(^, 0) and (0,1), which is denoted by H. Wc use the same {x,y) to denote the 
rectangular coordinates on 11. Since the energy h is conserved, J/(i)^(|^P + 
is a constant, which is denoted by 2E. Then rf = 2E/y^ — which implies 



y dx 1^1 *Yy' 1^1'' 

Solving this equation, we get (a; + B)"^ +y'^ = A. We have thus proven 



1. BASIC GEOMETRY IN THE HYPERBOLIC SPACE 
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Lemma 1.2. There are only two kinds of geodesies in H" : 

(a) the hemi-circles with center on the hyperplane {y = 0}, 

(b) the straight lines perpendicular to the hyperplane {y = 0}. 

We see by Lemma 1.2 that for two points P,Q & H", there exists only one 
geodesic passing through P and Q. 

Lemma 1.3. For two points (a, b), (a', 6') G H", there exists an isometry which 
maps {a,b) to (0,1) and {a',b') to (0,c), where 



tanh 



|logc|y \a-a'\'^ + {b-b'f 



|a-a'|2 + (6 + 6')2- 
Proof. By the following isometries, (a, b) is mapped to (0, 1) : 
(a, 6)^(^,1) (dilation) ^(0,1) (translation). 

Then (a', b') is mapped to \). Therefore, we have only to show that for any 

(x, y) there exists an isometry which maps (x, y) to (0, c) with suitable c leaving 
(0, 1) invariant. The problem is then reduced to 2-dimensions. Consider the linear 
fractional transformation by 

_ / cos 9 — sin i 
sin 61 cos 61 

which leaves i invariant. Then for given z = x + iy, 

^^Lui sin 20 + a; cos 2Q + iy 
|2;sin0 + cos^P 

By choosing Q so that the real part vanishes, we get the isometry which maps x + iy 
to ic. Let us compute c. Assuming that a; > 0, by our choice of 6, 

cos2e=- U^'' sin20= 



[(1 - \z\^ f + 4x2]l/2 ' [(1 _ |^|2)2 + 4^2]l/2 • 

Therefore 

l-LlrP 1 - Iz|2 

|^sin6i + cos6'|2 = ' + — ^ cos 26* + x sin 2(9 

= ^ [l + NI'+((l-NT+4a;2)'^' 
hence 

2y _ l+|z|2-((l-|^|2)2+4a;2)l/2 

l+|z|2 + ((l-|z|2)2+ 4^2)1/2 2y 
This implies 

^^^^u^^c|^^l+N2-2, 



l + |z|2 + 2?y 

Putting X = |a — a'\/b, y = wc complete the proof of the lemma. □ 

The hyperbolic distance from (0,1) to (0, c) is given by 

dy 



= log c . 

y 

This and Lemma 1.3 imply the following formula. 
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Lemma 1.4. The hyperbolic distance d = d[{x,y), {x' ,y')) between {x,y) and 
{x' , y') is given by 

dV \x-x'\^ + \y-y'\^ 



2/ \x-x'\^ + \y + y'\^ 
From this lemma, we get 

(1.3) l(eosh.-l) + 
2^ 4yy' 

Lemma 1.5. The geodesic sphere in H" is a Euclidean sphere. 

For example the geodesic sphere in H" with center (0,1) and radius r > is 
written as 

Ixp + (y - (1 + 2(5))2 = 4:6(1 + S), 5 = (cosh r - l)/2. 

This is a Euclidean sphere with center (O,coshr) and radius sinhr. 

The following formula is a corollary of the previous considerations : 

(1.4) ds^ = [drf + sinh^ r{d6f , 

where [r,9) £ [0,oo) x 5""^ are geodesic polar coordinates centered at (0, 1), and 
(dO)^ is the standard metric on S*""^. 



1.5. Estimate of the metric. Let dh{x,y) be the hyperbolic distance be- 
tween (x, y) and (1,0). For w e R'', we put (w) = (1 + |a;p)^/^, and define 

(1.5) Po{x,y) = log(x) + (logy). 

Lemma 1.6. There exists a constant Cq > such that on H" 

Co\l + Po{x,y)) < l + dh{x,y) < Cq{1 + po{x,y)) . 

Proof. By ((131), cosh 4 = {\x\^ + y^ + 1) / {2y) . If y is small, e'^'^ ~ (|a;|2 + l)/y, 
and we obtain the lemma easily. If y is large, e'^'^ ^ y + /v- The estimate from 
above is easy, since e'^'^ < C{y + |a;p). The estimate from below is obtained by 
cosidering two cases y > \/\x\ and y < \/\x\- □ 



2. Besov type spaces 

The Fourier transform /(^) of a function f{x) on R" becomes smooth if f{x) 
decays rapidly at infinity, and we can restrict jf(^) on a hypersurface in R". The 
best possible space to describe the relation between the decay at infinity of R" and 
the restriction of its Fourier transform on a hypersurface was found by Agmon- 
Hormander |AgHo76| . Let us point out that Murata (^ |Mu74| . jMuSOj ) had 
discovered this space in his study of the asymptotic behavior at infinity of solutions 
of linear partial differential equations. This space furnishes a natural framework to 
characterize solutions to the Helmholtz equation. We introduce this space for H". 



2. BESOV TYPE SPACES 
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2.1. The Besov type space. Let h be a Hilbert space endowed with inner 
product ( , )h and norm || • ||h. We decompose (0,oo) into (0,oo) = Ukezh, where 

( exp(e''~^), exp(e'=)] , A; > 1 
(e-i,e], k = 

( exp(-el'^l), exp(-el'^l-i)] , fc < -1. 

We fix a natural number n> 2 and put 

My) = ^• 



Definition 2.1. Let B be the space of h- valued function on (0, oo) satisfying 



1/2 

fcez 

Lemma 2.2. (1) The following inequality holds : 

poo 

y^"-''>^'\\f{y)\Wdf,{y) < c\\f\y, yfeB 



I 

Jo 

(2) For any T e B* , there exits a unique vt € Lf^^{{0,oo);H) such that 

/>oo 

T{f)= / {f{y),VT{y))^d^i{y), \ff&B, 
Jo 

||T||=supe-l'=l/2(/ \\vT{y)\\ld„{y)Y\ 
Proof. By the Schwarz inequality, we have 

1/2 / r \\f{.,\\\2 \ 1/2 



f.--ii/(.)ii.^.Eaf) a 



Since /^^ dy/y < Cel'^', we get the assertion (1). 

Let Tfc be the restriction of T on LF'{Ik; H)- Then we have for / which vanishes 
outside Ik 

1/2 



|Tfe(/)| = |T(/)| < ||T||||/||s = ||r||ei'=i/2 ^ WmWld^yi 

Therefore by the theorem of Ricsz, there exists v^\y) G L'^{Ik]'H) such that 
r(/) = ^ {f{y),vP{y))J^i{y), 'ifeL\h;h), 

[I \\v^T'\y)\\ldKy)y <\\Th 



lel'=l/2. 



Putting vriy) = v^\y), y G h, we then have 

1/2 



supe-l'^l/^^^ \\vT{y)\\id,,{y)j <\\T\\. 
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Let Xk be the characteristic function of Ik- Then for any f E B 
T{f) = J^^ixkf) 



E / {m,vPiy))j(^iy) 

k 

pOO 

/ {f{y),VT{y)\dn{y). 
Jo 



We now put 

1/2 



Then since 



I WmWidKy)) , b, = e-\''\/'(^l^\\vTiy)\\ldi,{y)^ 

\T{f)\ < E / \\fiy)MMy)hdi,{y) 

u J Ik 



< '^akbk < ^^ciki sup bk I . 

we have ||T|| < sup^.^^. 

By this lemma, B* is identified with the Banach space with norm 

=supe-l'=l/2f / \\v{y)\\ld,ji{y)]'\ 

However, the following norm is easier to handle. 

Lemma 2.3. There exists a constant C > such that 

C\\v\\b, <(snp [ \\v{y)\\ldf,{y)] <C-'\\v\\s>. 

Proof. We put 

^ = supe-l'=l / \\viy)\\idf,, B = sup f \\v{y)\\id,,. 

keZ Jl^ R>e i^Og^ J \<y<R 

For any e > there exists A; G Z such that 

e-l'l / \Hy)\\ldi,>A-e. 

By putting logi? = el'^l, we have 

[ \\v{y)\\id^>e-\'^\ [ \\v{y)\\ldf,. 

^Og R J j^<y<R Jl^ 

This implies B > A. 

On the other hand for any e > there exists R > e such that 



^ [ \\v{y)\\ld^,>B-e. 
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Choosing fc g Z such that exp(e'^) < R < exp(e'^+^) we then have 
loa\K /j.^„^R vosH It 



|p|<fc+i-'-'p 

logi? 



< y elPl < CA. □ 

|p|<fe+l 



Definition 2.4. We identify B* with the space equipped with norm 

ll"lle= fsup f \\u{y)\\idt)\ <oo. 

The following inequality holds : 



!(/,«)! 



{f{y).'"{y))hdii 



<C\\f\\B\\v\ 



Lemma 2.5. (1) The following assertions 112. 1\) and h2. 2\) are equivalent. 

(2) A function u belongs to B* if and only if 

Proof. To prove (1), we have only to note that p.ip is equivalent to 
(2.3) lim / \\u{v)\\ldii = 0, -cxX Va < V6 < cx). 

i?-S-00 lOgi? jRa^y^Rh 

Indeed, letting R = R"^, c = niax{|a|, \h\], in ()2.ip . we get p.3p . Letting a — 1, 6 = 
— 1 in (|2.3p . we get (12. ip . Since a and 6 are arbitrary, (|2.3I) is equivalent to (|2.2p . 
The assertion (2) is proved similarly. □ 

In the upper half-space model R", we represent a point of R!f. as {x,y),x e 
R"-!,?/ > 0, and put h = L2(R"-1). 

2.2. Weighted space. The following spaces are also useful. 
Definition 2.6. For s e R, we define the space L^'" by 

/>oo 



Lemma 2.7. For s > 1/2, we have the following inclusion relations : 
L^'^ CBC L^^^l^ C C L^'"^/^ C 6* C L^'"'*. 
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Proof. We put 



Since 
we have 
This impHes 



1/2 

afe^,= ( / il + \\ogy\)^^\\u{y)\\id^,iy) 



C-igl'^l < l + |logy| <Cel'=l, ye Ik, 



y fc k k 

Letting e = s — 1/2 > 0, we have 

These two relations yield L^'^ <Z B C. L^'^^^. Passing to the dual spaces, we have 

3. 1-dimensional problem 

3.1. Some facts from functional analysis. Let us recall basic terminolo- 
gies. A densely defined linear operator A on a Hilbert space H is said to be sym- 
metric if {Au,v) = {u,Av), yu,v G D{A). If A is symmetric, D{A) C D{A*) and 
A*u — Au for u e D{A). A symmetric operator A is said to be self-adjoint if 
D{A*) — D{A). The closure ^ of a symmetric operator A is defined as follows: 
u € D{A), Au = / if and only if there exists {m„} S D{,A) such that m„ — )■ m, 
— ?> /. A symmetric operator ^ is said to be essentially self-adjoint if A is 
self-adjoint. A is essentially self-adjoint if and only if Ker {A* ±i) = {0}. This is 
equivalent to Ker [A* — z) = {0} if Im z ^ 0. For the proof of these facts, see e.g. 
[ReSi) . Vol. 1 and Vol. 3. 

Suppose we are given a differential operator A = a{y)dy + b{y)dy -\- c{y) on the 
interval (0, oo). We shall assume that the coefficients of A is sufficiently smooth. 



ICo~((0,oo)) 



^{y) 7^ on (0, oo), and that there exists a function p{y) > such that A\ 

is essentially self-adjoint in T-L = L'^{{Q,oo); p{y)dy). For Imz ^ 0, let ifo{y) and 
y^ooiy) be non-trivial solutions of (A — z)u = on (0, oo) such that 

My) € L'^{{0,l);p{y)dy), ^^{y) G L^{{l,co)- p{y)dy). 
Lemma 3.1. ifiaiy) and ipociy) o,i"e linearly independent. 

Proof. If they were linearly dependent, then (po{y) G H. Therefore, since A is 
self-adjoint, ipoiv) = 0, which is a contradiction. □ 

Let W{y) be the Wronskian: 

w{y) = ipoiyWooiy) - 'p'o{v)'Poo{y) ^ o 

and define the Green function G{y,y') by 

1 i 'Po{y)'Poo{y'), 0<y<y', 



G{y,y') 



a{y')p{y')Wiy') \ (poo(2/)vo (?/'), < < y. 



3. 1-DIMENSIONAL PROBLEM 



21 



The integral operator 

/•OO 

Gf{y)= / G{y,y')f{y')p{y')dy' 
Jo 

is called the Green operator of A — z. Let || • || be the norm in T-i. 
Lemma 3.2. (1) Iflmz^ 0, 

\\Gf\\< ^ 



|Im z| 

(2) Forf&H, {A-z)Gf = f. 

Proof. (1) is a standard fact (see e.g. |ReSi] Vol 1). For / e C(5"((0, oo)), we 
put u = Of . One can then find a small e > such that u — C(po{y) for y < e and 
u = C'lfiooiy) for y > 1/e. Hence u & H. Using {A — z)ipo = (A — z)ipoo = 0, we 
have, by a direct, computation 

{A - z)u = {ip'^fo - f'o'foo) = /• 

This implies that G — {A~ z)^^ on C5^((0, cx))), and proves (2) for such /'s. As 
< |Imz|-i, by approximating / e i2((0,oo)) by /„ e C'5"((0, oo)), we 
obtain (1) and (2) for the whole □ 

We explain the elliptic regularity theorem in the 1-dimensional case. Let / C R 
be an open interval and A — —cP/dx^ + ai{x)d/dx + aQ{x) be a differential operator 
with smooth coefficients. The formal adjoint A'^ is defined by 

^V(a^) = ^'d^^^^^ ~ {aiix)(p{x)j + ao{x)(f{x). 
A function u{x) is said to be a weak solution of the equation Au = / on / if 



u{x)A^ip{x)dx ^ f{x)ip{x)dx, y(peC^{I). 



Lemma 3.3. // u is a weak solution to the equation Au = f on I with f G 
C°°{I), then actually u G C°°{I) and Au — f holds in the classical sense. 

Proof. By Corollary 3.1.6 of |Hor] . we have u G C^{I) if, e.g. / G C^{I). Since 
u'{x) is a weak solution to the equation 

we have u! G C'^{I), hence u G C^{I). Repeating this procedure, we prove the 
lemma. □ 

3.2. Bessel functions. We summarize basic knowledge of Bessel functions 
utilized in this note. For the details, see |MUH59j . |Le72) and |Wa62j . 

The modified Bessel function (of 1st kind) I,y(z) with parameter G C is 
defined by 

(3.1) ^-W=U) E ,r I \iv ^eC\(-oo,0]. 

\2/ ^^n\l(u + n + l) 

n—O ^ ' 

It is related with the Bessel function J^(z) by 

^(2/)-e-''"/V,(zy), y>0. 
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The following function K^{z) is also called the modified Bessel function, or the 
K-Bessel function, or sometimes the Macdonald function: 

(3.2 K^{z) = — — ^ , ^ Z, 

Kn{z) = K^n{z) = \im K,{z), n G Z. 
These Ii,{z), K[y{z) solve the following equation 

z^u" + zu' - (z^ + = 0, 
and have the following asymptotic expansions as |z| — >■ cxd: 

(3.3) I^{z) + 7^= , |z|^oo, --<argz<-, 

yzTTZ v27rz ^ ^ 

(3.4) ^"^^'^ V 2z^ ^' 1^1"^°°' -7r<argz<7r. 
The asymptotics as z — > are as follows: 

(3.5) /,(z) ^ 



r(j/ + 1) V2 

^^(^)-2;R^(rXTb)(i)"^-^ '^^^ 

— log z, n — 0, 

2"-i(n- l)!z-", n = 0,l,2,--- 

Let n > 2 be an integer, and a parameter C G C satisfy Re^ > 0. We consider 
the differential operator 

(3.7) Lo(C) = y^(-9,^ + C') + (n - 2)ydy 

on the interval (0, oo). Let ( , ) be the inner product of L^((0, oo); dy/y"). We have 

(3.8) (Lo(C)u,«) = (u,io(C)«), yu,veC^m^)). 

When C 7^ 0, the equation {Lq{C,) + v'^)u — has two linearly independent solutions 

y("-i)/2/.(Cy), j/("-i)/2i^.(C2/), 
and when C, = and v ^ 0, these two linearly independent solutions are y~^^^ . 
Theorem 3.4. If C >0, Lo{(^)\„^,, is essentially self-adjoint. 
Proof. We have only to show that 

(u,(io(C)±0^) = 0, y^ec^{{o,^))=^u^o. 

Suppose {u,{Lq{() + i)ip) = 0, V(y3 e C5*'((0, oo)). Then by Lemma 3.3, u e 
C°°((0,oo)) and (io(C) ~ — holds in the classical sense. Picking v ~ 
exp(— 7ri/4), we have 

u = ay("-i)/2/,(Cy) + by^^^^^^'^ K^iCy). 

Since u G L^((l, oo); dy/y"), we have a = by p.3p . Since Rei^ > and u <E 
I/^((0, 1); dy/y"), we also have 6 = by p.6l) . When ( = 0, u is written as 

u = ay(«-i)/2+«-.^ +5y(«-i)/2-a+^^^ a,/3 > 
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As above a = 0, since u £ L^{{1, oo)); dy/y"), and b = since u G i^((0, 1)); dy/y^). 

□ 

3.3. Green function. We construct the Green function of Lq{C,) + when 
ReC > 0. In the following we always assume that 

j/^Z, Rei/>0. 

Definition 3.5. We put 

/ {yy'i'^-^^'l^K^mUCv'). y>y'>0, 
' ' ^' I iyy')^-'^/'iACy)KACy'), y'>y>o 

and define the integral operator Go{C, v) by 

Lemma 3.6. (Lo(C) + ^^')Go(C, i^)/ - /, V/ G Co-((0, cx))). 
Proof. Using the equality 



we have 



.,"-2 



We then compute as in the proof of Lemma 3.2 (2). □ 

Lemma 3.7. The Green junction Go{y,y' ; C^^) analytic with respect to C 
when ReC > 0, and the following inequalities hold. 

(3.9) |Go(2/,y';C,^)l<C(yy')^""'^/', 

(3.10) |Go(y,2/';C,^)l<^(2/2/')^""''/', 

(3.11) ^Goiy, y'; C, ^) < ^(yy')^"-'^/'(y + y')- 
dC ICI 

i/ere t/ie constant G depends on v, but is independent of C, when ReC > 0. 
Proof. By virtue of p.3p ^ (|3.6p . we have 

(3.12) \h{z)\ < G (y^)"""' (1 + 

(3.13) \KX,)\<c(^^^^ """"(l + lzD-i/^e-Rc. 
Since i/(l + i) is monotone increasing for t > , we have for y > y' > 

\K4Cy)l4Cy')\ < G- 



g-RcCiy-y'} 



(l + K2/|)i/2(l + |Cy'|)i/2- 
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Hence, 

g-RcCly-a'l 

(3.14) |Go(,,y';C,-)l < ^(^^')^"'^^''(rTMWTW^' 
which impHes (|3.9I) . p.lOp . By the following formulas 

(3.15) 2/^(z) = /,_i(z) + /„+i(z), 

-2Kl{z)^K,^^{z) + K,+^{z) 

(see e.g. |MUH59| p. 173) and - we have 

Rci/ 

Rc 2: 



K(Z)|<C(^^) ■ {l + \z\f'^e 



Therefore we have 
Using the straightforward inequality 



1 + 



we obtain ([XTTjl . □ 

One can check that the constants C in (|3.9I) ^ (I3.1ip may be chosen indepen- 
dently of V when v varies over a compact set in {Rei/ > 0} \ Z. 

We define B, B* by putting h = C in §2. 
Lemma 3.8. We have 

\\Go{C,v)f\\B- <C\\f\\B, 

where the constant C is independent of v when v varies over a compact set in 
{Rei' > 0} \ Z, and also of ( when Re(^ > 0. 

Proof. We put u = G'o(C, '^)f- By ([321), we have 

Hy)l^C f r\f{y')\ dy' ^^ 



Hence we have 



\u\\b' < c r 

Jo 



1 



V f 1 \f(y')\ , ' 
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Lemma 3.9. (l)IfuEB* satisfies (io(C) ~ — for C > 0, Imz ^ 0, then 
■u = 0. 

(2) Ifue i2((0,oo)) satisfies (Lo(C) ~ t)u ^ for ( > 0, t£ R, i/ien u = 0. 

Proof. We prove the assertion (1). Letting i' = ±i-\/i, Rei/ > 0, m is written as 
u = ay^"-^'>/'^I^{Cy) + by^"-^^/'^K^{Cy)- Since m G B*, letting y ^ oo, we see that 
a = 0. Letting ?/ 0, we also see 6 = 0. The assertion (2) is proved in a similar 
way. □ 

Corollary 3.10. llf ( > 0, z = -i^'^, Imz 7^ 0, then 

(3.16) Go{C,iy)^{Lo{C)~z)-' 

holds, where the right-hand side is the resolvent o/Lo(C) *^ -^^((OjOo); ■^). 

3.4. Limiting absorption principle. Let X be a Banach space and X* its 
dual. A sequence {wn}^i C X* is said to converge to w G X* in *-weak sense if 

{u„,v) {u,v), Vw e X. 

Theorem 3.11. For ( > 0, X > 0, f e B, 

iLo{C)~XT^e)-'f-^Go{C,T^VX)f, e^O 

in *-weak sense. 

Proof. We put u{v) — Go{C,i')f, where v ~ -~i\/X + ie for A + je, and v = 
i^/X — ie for A — ie. By Corollary 3.10, u{iy) — (io(C) — T i^)~^f- Since, by 
Lemma 3.8, u^v) are bounded in B* , by Lebesgue's convergence theorem {u{iy), g) — >■ 
(Go(C,T«VA)/, g), V5 e C^((0, cx))). As Cg°((0,cx))) is dense in ;B, applying again 
Lemma 3.8 proves the theorem. □ 

In the following, we write 

(Lo(C)-At«o)-i = Go(C,t«Va). 

By Lemma 3.8, we have the following uniform, with respect to C > 0, estimate 

(3.17) sup||(Lo(C)-At«0)-1||b(B;b-) =C(A) <oo, 
C>o 

where, for < a < 6 < 00, 

(3.18) sup C(A) < 00. 

a<A<6 

Later we will also prove (13.181) by using techniques from partial differential equa- 
tions. 

3.5. Eigenfunction expansions. 

Lemma 3.12. For C > 0, cr(Lo(C)) = [0,oo) and ap{Lo{C)) = 0- 
Proof. We have for m e C(f( (0, 00)) 

^ Jo y Jo y 
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By integration by parts and Cauchy-Schwarz' inequality, we have 



(^-1) / H'^ = 2Re / {dyu)u-^^ 

Jo y Jo y 



V"-' J \Jo y" 



< 2( / ^dy) ( / ^dy 



This implies that 



Therefore, 



-^dy> iu,u). 



y 



Therefore cr(Lo(C)) C [0,oo). 

Let us recah that for A > 0, (io(C) - A) [y^^'^^^^^K^^iCy)] = 0. Take x(i) e 
C°°((0,oo)) such that x(i) = (t < 1), x(t) ^ I {t > 2), and put 

UN{y) = x{Ny)y^"-'y^K^^{Cy) 

By (USD 



II 2 

\un\\ 



Jl ^ Jc/N 



(3.19) , .u^i^^l^n '^1 

> C(logAr + 1). 
We put ifNiy) = UN{y)/\\uN\\- Then \\ipN\\ = 1, and 

(io(C) - -TT^l- {Nyf^'{Ny)y^-^y^K^^^{Cy) 

-2Nyx'iNy)ydy{i'^-'^/'K^^iCy)) + (n^ 2)Nyx'iNy)y^''-'^/^K^^iCy)}. 
Taking into account (|3.15p and p. 191) and facts that 

riNyfx^Nyf^^ H t\'{tr^< oo, 

Jo y Jo t 

and also iNy)*x'iNyfdy/y < oo, iNy)\" {Nyy'dy /y < oo , we have ||(Lo(C)- 
X)ipN\\ — > 0. By Weyl's method of singular sequence (see jls04a| p. 25), we have 
A e (t(Lo(C))- Lemma 3.9 proves that io(C) tias no eigenvalues. □ 

Let us recall Stone's formula ( |Is04a) p. 17). Let _ff be a self-adjoint operator, 
R{z) = [H — z)~^ the resolvent of if, Eh{X) the spectral decomposition for H . If 
a, 6 ^ ap{H), letting / = (a, b), we have 

{EH{I)f,9) = {[Enib) - EH{a)]f,g) 

(3.20) 1 fb 

= hm — / mX + ze) - R{X - *e)]/, g) dX. 

Using Ki,{z) — K^i,{z) and p. 21 we have 

K^,{z)I^,{z') - K,{z)h{z') = '?^^^^K,{z)K,{z'), ^ Z. 
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Therefore, the integral kernel of (io(C) — A — iO) — (io(C) — A + iO) is given by 
(3.21) 2.sinh(^A.) ^^^,^,„_,,,,^^^^^^^^^^^^^,^^ 

We now put, for / e C^f ((0,cx))) and fc > 

(2fcsinh(fc7r))^^^ /""^ / 1W9 

71" Jo y 

Theorem 3.13. (1) !Fq is uniquely extended to a unitary operator from 
L^{{0,oo);dy/y") to {{0,oo) ]dk). 

(2) Iffe D{Lo{0), then {T^Lo{C)f) (fc) = i^cf) (k)- 

(3) For f € L'^{{0,oo);dy/y"), the inversion formula 

(3.23) / = 

, Z""" f2fcsinh(fc7r))^^^ 

(3.24) = A ^_J^K,,{<:y){^amdk 

Jo 

holds. 

Proof. It follows from ([3:201) and ([3?22|) that for < a < < cx) 

(3.25) ([i?i„(o(fo)~i?L,(c)(a)]/,5) = / (-Fc/(fc), ^c5(^)) ^fc. 



where we have used 



(3.26) K,k{y) = K,k{y) = K^,k{y)- 

Letting a — > 0,6 —> oo, we see that J^^ is an isometry from L'^{0,oo);dy/y") to 
L^((G, oo); dfc). We show the surjectivity later. For / e C5"((0, oo)), by part 
integration, we have 

' y("-i)/2if..(Cy) (io(C)/(y)) ^,=k' r y^-'^''K..,{Cy)f{y)% 

This proves (2), if we take into account the density of C{^{{0, oo)) in D{Lq{(^)) (see 
Theorem 3.4). 

The isometric property of J-^ entails p.23p . However, the integral formula 
(|3.24p requires a subtle analysis. Since J^^ is bounded from L^((0, oo); dy/y") to 
L^(0, oo); dk), for any / G i^((0, oo); dy/y"-) the strong limit 

(2/csinh(fc7r))i/2 ^ dy 

exists in i^((0, oo); dk). To study the inverse transformation, we define an operator 
-^c(fc) by 

J-c(fc)/ = (J-c/)(fc) for fc>0 and / G Co"((0, oo)). 

Remark 3.14. In the following we often use such a notation. Namely, let a 
given be an operator T from a Hilbert space H to another Hilbert space L^{{0, oo); h; dk), 
where h is an auxiliary Hilbert space. For fc > we define an operator J-{k) from 
a suitable subspace 5* of to h by 
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Conversely if we are given a family of operators {T{k)}k>o, with range in h, we 
define an operator T with range in i^((0, oo); h; dk) by the above formula. 

Lemma 3.15. For any fc > 0, there exists a constant < C{k) < oo such that 

sup||J"c(^)IIb(B:C) < C{k), 
C>o 

where C{k) is uniformly bounded on any compact in (0,oo). 

Proof. Using Lemma 3.8 and Theorem 3.11, and differentiating p.20p and 
(|3.25l) by b, we have, in view of p. 211) . 

I-^C(^)/I' = - ([(io(C) - fc' - »0))-i - (Lo(C) - + *0))-i]/, /) . 

ITT ■' ' 

Using p. 171) . we prove the lemma. □ 
By p. 221) . /"^(fc)* is simply a multiplication operator : 

(2fcsinh(fc7r))i/2 ,-^,,2 

Lemma 3.15 implies 

sup||J'c(fc)*llB(C:e-) < C'(fc), 
C>o 

By p.lSp . this C{k) is bounded when k varies over a compact set in (0, oo). Hence, 
for any g G i^((0, oo); dfc), 

N 

Tcik)* g{k)dk e B*, V7V > 0. 

l/N 

Letting xnW be the characteristic function of {l/N, N), we have for h g ((0, oo)) 
(3.27) / F^{kyg{k)dk,h)= g{k){F^{k)h)dk = {xNg,:F^h). 

^Jl/N ' J l/N 

Here the left-hand side is the coupling between B* and B, the right-hand side is 
the inner product of L^((0, oo); dfc). However, since is an isometry between 
L^((0, oo); dy/y") and L^((0, oo); dfc), the right-hand side makes sense for all h G 
i^((0, oo); dy/y") Thus, the left-hand side can be extended by continuity to ft. G 
i^((0, oo)); dy/y"). This implies, by Riesz' theorem, that 

F^{krg{k)dk = Fl{xN9) e L2((o,oo); dy/y"). 

l/N 



Since is partial isometry, in the sense of strong convergence in ( (0 , oo ) ; dy /y" ) , 

l-N 

lim / Fc{k)*g{k)dk = Fig 

N^^Jl/N 

holds. Taking g = FqJ and using again that is a partial isometry, we see that, 
in the sense of strong convergence in L^((0, oo); dy/y"), 

l-N 

/= hm / J-c(fc)* (J-c/) (fc)dfc. 

This is the meaning of the inversion formula p. 241) . 

Let us prove the surjectivity of J^,;. Denote by Co((0, oo)) the class of continuous 
functions with compact support in (0,oo). 



3. 1-DIMENSIONAL PROBLEM 
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Lemma 3.16. For f e Co((0, oo)) 

-^c(fc)/ = C±{k) lim y'(«-i)/2±*'^-(io(C) -k'T tO)-'f, 

C±{k) = - ^0 r(l =Fifc)(2A:sinli(fc7r))i/2_ 

Proof. By the definition of Green's function, it follows from the asymptotics 
p.5p that, for small y > 0, 

from which the lemma follows. □ 

Lemma 3.17. Suppose u £ B* satisfies {Lq{() — k'^)u = for ^ > 0, fc > and 
limj^^o 2/^'"^"^^^^^*''''" exists. Then u — Q. 

Proof. Since u is written as u = ay^"'-^^/^/ifc(Cj/) + by^'^^^^^^I^ikiCy), 

y-'^^'-^^/'^+'^U'^ ac+{k)y'^'^ +hc^{k) as y^O 

with constants c±(fc) ^ 0. If the limit of the right-hand side exists, a — Q. Hence 
u = by'^"'~'^^/'^I^ik{C,y). Looking at the behavior as y — >■ oo, we have 6 = 0. □ 

Lemma 3.18. (1) Suppose C > 0, fc > 0, and f G Co((0, oo)), u e B* satisfy 
(Lo(C) — k'^)u — f . Furthermore assume that as y ^ 0, u ^ (7y(»i-i)/2-j'£_ xhen 
M=(Lo(C)-A;2-zO)-i/. 

(2) Suppose ( > 0,k > 0, and f e Co((0, oo)), m e B* satisfy (Lo(C) - k^)u = f. 
Furthermore assume that as y ^ 0, u ^ (7y(n-i)/2+ife_ Then u = (io(C) — + 

*o)-V- 

Proof. By Theorem 3.11, (LoiO-k^-iO)-^ f e B* and behaves like Cy^"-!)/^-*'^ 
near 0. To prove (1), we put u — {Lq{() — k^ — iO)~^ f = v, and apply the previous 
lemma. Taking the complex conjugate of (1), we obtain (2). □ 

Lemma 3.19. Ran J^^ = L^((0, oo); d/c). 

Proof. For i^{k) G Lj^^{{0,ooj), let £{ip) be the set of Lebesgue points of ip, 
i.e. the set of £ > such that 

1 r'^+' 

iP{£) = lim — / i^{k)dk. 

It is well-known that (0,oo) \ £(■(/') is measure for any ip € Lj^^{{0 , oo)) . Let 
(p{k) e L^{{0, oo); dk) be othogonal to the range of J^(^, and take 

£e£(^(fc))n£(|^(fc)n. 

We take x{y) & C°°((0,oo)), x(y) = 1 (y < l),x(y) = (y > 2), and put 

My)^xiy)y^''-'^^'iuiCy), 
9t{y) - (io(C) -^')^£ = [io(C),x]/.KCy). 

Since gt{y) € C^((0,oo)), = (Lo(C) - + jO)-ig^ by Lemma 3.18. The formula 
(|3.22p and Lemma 3.16 imply that Ti^{k)ge =: C{k) is a continuous function of fc > 
such that C{£) ^ 0. For the characteristic function xi of an interval / C (0,oo), 
we have 

(-^CX/(io(C))5£)(fc) = Xi{k^)iJ'c9i)ik) = Xi{k^)C{k), 
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which implies 



ip{k)C{k)dk = 
for any interval / C (0,oo). We then have 



ip{£)c{e) = ip{e)c{e) - — j ^{k)c{k)dk 



m ip{i) - ^ £' mdk\ - ^ m (cik) - c(o) 



dk. 



When e — > 0, the 1st term of the right-hand side tends to since £ £ L{(p{k)). The 
2nd term also tends to by the Schwarz inequality, 



1 r\ik) (a(fc)-c(o) 



dk 



the assumption that £ S £(|c/?(fc)p), and continuity of C{k). Therefore ip{£) ~ 0, 
which proves the lemma due to the density of L{if{k)) n L(|</5(fc)p). □ 

3.6. Kontrovich-Lebedev's inversion formula. By J^'^J-^ = 1, 



OO /'OO 



lo Jo 
and from J-i^J^^ = 1, 



2(Ta)i/2 (sinh(a^)sinh(T7r))^/^ K,,{y)K„{y) , , 
= / / 5 g(T)dTdy, 



which are called Kontrovich-Lebedev's inversion formulae. The convergence of the 
integral in is proven above. Conditions for the pointwise convergence are given 
in |Le72j p. 132. 

4. The upper-half space model 

4.1. Laplace-Beltrami operator. We return to the upper-half space model 
(jl.ip with the Riemannian metric (II. 2p . The volume element is dxdy/y^^. Therefore, 

L2(H")=L2(R'|;^). 

The Laplace-Beltrami operator is given by 

n-l 

- Ag = y\-dl - A,) + (n - 2)ydy, A, = Y.^d/dxi)\ 

i=l 

We put 

Tio - -Ag . 
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The partial Fourier transform f{S,,y) of f(x,y) is defined by 

FofiC, y) = /(C, y) = (27r)-("-i)/2 / e-"-«/(x, y)dx. 
Letting Lq{() be as in (I3.7p . we have 

(i5o7)(e,y) = fio(iei)/(e,-)) (y). 



Lemma 4.1. | (^oo ^j^n j is essentially self-adjoint. 
Proof. We have only to prove that, for u e L^(H"), 

and the same assertion with i replaced by —i. Passing to the partial Fourier trans- 
form and choosing (p(x,y) = (px{x)(py{y), cpx € C[f (R"~^), (py € C^{{0,oo)), for 
almost all ^ G R"^^, we have 

((^Odel) - i)'Py{y), U{t 2/))L2((o,oo);dy/y") = 0' 

By the result for the 1-dimensional case (Theorem 3.4), we have y) = 0. □ 
4.2. Limiting absorption principle and Fourier transform. We put 

Roiz) = {Ho - z)-\ zeC\R, 
and define the spaces B, B* by taking h ~ L^(R"^^; dx) in Subsection 2.1. 

Theorem 4.2. (1) CT(i/o) = [0, oo). 

(2) ap(ilo) = 0. 

(3) For A > and f £ B, the following limits exist in B* in the weak ^-sense 

lim Ro{\ ± ie)f =: Ro{\ ± iO)/, 

and the following inequality holds 

(4.1) ||i^o(A±^0)/||e. <q|/||e, 

where the constant C does not depend on A if it varies over a compact set in (0, oo). 

(4) We put for k> 0, P ^ X, f e C^(Rl), 



(4.2) 



X 

R"-ix(0,oo) 



Then we have 

(4.3) A([i?o(fc2+,o)-i?o(fc'-»0)]/,/) - ||-F,i*^(fc)/||i2(R„-i), 

(4.4) \\4'^Hk)f\\L.^^.-.^<C\\f\\B, 

where the constant C is independent of k if it varies over a compact set in (0,oo). 
(5) We put (J-"Q^''/)(fc) = J-Q^\k)f. Then .Fq^"* is uniquely extended to a unitary 
operator from L^{W) to L^{{0,oo); L'^{R''-'^);dk). For f e D{Ho), we have 

(4.5) i4^^Hof)ik)^k^i4^^f)ik). 
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Proof. (1) Since Lemma 3.12 implies a{Lo{\^\)) — [0,oo), for z ^ [0,oo) the 
operator 



(4.6) 



(2^) 



-(n-l)/2 



"•«((Lo(lCl)-^)"7(e,-))(2/R 



is bounded on L^((0, oo); L^(R"^^); y~"'dy) and is equal to Rq(z). Therefore cr(i/o) C 
[0, oo). The converse inclusion relation is proved by the method of singular sequence 
as in Lemma 3.12. Namely we take x € C'^(R) such that x(i) = 1 {\t\ < 1), x(t) = 
(It I > 2), and normalize 



N' 



We omit the computation. 

(2) If there exists an L^-solution of {Ho — X)u — 0, we have {Lo{\£^\) — X)u{£^, •) = 
0, where, for almost all u{£,, •) G L^{{0, oo); dy/y"^). Lemma 3.9 yields m(^, y) = 0. 

(3) We shall prove this statement in Chap. 2, §2 (see Lemma 2.2.9). In this 
section we confine ourselves to / G L^'*, Vs > 1/2. We start with estimates 



(4.7) 



\Ro{X±tO)f\\B' < ail/ll 



where the constant C's is independent of A when A varies over a compact set in 
(0, oo) and || • ||s is the norm in Definition 2.6 with h = L^(R"^^; dx). Observe that 



1 



B>e log-R J I 



IR 



R" 



dy_ 

yn 



< 



R"-i 



1 



Rye log R J I 



\F{U)\ 

/R y 



d^. 



Taking i^(^, y) = (io(0 " ^ T i^T^fii, y) and using (l3Tf)) . ([3T8l ). and Lemmata 
2.3 and 2.7 

||i?o(A±*0)/|l|. < / \\{L,m^\T^Q)-'m■)\\l^di 



R"-i 



< c 



R"-i 



|/(C,-)ll|de<C. 



\f{^,-)m=Cs\\f\\i 



R" 



which proves (|4.7p . 

Returning to formula (|4.6p . where / € C^(H") and using Theorem 3.11, we 
see that there exist limits RQ{X±iO)f — lim£_j.o Ra{Xztie)f. Using (|4.7p . we extend 
them to / e 

(4) The equality (|4.3p follows from p.25p . which together with (|4.ip proves 

(5) Taking into account of the 1-dimensional result, we have only to prove the 
unitarity. Restricting ourselves to J-'q \ we obtain by the Parseval formula ()4.3p 
that T^^^ is isometric. We take ip{k,x) G ^^((o^oo) x R"~^), %(?/) G C°°(0,oo) 
such that xiy) = 1 (y < 1), x{y) = {y> 2), and put 



uiix,y) = xiy)i''-''^^'F* 



{YY^'iumyMi^O 



where for any ip 
(4.8) 



F*ib = (27r)-("-i)/2 / e'"-«V(C)de 

JR"-1 
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Let {Ho - nui ^ fi. When y^O,C^O, 

Since for any fixed ^ € R""^ we have /(^, •) G C^dO, oo)), ui{^, ■) € B* , by Lemma 
3.18, ui{^, •) = (io(l^l) - - jO)~^ and ui = Ro{P - iO)f. Therefore, by Lemma 
3.16 J-Q~\l)f = C{l)ip{l, ■), with some constant C{1) ^ 0. Therefore by the same 
argument as in the proof of Lemma 3.19, J^q ^ is onto. □ 

4.3. Helmholtz equation. Theorem 4.2 implies 

(4.9) 4^\kr eB{L\'R^-');B*), 



(4.10) 



xF* 



and by (|4.5p in the weak sense 

(7fo-A:')J"^*^(fc)> = 0, V(^e l2(R"-1). 

The aim of this subsection is to prove the following theorem (Modified Poisson- 
Herglotz formula) . 

Theorem 4.3. For k > 

{u e B*: (Ho - e)u = 0} = F^^\k)* (^^(R"-!)) . 

Namely, any solution in B* to the Helmholtz equation can be written as a 
Poisson integral of some L^-function on the boundary at infinity. As will be shown 
later, the space B* is, in some sense, the smallest space for the solutions to the 
Helmholtz equation. Namely, recall the inclusion relations in Lemma 2.7. One can 
show that if M G L^'~^/^ satisfies the Helmholtz equation {Ho — k^)u — for fc > 0, 
then u — 0. Therefore, all the non-zero solutions to the Helmholtz equation decays 
at most like or slower than the functions in B* . The largest solution space was 
characterized by Helgason [Hel70| , who proved that all solutions of the Helmholtz 
equation {Hq — X)u = is written by a Poisson integral of a Sato's hyperfunction on 
the boundary. This result was extended to general symmetric spaces by [MineTS] , 
[KKMOOT78| . This was also extended to the Euclidean space using more general 
analytic functionals by [HKM072j. 

In the Euclidean case. Theorem 4.3 was proved by Agmon-Hormander AgHo76] . 
It was also extended to 2-body Schrodinger operators by Yafaev [YafQl 
the 3-body problem by the author [IsOT] . 

The proof of Theorem 4.3 requires a series of Lemmas. 

Lemma 4.4. (A-priori estimate) 

(1) Ifue B* satisfies {Hq - z)u = f e B*,z e C, 

\\ydyu\\B* + \\yd^u\\B' < C{\\u\\b* + ||/||e.)- 

(2) If u E B* satisfies {Hq — z)u — f £ B* and 



and for 



lim 

/J->oo log it 



^ = 0, 
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have 

lim 



l/R 



\\ydyu{y)\\ L2^Rr,-i) + ||2/9:ru||L2(R.„-i) 



= 0. 



Proof. Wc put Dy = ydy, Dx = ydx- Then 

Ho^-Dl + {n-l)Dy-Dl^^-^^^, 
and for u,v € C^(R+) 

(n - 1)2 

(4.11) {Hou, v) = (Dyu, Dyv) + {Dxu, D^v) - ^ ^ ' {u, v). 

We pick p e C5"(R) such that p{t) = 1 for |<| < 1, and put 

(\x\\ (\ogy\ . . (logy 

for large parameters r, i? >> 1. If u G S* satisfies {Hq — z)u = f E B, we have, cf 

cm, 

(4.12) (/, Pr,Ru) = {DxU, Dx{prMu)) + {DyU, Dy{pr^Ru)) - E{z){u, Pr.Ru), 

with E{z) = (n ~ 1)^/4 + z. Let us note that putting p^ ~ DxPr,R, Py = Dyp^.R, 
we have 

'R.e{DxU,pxu) = --{u,{DxPx)u), 

Re{DyU,pyu) = -hu,y"{^-^yu), ' = dy. 
^ V 

We take the real part of (|4.12p and let r ^ oo. Since, pointwise 

~ ~ 1 / / log V \ 
DxPx^O, Py^-, -^P{--. 5), 

log it log it 

we obtain 

Re{f,pBu) = {prDxU,Dxu) + {pBDyU,Dyu) - i(u,'(/'flu) - Re E{z){u, pru), 



4ogi?' 

Using Cauchy-Schwarz inequality and dividing by log R, we obtain 



(4.13) 



—5 / [{prDxU, Dxu) + {pRDyU, Dyu)] — 



log R Jo y" 



log y 

where <j)R has the form 4>R{y) = C(R)(j)(- ) for some (j) £ C^(R) and C(R) is 

log it 

bounded on (e, co). Taking the supremum with respect to i?, we obtain, by Lemma 
12.51 the assertion (1). 

Letting i? — 00 in (|4.13p and using Lemma 2.5 (1), we obtain (2). □ 
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Lemma 4.5. For ip € L^(R"-i), 

logRJi/i 
where C = C{k) > 0. 

Proof. By (|4.10p and p.l3p and Lebesgue's convergence theorem, we have 
1 „,^(± 



y ^ ' Jr"-i 

Thus, 

^|l(4±)(fc)V)(.,y)f ^0, asy^ 



R" 



2/ 

This implies that, as i? — > cxd, 

(4.14) _i_^''||(^W(fc)V)(,y)||i.(^„-.)^-^0. 
To compute the limit as y ^ 0, we first use p.6p to see that 

V)(-,y)lli^(R"-i) = c(fc) / 

JR"- 

C(fc)||^||i.(R„-,) + Re[CMy 



y ^ ' 7r"-i 



where C(k) > and 



Civ) ^ Co ier'^'i^(OPrfe 

JR" 



Hence, 



-i-T |l(4^^(fc)V)(.,y)|li.(j,„-.)§^C(fc)|l^|li.(^„-.). □ 

The above lemma and (14. 9p imply the following corollary. 
Corollary 4.6. There exists a constant C = C{k) > such that 



c\ML2fR^-.) < \\4^>{kyv\\B. < c-i||^||i.(K,.- 



(R"-i) :i IKo I'^V "^IIB* ^ ll'<y||L2(R,.-i) 

Next we show that the Fourier transform J-q^^ (k) is derived from the asymptotic 
expansion of the resolvent as j/ — > 0, cf. Lemma 13.161 

Lemma 4.7. For f E B we put 

u± ^ Raik^ ±iO)f, 

v± {x, y) = uji (fc)y("-i)/2T»'= ( {k)f) (x), 

(4-15) c.±(fc) = ^— 

(2/fcsinh(A:7r)) ' r(lT«fc) 

T/ien we have as R oo 

^ l|w±(-,y) - w±(-,2/)lli2(R,„-i)^ ^ 0. 
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Proof. First we show the lemma for / e C^(R"). Smce supp/ is compact, 
we have as y — > 

(4.16) h (y) 

It then follows from (|44)) and ((3Tf| that 

as i? — > cxD . The general case is proved if we note that by (|4.ip and (|4.4p 

and approximate / by /„ with /„ e C^(R"). □ 
By the well-known formula 

r(i + s)r(i - s) ^ sr(s)r(i - s) = — 



sin(7rs) 
we have 

(4.17) |r(l + za)|2 = -^, a>0, 

smh TTcr 

which implies 

(4.18) |^^(fc)p^_^. 

The function (|4.15p and the formulas (I4.17p . (|4.18l) will be used frequently through- 
out these notes. 

Corollary 4.8. For u± = i?o(fc^ ± iO)f, with f £ B, we have 

(4.20) Jim ^ l'^^ II iyO, - ^ ± .fc).,(., y)\\h,^.-.,f^ = 0. 

Proof. Let u±,v± be as in the previous lemma, and denote them by u,v. 
Let II • II = II • ||l2(R"-i). Since ||up — \\v\\^ ~ {u — v,u) + {v,u — v), we have 
|||w||^ - ||w|P| < (||w|| + ll^'IDII"- Thus, by (|4?T|) . (|44l) and Lemma l4Jl that, as 
i? — OO, 
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We then obtain ()4.19|) by using 

Noting Lemma lOl fl) and differentiating (|4.16p . we obtain (I4.20p . □ 



Lemma 4.9. For f £ B, let u = Roik"^ ± iO)/, — ydx, Dy — ydy. Then we 
have 

(4.21) il- 

^^•^^^ R^ool^C Ol^-"(-'y)lli^(R'.-) + \\Dyu{;y)\\h^^.-.^]^ = 0. 

Proof. We first prove Km for / e C(f (R!^), u = Ro{P-iO)f. If = 
for y < and y > C, u{^, y) is written as for y > C 



uiC,y) = y^''-'^/'K^^,my) j^_{y'r~'^"h{U)^. 

where, due to (|3?T2l) . (jMl) and Definition |331 h £ L2(R!J:). Denoting 
we have by (I3.13|) 

m, y)\ < Cy("-i)/2e-l«l^g(0, g G ^^(R""!). 

Hence, 

Therefore, (|4.2ip for / e C5"(R") follows from Lebesgue's convergence theorem. 
Taking note of 

we have only to approximate / by functions from C5"(R") to prove (|4.2ip for the 
general case. 
We put 

/•C30 

{u,v) ^ {u{-),v{-))dn, dfi = dy/y'^, 



where (•, •) is the inner product of L^(R" ^). Take p e C°°(R) such that p{t) = 
(|i| > 3), p{t) = 1 {\t\ < 2), and put pR{y) = p((log y)/(log i?)). We multiply the 
equation (iJp — k'^)u — f hy pR{y)u and integrate by parts to see 

{DyU,pRDyu) + {DyU,y'^{^^)'u) + {DyU,pRu)\ 

y " 

n-l I n - 1 nf PR V \ 
—{u,PRu\^^-^-{u,y [^)u) 

+ {Dj;U,prDj;u) ~ E{k'^){u,pRu) = {f,pRu). 
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(We should insert p(\x\/r), and let r — > oo using Tlieoreni l4.2r 3) and Lemnia l4^ 1)). 
We now put V(0 = 1 (i < 3), V(0 = (<> 4), i^niy) = V'((log 2/)/(log i?)), and 
II ■ II = II • IIl2(r«-i) to obtain 

{DyU.pRDyu) + {D,j,u,prD^u) 



< 



^R{y)\\Dyu{y)\\-\\u{y)\\dp + ^R{y)\\u{y)fdp 
ijR{y)\\J{y)\\^\u{y)\\dp+{\\Dyu{l)\\ + \\u{l)\\)\\u{l)\ 



We divide both sides by logi?. Then the first term of the right-hande side is 
dominated from above by 

-j^ I'OO \ 1/2 / Y /"OO \ 1/2 



i^Riy)\\Dyu\\ dp] / i}R{y)\\u\\ dp 



By Lemma 4.4 (1), we have 

1 f°° 

sup / '4}R{y)\\Dyu\\'^dp < OO. 

R>2 togn J I 

Using (14.211) . we see that 

1 f°° 

lim / i:R{y)\\u{y)fdp^O. 

R-^oo log it J I 

Using the same considerations to estimate i^^r Jj^ "4^ R{y)\\ f {y)\\ ■ ||'"(2/)IMa*j '^6 
arrive at ((422t . □ 

Lemma 4.10. If u e B* , {Hq - P)u = 0, f e B, and either J"^+'(fc)/ = or 
F'f\k)f = holds, then (u, /) = 0. 

Proof. Assume that J't\k)f = 0. Take p{t) e C^CR) such that p{t) = 
1 (|i| < 1), and put 

PRiy)^p{r^), prAv) = x{r^)piT^)' xW = / pis)ds. 

Mog/t' Mog/t' Mogr' 

Letting v ~ Ro{k^ — iQ)f, we then have 
- {pRAy)v,iHo~k^)u) 

= {PR^,rf, U) - {{DlpR^r)v, u) - 2{{DyPR^r)DyV , u) + {n - l){{DyPR^r)v, u). 

Let r — ^ cx). Then, for any R > and sufficiently large r, 

log y \ / log 2/ \ f log y ' 



^ log R J \ log r J \ log R 
Using this formula, together with the fact that 

f\ogy\ 1 , f\ogy 



log r / log r \ log r / 

so that we obtain an extra factor , we can use Lemma 14.91 to show that it is 
possible to replace pR^r in the above equation by xr{v) — x(log log i?). Thus, 

(4.23) {xrLu) = {{DIxr)v,u) + 2{{DyXR)DyV,u) - {n - l){{DyXR)v,u). 
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Observe that, due to the assumption Tq \k)f = 0, it follows from Corollary 4.8 
and Lemma 4.9 that 

l«(-.2/)liL2(R.-i)^ ^ 0, asi?- 



i;;^ / ll«(-'2/)lii2(R"-i)$ 
fog-K Ji/_R<v<_R ^ 'y 



Since 



l/R<y<R 

DyXRiy) = TZ715PKJZ715) ' DyXRiv) = — tt;/' (i 



logi?'^Mogi?'' y^"'"' log^i?" Hogi?'' 
it then follows that the 1st and 3rd terms in the right-hand side of (|4.23l) tend to 
as i? — > oo. Integrating by parts in the 2nd term of the right-hand side of (j4.23p 
and using the fact that, by LemmaHUJl), DyU E B* , the same considerations show 
that this term also tends to 0. Thus, (/, u) = 0. □ 



Lemma 4.11. Let X, Y be Banach spaces, and T E 'B{X, Y). Then the follow- 
ing 4 assertions are equivaent. 

(1) Ran T is closed. 

(2) RanT* is closed. 

(3) RanT = N{T*)^ = {yeY- {y,y*) = Vy* e N{T*)}. 

(4) RanT* = N{Ty ^ {x E X*; {x,x*) = Vx G N{T)}. 

@ For the proof, see e.g. |Yo66l p. 205. 

Proof of Theorem 4.3. We put X = F = L^^R"-!), T = T^^\k) in the 
above lemma. By Corollary 4.6, RanT* is closed. Hence RanT is closed. Corollary 
4.6 also implies N{T*) = {0}. Therefore RanT = F, and RanT* = N{T)^. 
Lemma 4.10 shows that \i u E B* and {Hq - k'^)u = 0, then u E N{T)^. Therefore 
we RanT*. □ 



Corollary 4.12. J'^o^\k)B = i2(R"-i). 

5. Modified Radon transform 

5.1. Modified Radon transform on H". The Radon transform is usually 
defined as an integral over some submanifolds (see e.g. [Hel99] ). In this section, 
we define the Radon transform in terms of the Fourier transform. For this purpose 
it is convenient to change its definition slightly. 

Definition 5.1. For fc e R \ {0} we define operators F^{k) and J"o(^) by 



.^kmx)-f-k^^ 



nik) 



kiT 



r(l - ik) y sinh(fc7r) ' 

Here g{k) :— {kn/ sinh(fc7r))^/^ is defined on C \ {ir; r E (— oo, 1] U [l,oo)} as a 
single-valued analytic function. In particular, ^(fc) = g{—k) for fc > 0. 
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Note that by g21), = for fc > 0, and by (|4T7)l . \n{k)\ = 1. The 

fohowing lemma foUows easily from this definition and Theorem 4.2. 

Lemma 5.2. (1) J-q is uniquely extended to an isometry from L^(H") to % 
:= L^(R; L^(R"^^); dfc), and it diagonalizes Hq : 

(2) Let r-|_ he the projection onto the subspace TL^ := L^((0, oo); L^(R"~^); d/c). 
Then the range of r^Tg is 'H+. 

(3) g € H belongs to the range of J-q if and only if 

2ik 



?(fc,e), vfc>o. 



T{l + ik) 

We then define the modified Radon transform associated with Hq by 
Definition 5.3. For s e R, we define 



(7^o/)(s,a;) = 



1 



'''{j'of){k,x)dk. 



Recall that J^q is written explicitly as 

-ik „^//|CK-ifc 



(5.1) Mk)f{x) 



0Fr(l - ik) 



Fr 



dy 



Lemma 5.2 implies the following theorem. 

Theorem 5.4. TZo is an isometry from L^(H") to H. Moreover we have 

TZoHo - -af7^o. 

5.2. Asymptotic profiles of solutions to the wave equation. The Radon 
transform thus defined describes the behiavior of solutions to the wave equation at 
infinity. Recall that the solution to the wave equation 

f dfu + Hon ^ 0, 



.0 = /' 9tul^o = 9 



is written as 



M(t) = cos(t/Ho)/ + sm{t^Ho)VHo g. 
Theorem 5.5. For any f E L^(H"), we have as t ^ ±oo 



cos(ty/H^)f - 



y 



(n-l)/2 



V2 



-{TZof){-\ogyTt,x) 



^0, 



L2(H") 



sm{ty/Ho)f T 



ly 



(n-l)/2 



V2 



where 



sgn {-ids) (l){s) = 



-(7^o sgn{-ids)f){- logy =F t, x) 

5*'=("-^')sgn(fc),^(s')ds'dfc, 



2tt 



RixRi 



and where sgn (fc) = 1 (fc > 0), sgn(fc) = — 1 (fc < 0). 
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Proof. We prove this theorem only for the case i — > cx). Since the map : 
f{k,x) — ?> ^^"^^•'/^/(logy, x) is miitary from Ti. onto i^(H"), it follows from The- 
orem 5.4 that we have only to prove the case when := {FqTq'^'' f){k,^) £ 
C^(R+ X R"-i). Let supp<?!)(fc,C) C {So < k < S^^} x {R-^ < \£_\ < R} for some 
So, i? > 0. We put 

(5 2) ^ -f^o 1,-^0 j e ^0 i 







By the well-known integral representation 

1 f°° 

2 J-oo 

(see e.g. |Wa62| . Chap. 6, formula (7) or [Le72j . formula (5.10.23)), one can show 
that if z > So for some Sq > 0, 

\drK,k{z)\ < C„e-^/2^ Vm > 0, 

where the constant Cm is independent of k. Therefore, for any 5 > 0, by using 
(— it)~^5fce~**'^ = e—itk and integrating by parts, we see that, for any > 0, 

(5-3) I ll"(^r,2/)lli.(H.-.)^< (Y^j^. 

In the region < y < S, Kik{\^\y) is expanded as 

^'''■^'^'^^ " 2isinh(fc7r) (r(l-ifc)(~) " r{l + ik)(~) , 

+ ?-i(fc,l?|y), 

where |ri(fc, \^\y)\ < C\^\y uniformly for So < k < S^^, R^^ < |^| < R. We put 
Then 

|^^i(t,e,2/)l <C(Oy'^ / "!</-(/=, Oldfc, 

hence 



<5n 



(5.4) / |!ui(t,.,y)||i.(^„_,)%<C^52^ 

Jo V 

where is independent of i G R. We put 



I lo Y 2sinh(fc^) (r(l-zA:)(' 2^) r(l + zA:) ( ' 2^) 

X (l|)%^e-"V(fc,0*- 

Then, 

(5.5) uo{t,i,y)^u[+\t,U)+u['\t,^,y). 



ik 
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Here 



yin-l)/2 i-oa 



{FMk)f) iOdk, 



M-iosy+t) ^FoMk).f ) iOdk. 



y{n-l)/2 i-O 



e 

oo 



/TT 

\2ik 77 ttO/' 



In the last equation we have used that, m view of (gj]), (jX^ . (|^|/2)2*'=Fo J'°(fc)/ = 
—FoT°{—k)f. Rewriting u'l^\t,^,y) as 

with g± e L2(R X R""^), we have 



5 



Ml 2 



.K (^'•'2/)IIl2(R"-i)— = / ll.9+(/3, •)llL2(R„-i)dp, 

y J- log s-t 

which tends to as t — > —00. Similarly 

/ \Wo~\t,■,y)\\l2,f^,^-l^— = \\9-{p,-)\\hiR^-^)dp, 

Jo V J-\og5+t 

which tends to as i — ?> 00. In view of (|5.3p . (|5.4p . we have thus proven that 
•) - -(/[("^^(t, •)||i2(Hn) -> as t~^±oo. 

In other words 

lli^oe-'*^/ - 4^'(t)||L2(H.) ^0 ^ 00), 

llFoe'*^/ - 4"'(-t)||L2(H-.) ^0 {t^ 00). 
The theorem follows from these formulas together with Definition 5.3 and (|5.5I) . □ 

By the change of variable s = — logy — we get the following corollary. 
Corollary 5.6. For any f e L^(H"), we have as t — ^ cx) 

y2e(«-l)(^+*)/2(cos(^/Ho)/)(a;,e-^-*)^(7^o/)(.s,a;) in L^{K^). 
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6. Radon transform and the wave equation 

6.1. Radon transform and horosphere. As is seen in Theorem 5.5, the 
modified Radon transform is closely connected with the wave equation. We shall 
also study its geometrical feature in this section. The fundamental solution for the 
wave equation on H" is written explicitly in terms of spherical mean. For n = 3, 
it has the following form (see e.g. [Hel84j or [ChVe96] ): 

(6.1) cos(t/?/o)/(z) = ^ { \ I f{z')ds] , 

dt \^47rsmh(t) Jg^^^t) J 

where S{z;t) — {z' ; dh{z' , z) — t}, and dh{z',z) is the hyperbolic distance. It 
follows from (11.31) that 



Siz, t) = { (x', y')- \x' - x\^ + \y' - cosh(i)yP = sinh2(t)2/'} . 
Therefore, dS = siiih^ (t)y'^duj, duj being the Euclidean surface element on S"^, and 

cos(iV^)/(z) = ^ /&inh(%_ f f(^(^^^cosh{t)y) +smh{t)yuj)duj 



dt\ 47r 

Let t — >■ oo and y — > keeping t + logy = — s. Then 

{x,cosh{t)y) + smh{t)yuj (x, — ) + 
Therefore, the sphere S{z,t) converges to the sphere 

J:{s,x) ^ {{x',y');\x' - x\ + \y' —\ = }■ 

This is the horosphere tangent to {y' = 0}. We then have 

coa{t^o)fiz) - (e-^ [ fdu;] , 

which, compared with Theorem 5.5 with n ~ 3, implies that 

7^o/(s,x) = 9^|- (e-^ / fduA. 

Sir ds y Jt,(s,x) J 

From this formula, one can easily see that, if / is supported in the region y > S > 0, 
then TZof{s, x) — for < S. The converse is also true. Namely, if 7?.o/(s, a;) = 
for e~'' < S, f{x,y) vanishes for y < S. This is the support theorem for the Radon 
transform. See |LaPh79) and [SaBaOSj . 

6.2. 1-dimensional wave equation. In the Euclidean space, there are 3 
ways of constructing fundamental solutions to the wave equation : (1) the method 
of spherical means, (2) the method of plane waves and (3) the method of Fourier 
transforms. In the hyperbolic space, the first method is usually adopted. For 
example, in the work of Helgason |Hel84) . a generalization of Asgeirsson's mean 
value theorem on two-point homogeneous space is used to derive the formula (j6.ip . 
In the following we shall apply the Fourier analysis to the fundamental solution. 
Let us start with the 1-dimensional case. The basic formula is 
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Lemma 6.1. 



K^{x)Ki,{y) ^ —— — -/ Jq{^/ 2xy cosht ~ - y"^) sinh{vt)dt 

2sin(i/7r) Jiog(y/x) 

(x>0,y>0, \Rei^\ < l/4j. 

Proof. See |DiFe33| . p. 302 and |Le72) p. 140. □ 

For x > and fc e R, we have by (|3?T|) and (|3?2|) 



(6.2) hk{x) = I-^k{x), K,k{x) - K,k{x) = K^.kix), 

Let e{t) be the Heaviside function: 9{t) = 1 (< > 0), 0{t) = (i < 0). By Lemma 
6.1 and (|6.2p . we have for x,y > 



(6.3) 



OO 

sinh(7rA;)i^^A; {x)Kik (y) sm{tk)dk 

-OO 

2 



= ^ (0{t - log(^)) - 0( - < - log(^))) Jo(V2xycosht-a;2-y2 
We put 



2fc sinh(7rfc) 
= 2 ^ 



and define for C > 



TT ' /■\ ^yy') ' [ K,k{Qy)Kik{Cy') -rtuj,,. 



27r 7r.2 - {uj + iO) 



2tt 7r,2 k^-{u}- iO) 
The subscripts adv and ret mean advanced and retarded, respectively. 



Uret{t,y,y ;Q = — — / — — — — Tn^Py-'^)^ 



Lemma 6.2. (1) For t>Q and y,y' > 0, we have 

Uadvit,y,y';C) = iyy')'^e{t - \ log (^) |) Jo(CV22/2/'cosht - - {y')^), 
and for t < 0, 

Uadv{t,y,y';C) = 0. 

(2) For t e R, 

Uret{t, y, y'] C) = Uadv{-t, y, y'; ()• 
Proof. Let us recall that if a > 

27rie^°^ (-) 



(6-4) / r rrrdx = . , . 

and if a < 

Using 



F-(w + z0)2 2/cVw + A: + z0 w - fc + iOy ' 
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we then have 



sm(tk) 
2tt — ^ (t>0) 



/c2-(^ + z0)2 |q ^^^^^ 

Therefore by (|6.3p we have if y,y' > 

2n (^e{t - log(^)) - 9{~t - log(^))^ Jo(Cv/Wcoshi-y2_(y')2) > q) 

(i < 0), 

which proves (1). Using (|6.2p . we prove (2). □ 

Lemma 6.3. (1) For f e C^f ((0,oo)), we put 
Then the following formulas hold: 

(6.6) (io(C) + 5,2)"+(i,2/,C) = /(y)'5(i), 

(6.7) u+{t,y,C)^0 for t < 0, 

(6.8) {dtu+)i+0,yX) = fiy). 

Proof. Observe that, due to Lemma 6.2, for / g C^((0, oo)), u+{t,y,C) is 
a well-defined smooth function of {y,t), y,t > 0. The formula (|6.7p is obvious. 
Consider now, for t > 0, 

{Lo{0+df)u+{t,y,C) 

(6 9) 1 f°° f -1 f(ii') 

' ' iyy')'^K,k{Cy)K,kiCy')pik)e-''^^-7^dkdi,dy^0, 



where we have used Theorem 3.13 (2) and (3). Using (I6.4p and (|6.5p . we have 

2w 



fc2 - (w + iOf 



-ituj roo ^—itu 

du! ^ —dcu 



k — uj ~ iO J-oo k + uj + iO 



47ricos(tfc) (t > 0), 
(t < 0). 

Therefore, we have 

dtu+{t,y,C)^ J^M"^K.k{(:y)KM)cos{tk)p{k)f{y')^, 



which proves ()6.8p . 

Formula (p^ follows from (pTT)) and □ 

We now define 

U{t, y, y'; () = Uadv{t, y, y'; () - Uret{t, y, y'; (). 
The following lemma is an easy consequence of Lemma 6.2 (2) and Lemma 6.3. 
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Lemma 6.4. For f £ C^((0,oo)), we put 



Then we have 

{d^-LoiC)Ht,yX)^0. 
w(0,y,C) = 0, 

dtu{o,yX) ^ fiy)- 

Note that Uadv{t,y,y '',£,) is the Sewartz kernel of the operator jsm{tLo{^)) 
and, therefore, defines a bounded operator in i^((0, oo); dy/y"). This can be also 
directly observed from Theorem 3.13 (1) and (3), if we take / G L'^{{0,oo);dy/y"). 

6.3. Wave equation in H". We define an operator P{t,y,y') by 
(6.10) Pit, y, y')fix) = (2^)-^ / t, y, y')fiOd^, 



Pi^;t,y,y') = Joi\^W2yy' cosHt) - y^ - {y'^), 

which is a Fourier multiplier acting on functions of a; e R"^^, depending on pa- 
rameters t,y,y'. Since Jo{z) is an even function of z, p{^;t,y,y') is smooth with 
respect to ^ and all the other parameters y, y' and t. By Lemma 6.4, the solution 
of the Cauchy problem 

f d^u + iJow = 0, 



■'t • 

u{0) = 0, dtu{0) = / 



is written as 



uit,x,y)^ Hiyy')^ Ut-\\og^\)-ei-t-\log^\)\ 

•/ v y y J 

x{Pit,y,y')fi;y'))ix)^. 

Differentiating this formula with respect to t, we get the fundamental solution. 
Theorem 6.5. Let P be defined by \6.10]) . Then we have the following formula: 

cos(<^/i^o)/(a:, y) = {yy') [5{t - | log ^|) + 5{t + | log ^|)) 

{yy'y--' [e{t-\\og^\)-e{-t-\\og^\)^ 

dy' 



xdtP{t,y,y')fi;y')ix) 



(2/0 



In view of Corollary 5.6, we can derive an explicit form of the modified Radon 
transform TZof. Take / € C^(H") and s e R. We let t oo and y ^ keeping 
—t — logy = s. Then we have y — e^'^^*, t — |log(y/j/')| = ~s ~ logy', and 
t + I log(y/y')| — oo. Moreover, under these conditions. 



P 
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dtP{^;t,y,y') -- 



2 |eiVe-v-(y')2 

where we have used Jq{z) — — Ji(z). Note that the right-hand side is again a 
smooth function of s,^ and y' , and when y' = e^^, this p{^,t,y,y') = 1. Therefore 
the modified Radon transform has the following expression. 

Theorem 6.6. For / G C^f (H") and seR, we have 

TZofis,x) = V2e^^-'^'/^f{x,e-') - v^e"^ y-"^ A{s,y)fi;y)dy, 

Jo 

where A{s,y)f{-,y) is defined by 

A{s, y)f{; y) = (27r)-("-i)/2 J e'-<A{^; s, y)d^, 

Ai^;s,y)J^'j^l^^^. 

Passing to the Fourier transform in Theorem 6.6 and using Definition 5.3, we 
have 



1 r r..ks(\i\y -^k 



T^J-ooJo V2; r{i-zk) 



-y-^Kikmy)m,y)dydk 



Taking f{^,y) to be of the form 'p{^)'>p{y), and then letting |^| = 1, we have 



1 r r ^^kS2ikik -^j^^^^y^^^y^^y^f^ 



= 2e^^(e-«)-e-« f" y-^ '^^fSj'^ ' fkiy)dy. 

Jo \/e — y^ 

Since this holds for any C^((0, oo))-function tjj{y), we have proven the following 
lemma. 



Lemma 6.7. For y > 

TT r(i - ifc) 



= 2e-5ie- - y) - e^yOie- - yylli^^l, 

ve "y-y 

where 6 is the Heaviside function. 

Letting s + log 2 = t, one can rewrite the above formula as follows 



= 2e-*5(2e-* - y) - e-*2/6'(2e-* - y) 



-^2e-*t/-2/2 



CHAPTER 2 



Perturbation of the metric 



We shall study in this chapter spectral properties of — Ag, where Ag is the 
Laplace-Beltrami operator associated with a Riemannian metric, which is a per- 
turbation of the hyperbolic metric on H". We shall prove the limiting absorption 
principle, construct the generalized Fourier transform and introduce the scattering 
matrix. To study H" in an invariant manner, it is better to employ the ball model 
and geodesic polar coordinates centered at the origin. However, we use the upper- 
half space model, since it is of independent interest, necessary in order to make 
the arguments in Chapter 1 complete by the method adopted here, and also of a 
preparatory character to deal with hyperbolic ends in Chapter 3. 

1. Preliminaries from elliptic partial differential equations 

1.1. Regularity theorem. In this section, for the notational convenience, we 
denote points x G R" by x = (xi, • • • , a;„). We consider the differential operator 



|a|=2 

C being a positive constant. A function u G L^q^(R") is said to be a weak solution 
of Au = / if it satisfies 



where is the formal adjoint of A. 

Theorem 1.1. If u e L^(R") is a weak solution of Au ^ f and f e i/'"(R") 
for some m> 0, then u G _ff™+^(R"), and 



For the proof see e.g. |Mi73| . By using Theorem 1.1, one can prove the 
following inequality. Let f2 be a bounded open set in R" with smooth boundary, 
and an e- neighbor hood of Q. Then 



A = ^ aa{x){-idx) 



\a\<2 

defined on R" . The coefficients Oq (x) are assumed to satisfy 

aa(x) e C°°(R"), a„(2;) e L°°(R"), V/3, 




||u|j^„+2(R,„) < C(||u||l2(r>.) + ||/||h™(R")). 



(1.1) 
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1.2. A-priori estimates in H". We next consider R". We put 
Di^Xndi, l<i<n, D = {Di,- ■ ■ ,Dn), 
and let ( , ), || • || be the following inner product and the norm: 

dx 



u{x)v{x)- — — , ||u|| 

For operators A and B, [A, B] denotes the commutator AB — BA. Straightforward 
computations show the following lemma. 

Lemma 1.2. (1) For j ^ n, I < i < n, 

(2) For u,ve C(f (R'l), 

(DiU, v) = -(w, Dtv) + 6in{n - l){u, v). 
We use the following weight 



(1.2) = log(l + + v/1 + (loga;„)2. 

Comparing p with po in Lemma 1.1.6, there exists a constant C > such that 

(1.3) C-'{1 + dh{x)) < p{x) < C{1 + dh{x)), 

where dh{x) is the geodesic distance between x and (0,1) in the metric ds^ = 
cf. (Hm) of Ch.l. We put 

(1.4) A = y(x„)a,,, (i = l,... ,n-l), i5„ = D„, 

where y{xn) G C°°(R), y(a;„) = 1 for Xn < 1, y{xn) — Xn for a;„ > 2. Then we 
have for s e R and \a\ > 1 

(1.5) \D^p{xr\ + iD^Pi^ri < Csp{xy-\ 

We consider the differential operator A = Aq + Ai with 

n-l 

Ao = -Dl + {n-l)Dn^Y.^^^ 

71 n 

Ai^ a^j{x)D,Dj + h{x)D, + c(x). 

We rewrite A as 

A = P2{x,D)+Pi{x,D), D = {Di,--- ,!?„), 

where 

n 

n 

Pi(x,0 = (n-l)e„ + ^&,(x)C»+c(a;). 

We assume that the coefficients aij{x), bi {x), c{x) are in C°°(R";R) and satisfy 

(1.6) \D°'a{x)\ <Cap{x)-', Va, 
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for some e > 0, where a{x) represents any of aij{x), bi{x), c{x). Moreover, 
is real and symmetric : Uij = aji, and P2{x,^) is uniformly elliptic, namely, there 
exists a constant Co > such that 

(1.7) P2(2;,0 >Coiei', V^gC", VxeRl. 



+■ 

Let B and B* be defined as in Chap. 1, §2, with h = L2(R"-1). For s e R, we 
introduce the function space Af* as follows 

(1.8) x'^u<^ p{xYu{x) e l2(h") = (rI; ^) , 

V x^y 

equipped with the norm 

(1.9) = IIp^«IIl2(H")- 

Theorem 1.3. (1) If u E B* satisfies {A — z)u = f E B* with z E C, then 

\\DM\b' < Cil + \z\)'^HMb' + \\f\\B'), 1 < * < n. 
(2) Furthermore, if 



lim 



R^'L foi^ [\H^^n)\\Un^-^^ + ||/(-,a:„)||i.(H"-)J 

holds, then, for 1 < i <n, we have 

1 f^' dx 

R-^oo logn Jifif ' [Xn) 

(3) Assertion (2) also holds with lim replaced by lim inf. 

(4) IfuJeL^-R^), then 

(1.10) IIA^^II <C(1 + 1^1)1/2(11^,11 + 11/11), l<i<n, 

(1.11) llAi^i^^ll <C(l + |^|)(||u|| + 11/11), l<i,j<n. 

(5) Ifu,f€B*, 

(1.12) WDiDjuWx-s <Cs{l + \z\){MB' + \\f\\B'), l<i,j<n, 
for any s > 1/2. 

(6) If u, f € /Y" for some s G R, then 

(1.13) \\D,u\\x^ <C{l + \z\y/^{\\u\\x^ + \\f\\x-^), l<*<n, 

(1.14) \\D,Dju\\x-^ <C{l + \z\){\\u\\x^ + \\f\\x^), l<i,j<n. 

In the above estimates in (1), (4), (5) and (6), the constants C and Cs are 
independnet of z gC. 

We note that assertion (4) is a particular case of assertion (6) with s — 0, while 
assertion (5) follows from (6), if we take into the account that B* C A'^", s > 1/2. 

Proof. We take x{t) € C^(R) such that x(i) = 1 {\t\ < 1), x{t) = {\t\ > 2), 
and put 

where x' = {x\, ■ ■ ■ , x„_i). Since with gij = 6ij + Oij, 
{gijDiDjU,x%r'^) = -{gijDiU,x%rDiu) 

-{DjU, {Di{gijX%r)) u) + Sin{n - l){DjU,gijXR,rU)- 



dXn Q 
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Thus, we have 

n n 

n 
n 

We spHt the 2nd term of the right-hand side into 

- ^{XR,rDjU, {Dig^j)xR,rU) - 2^{xR,rDjU,gij{D^XR,r)u) 

and use the uniform chipticity (11.7^ to see that 

CoWxR.rDuf < Re {Au, x%,,ru) + e\\xR,rDuf 

+ C,i\\M\' + \\{DxR,r)uf). 

Here i/jr is defined by 

where -0 S C(5"(R), = 1 on the support of x- ^oi small e > 0, the term 
eWxR.rDuW^ is absorbed by the left-hand side. Therefore, by using the equation 

(A — z)u = /, we have 

WXR.rDuf < C{1 + \z\){Uru\\' + WiDxR^rM' + 

We fix R and let r — > oo to see that XR.r can be replaced by XR- Moreover 

C 

\iDXR)iXn)\ < -, ^IpRiXn) < C^jRix^) 

log it 

for R > e. Therefore, we have 

(1.15) WxrDuW' < C{1 + \z\){URuf + llVfl/lP). 

Dividing this inequality by log R and taking the supremum with respect to R, we 
obtain the assertion (1). Letting R — > oo, we obtain (2) and (3). 

Letting i? — >■ oo in (|1.15l) . we prove (|1.10p . To prove (jl.lip . we first observe 
that the previous considerations do not require (jl.6l) in full generality, just that 
a G L°°(R"). This makes it possible to consider only the case when u is compactly 
supported. In fact, in the general case putting XR.rU = ^ we have 

{A - z)v = XR.rf + [A, XR.r]u- 

Since [A, Xij.r] = '^iCi{x)Di + d{x) and Ci{x),d{x) and Ci,d e L°° independently 
on R,r > e, we can apply (ll.lOp and (ll.lip to see that the right-hand side is in 
i^(R") uniformly with respect to R,r. 

Now assuming that u is compactly supported, we split u as u ~ ui + U2 + u^, 
where Ui = Xi Ciog^R so that suppui C {xn < 2/i?}, suppu2 C {l/R < x„ < 
2R}, suppws C {xn > R}. Using 

\\D,D,u\\^ = {D]u,Dlu) + {D,u, [Dj,D,]Dju), 
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we have 

E \\D^D,uf < C{\\ J2 DM' + J2 \\D^uf)■ 

i,j i i 

We have 

(1.16) AoUi = -Aiu^ + zui + fi, j = l,3, 
where 

\\M < ciwfw + \\D„u\\ + \\u\\) < ai + \z\y/'i\\f\\ + \\u\\), 

with the last inequaUty fohowing from (|1.10p . Since ||AoMi|p — J^j ki-^jUi, Dim), 
taking the L^-norm of the both sides of (|1.16l) . and using condition (jl.6p . we have, 
for 1 = 1,3, 

Y,\\D,Dkm\\ < eJ2\\DjDkm\\+C,{l + \z\){ J2\\DM + \M + \\.f\\)^ 

i,k j,k j 

where e = e{R) — ?► as i? — > oo. Therefore ()l.lip holds for i = 1, 3 with sufficiently 
large R. For « = 2, we have only to note that U2 satisfies the following 2nd order 
elliptic equation with bounded coefficients: 

^^a^j{x)^i^JU2 + ^ di{x)diU2 + c{x)u2 = f2 

and use Theorem 1.1. 

To prove (5), we put v = p{x)^'^u and g — {A — z)v. Then Lemma 1.2.7, 
estimate (jl.Sp and assertion (1) imply that v,g £ L^(H"). By assertion (4), we 
then have DiV, DiDjv S L^(H"), which, in turn, implies that DiDjU G A"^* and 
the inequality (|1.12p . 

The proof of (|1.13l) is similar to the proof of (|1.10p ii w use p{x)''xR,r{x) instead 

of XR,rix). 

To prove (|1.14l) . we again consider v = p{x)^^u, which, due to (jl.l3p satisfies 
[A - z)v = g £ L2(H"). Using (ITTTU)) together with pTTO)) and pTSj) . we arrive at 
(iLTit . □ 

1.3. Essential self-adjointness. On the upper space R", we introduce the 
Riemannian metric 

1 " 

(1.17) '^^^ = ~ X! 9ij{x)dxidxj, 

where g^j — 5ij + aij. Assume that A is symmetric on C^(R"). 
Theorem 1.4. is essentially self-adjoint. 

Proof. Wc show that for u G L^^jj") 

(u, {A^i)^) = 0, V(/3 e Co°° (H") u = 

and the same assertion holds with i replaced by —i. Applying ()l.ip . we see that 
u e i?j^^^(R" ), and {A + i)u = holds, moreover, by Theorem 1.3 (4), 

Letting 

^r,R = {\X \ < r, l/R < Xn < R} , = {I / R < Xn < R} , 
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we then have 

/ Auudii = / \U'\'^d^, dji ~ dx/{xn)"' ■ 
Integrating by parts and taking the imaginary part, 

/ \u\^dfi < CJ2 I \u\\D,u\dS, 

where dS is the surface measure associated with hyperbohc metric. Noting that 

/ \uDiu\dii < oo, 

Jl/R<x„<R 

there is a sequence r„ — > oo such that, 

2_] / \u\\Diu\dS ^ as n — >■ oo, 

where T,B.,n = {(a;', a;„) : \x'\ = r„, < Xn < R}- Using these r^s, we see that 

dx' 

I \u\\lJiU\ — 

lx„ = l/R Jx„ = R, 



(1.18) / \u\^d^i<Cy2\ I +f ]MDiU 

Jur \Jx„ = l/R Jx„=R/ 

We next put 



f{Xn) = / \uDiu{x' ,Xn)\-, 



{XnY~^' 

dx' 



\n-l ■ 

Then, since u,DiU G L^(H"), we have 



f°° dxn 

/ /(a;n) — - < oo. 

Jo Xn 



Hence, hminfj;,^_j.oo /(a^n) = and \immix„->o f{xn) = 0. Using this fact, letting 
Rn tend to infinity along a suitable sequence in (jl.lSp . we have u = 0. □ 

1.4. Rellich's theorem. It is well-known that, for a bounded open set O C 
R", the inclusion H^{i^) C L'^{fl) is compact. This is often stated in the following 
form and is called Rellich's theorem. 

Theorem 1.5. Let Q be a bounded open set in R", and m > 1. Then for any 
bounded sequence {fk} in H"^(fl), there exists a subsequence {fk'} convergent in 

For the proof, see e.g. |Mi73| . 

1.5. Unique continuation theorem. Let us assume that on a connected 
open set O C R", we are given a differential operator 

|a|<2 

where for \a\ = 1,2, a^ix) G C°°, and for \a\ = 0, aa{x) € L°°, moreover for 
\a\ = 2, aa{x) is real-valued and satisfies 

J2 > C-ICP, Vx en, ve e R", 

|a|=2 
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for a constant C > 0. Then, if u satisfies Au = on 51, and vanishes on an open 
subset of n, then u vanishes identicahy on 51. For the proof, see e.g. [Mi 73] for a 
C°°-coefRcient case, and |Ar57| for the general case. 

2. Basic spectral properties for Laplace-Belrami operators on H" 

2.1. Assumption on the metric. In the sequel, we denote points in H" = 
R" as (x, y), where x G R""^, y > 0, and put 

(2.1) Dr^^ydx, D^^y{y)dx, Dy = Dy = ydy, 

where y(jj) € C°°((0, oo)) is a positive function such that y{y) = 1 for y < 1, 
y{y) = y for y > 2. Recall that we put 

pix, y) = log (1 + \x\^ + t/) + ^l + |logy|2, 

and have the following inequality 

C-\l + p{x, y))<l + dh{x, y) < C(l + p(x, y)), 

\D^p{x, yr\ + \D^p{x, yy\ < C,p{x, yY~\ \a\ > 1, s € R, 

where dh{x, y) is the distance between [x, y) and (0, 1) with respect to the standard 
hyperbolic metric (Lemma 1.1.6). 

To describe the space of metric, we introduce the following class of functions. 

Definition 2.1. For s € R, let he the set of real-valued C°° -functions 
f{x,y) defined on R"^^ x (0, cx)) such that for any (multi) index a, {3, there exists 
a constant Cap > such that 

(2.2) \{D^nDyf fix, y)\ < C^p p(x, yy-^MH+M, 
On the upper half-space R" , we consider the Riemannian metric 

(2.3) ds^ = y-\idxf + [dyf + A{x, y, dx, dy)) , 
where dx, dy) is a symmetric covariant tensor of the form 

n— 1 n—l 

A{x,y,dx,dy) = ^ aij{x,y)dx'^dx^ + 2 ainjx, y)dx'dy + a„n(a;, y)[dyY . 

Here each aij{x,y) (1 <i,j < n) is assumed to satisfy the following condition: 

(C) There exists a constant e > such that Oij G W^^^"^ for y > 1. 

Let us look at the Laplace-Beltrami operator associated with the above metric 
ds^. Let V the set of differential operators P defined by 

V3P^P^ ^(c„^ + aap)D^D^, 

where Cap are constants, Oap € W^^"'^ and the above sum is finite. Then by a 
direct computation using Lemma 1.2 one can show that V is an algebra. 

We rewrite ([231) into ds^ = g,j{X)dX^dX^ , X = {Xi,--- , X„) = {x, y), where 
gij{X) — y~'^{5ij + aij{x,y)) and we assume that Oij^i^j > — Letting (g*^) = 

(gij) ^, we have 

g'^{x,y)^y^{S^^ +rix,y)), 
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where g'^(a;,j/) e W ^ The associated Laplace-Beltrami operator Ag is then 
written as 

n n 

where {Di,--- ,i^„) = {yd,,ydy) and a'^ {x,y),b'{x,y) G W^". Hence Ag G P. 

The operator — is symmetric in (IV]j_; ^/g dxdy), where g = det{gij). 
In order to compare it with the Laplace-Beltrami operator for the standard hy- 
perbolic metric, it is convenient to use the unitary gauge transformation from 
L'^i'Rlly^dxdy) onto L'^CR^; dxdy /y"'): 

n ^ [y^'^gfu, 

so that 

- A, - ^ -(y2"5)V4A^(y2„^)-i/4 _ 

in L^{'R\\dxdy/v'^). 

2.2. Transformed Laplace-Beltrami operators. We are thus led to the 
differential operators 

Ho = -Dl + (n - l)Dy -Dl- ^ = 5] a4x,j/)D" 

|a|<2 

in L^CWl'jdxdy/y"), with the inner product denoted by (•,•). ^^l^-oo^jj^-) is sym- 
metric, 

(2.4) {Hf,g) = {f,Hg), V/, .9 G Co°°(H"), 

and uniformly elliptic in the sense of §1. By our assumption satisfies the 
condition (C). 

One should keep in mind that our operator —H is unitarily equivalent to the 
Riemannian Laplacian Ag associated with the metric ds^ of (|2.3p which is shifted by 
{n — 1)2/4. The arguments to be developed in Chapters 2 and 3 are also applicable 
to the more general operators with perturbation of 1st order differential operators, 
except for Theorem 2.10. Even in this case, however. Theorem 2.10 still holds except 
for a discrete set of A's, which can be proved by the same way as in Theorems 3.3.5 
and 3.3.6. 

By Theorem 1.4, H\^^, ^ is essentially self-adjoint. Let 

Roiz) = (Ho - z)-\ R{z) ^{H- z)-\ 

Lemma 2.2. For z ^ C \ R, Rq{z)V R{z) is compact. Hence 

(Td(i7) C (-00,0), a,(i/) = [0,00). 

Proof. By Theorem 1.3 (4), VR{z) G B{L^;L^), and Roiz)V = {VRo{z))* G 
B(L2;L2). We take xW S C§°iR) satisfying = 1 i\t\ < 1), xW = {\t\ > 2), 
and put 
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Then XRRi^), and henceforth Ro{z)VxRRiz) are compact and, due to the decay 
assumption of the coefficients, \\Ro{z)V{l — xr)R{^)\\ — > (i? — > oo). Hence 
Ro{z)VR{z) is also compact. Since (t{Ho) = <Je{Ho) = [0,oo), the lemma follows 
from Weyl's theorem ([Is04aj, p. 26). □ 

The main purpose of this section is to prove the following theorem. 

Theorem 2.3. (1) ap{H) n (0,00) = 0. 

(2) For any A > 0, Hdi^^q R{X±ie) =: i?(A±iO) exists in the weak-* sense, namely 

3 lim(i?(A ± ie)f, g) (i?(A ± iO)f, g), \ff, g e B. 

(3) For any compact interval I C (0, 00) there exists a constant C > such that 

(2.5) ||i?(A±*0)/||B. <C||/||b, VAe/. 

(4) For any f,gE B, (0, 00) 9 A — > (i?(A ± iO)f,g) is continuous. 

(5) Let Eh{-) be the resolution of the identity for H. Then ((0, cx)))L^(H") is 
equal to the absolutely continuous subspace for H . 

Note that the proof of the estimate (|2.5p implies the following inequality 

(2.6) \\Riz)f\\B' <C\\f\\B, VReze/. 

2.3. Resolvent estimates. We shall prove Theorem 2.3 by first establishing 
some a-priori estimates for solutions to the equation {H — z)u = /, and then 
passing to limiting procedures. Although our method seems to be tricky, the basic 
idea consists in the following observation. Let us note that by virtue of Lemma 
1.4.7, = Ro{X ± iO)/ behaves like 

4(e,y)~c±(02/("-^^/'^^^ (y^o). 

Therefore, we infer 

{ydy - T ^VA)) ul = o(y(«-i)/2) {y ^ 0). 

This suggests the importance of the term [ydy — (^^^ T i\/A)j to derive the 
estimates for u\. We put 

n — \ /— 
a± = T i^z. 

Here for z ~ re''^ ,r > 0, — vr < < tt, we take the branch of ^/z as ^e^^l"^ . 

We begin by estimating u° — Ro{X + iO)f- Let ( , )h, |1 • ||h denote the inner 
product and norm of L^(R"~^), respectively. 

Lemma 2.4. Suppose u satisfies (Hq — z)u — f , and let w± — (Dy — a±)u. 
Let (p{y) G C^((0, 00); R) and < a < b < 00. Then we have 

y=b 



^ dv 
{Dy^ + 2^)\\D,u\\l-'^ 

V 



^{\\w±\\l-\\DM\l) 



yn-l 



T2ImVi / v{\\w±\\l + \\D,u\\l)^ 

J a y 

+ [\Dy^)\\w±\\l^~2Re [ 

J a y J a 



'P{f,UJ±)h^. 

yn 
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Proof. We rewrite the equation {Hq — z)u = f as 
(2.7) Dy{Dy -<7±)u = a^{Dy - a±)u - DIu - /. 

Taking the inner product of (|2.7p and Lp'w± , we have 



(2.8) 



J a y 



dy 



y" 



dy 



y" 



dy 



Take the real part. By integration by parts, the left-hand side is equal to 

yr. 



(2.9) 



Re / (p{DyW±,w±\- 

J a 1 



''p\\w±\\i' 


V=b „ 


2?/"-i 


~ 2 / 

y=a ^ Ja 



{Dyip)\\w±\\i 



2 dy n ~ 1 



II 112^2^ 



Let us note that using 



{-Dlu, Dyu)h = (w, Dyv)h - ||w||h, V = = V^-^xU, 



we have 



, 2 \ dy 
-Re / ^{D^u,w±)^ — 



'f\\Dxu\\l^ 


V=b ^ „ 


[ 2y»-i J 


2 / 



„T /n — 3 

{Dy^)\\DM\l^- I 



-Rea± ) / ^\\D,u\\l^. 



Apply this to the 2nd term of the right-hand side of (|2.8p . We then have 
(2.10) 

f \ dy 

Re / (p{DyW±,'w±)h — 

b ^ b b 

= (R-ecJzp) / ip\\w±\\l^~Re [ ip{y^AhU,w±)h^-Re [ (pif,w±)h^ 

J a 2/" J a y" . J a 2/" 



n — 1 



TlmVi) / ^\\w±\\l^ + 



2y"-i 
r-6 



y=a 



^ Ja 

Equating (12.91) and (I2.10p . we obtain the lemma. □ 

We shall derive estimates of the resolvent Ro{z) = (Hq — z)~^, when z € C \ R 
approaches the real axis. 

Lemma 2.5. Let u = Ro{z)f. Let w± = {Dy — (J±)u, and put for 3 (p > 
and constants < a < b, 

(2.U) L, /%.,^.o,.ii..,ii.^. r.nu,„,..„n.„,....- 



{Dyp + 2p)\\D,u\\l-^^ 



y 



n-l 



(2.12) 



' {Dy^)\\w^\\l^ ~ 2Re I p{f,w^)^ 



dy_ 

yn- 
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Then we have the following inequality. 

(2.13) L+<R+, L^>R^, if lmy/^>0, 

(2.14) L+>R+, L^<R^, if ImVz<0, 

Proof. Using Lemma 2.4, <f > 0, and the sign of Im-^/z, we obtain the lemma. 

□ 

In the following, z varies over the region 

(2.15) J± = {z eC; a< Rez < b, < ±lmz < 1}, 

where < a < 6 are arbitrarily chosen constants. 

Lemma 2.6. Let u = RQ{z)f with f (z B. Then, for any e > 0, there exists a 
constant > such that 

r\\D.u\\l^<e\\u\\l,+CM\\l VzG J±. 

Jo y 

Proof. Assume that z £ J+. Letting ip — 1 and using (I2.13|) . we have 



,2 dy 



xU\\^ - ||W+||h 



2y 



n-l 



+ 



if, W+)h 



dy 



By Theorem 1.3 (4), w+,D.j.u e for z ^ R. Hence 

lly; 112 I II n „,l|2 |U„ 112 

(2.16) liminfJ^ 



y^oo 



J/" 1 yoo y 

Therefore letting a — >■ and 6 — >■ cxd along suitable sequences, we have 



,n-l 



\DrU 



dy 



I^llh" 



< 



(/,«^+)h— 



<e\\w+\\l.+C4f\ 



Theorem 1.3 (1) yields < C'dlujle* + II/IIb*)? which proves the lemma when 

z G J4. . The case for z G J_ is proved similarly by using w_ . □ 

Lemma 2.7. Let u, f be as in the previous lemma, and w± = {Dy — a±)u. 
Then for any e > 0, there exists a constant Cg > such that, for any y > 0, 

\\w+\\i-\\DM\l 



,n-l 



\w-\\l-\\DM\l 



<e||^.|||.+ Cell/Ill, VzeJ_. 



Proof. As in the previous lemma, assume that z G J+. Letting ip = 1 and using 
((2T31) . we have 



\Dxu\ 



,,n-l 



< 



\w+\\l~\\D,u\\l 



C\\fMw+\ 



Using (|2.16p and [letting a along a suitable sequence, we obtain the lemma by 
Theorem 1.3 (1). □ 

Lemma 2.8. Let u, f , w± be as in the previous lemma. Then, for any e > 0, 
there exists a constant Ce > such that 

\\w+\\b* < e||"||B* +Ce\\f\\B, Vz e J+, 
\\w-\\b* <e\\u\\B*+C,\\f\\B, yzeJ^. 
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Proof. We divide the inequality in Lemma 2.7 by y and integrate on {1/R,R). 
We then use Lemma 2.6 to estimate the integral of HD^^ujl^, and obtain the lemma. 

□ 

Lemma 2.9. There exists a constant C > such that 

\\Roiz).f\\B' <C\\f\\B, yzeJ±. 

Proof. We consider the case that z ^ J+, and put y/z — k + ie ior z S J+. 
Then e > and k > C ior some constant C > 0. Letting w+ = {Dy — cr+)M, we 
then have 

(2.17) ln\Dy{w^, ii)h = Im (n — 1 + 2i/c)(w+, u)h — Ini (/, M)h- 

This is a consequence of the formula 

Dy{w+,u)h = {DyW+,u)h + Ww+Wl + ^— y— + e + zfc^ {w+,u)h 

and ((2?7| . We integrate (|2lT| . Since 



Dy{w+,u)h 



dy 



(w+,M)h 



+ {n-l) I {w+,u)h^, 



we then have 
(2.18) Im 



(w+,-u)h 



y 



^2kRe [ {w+,u)h^ -Im [ (/,u)h^. 

Ja V Ja V 



Using w+ — DyU — (T-|_u and integrating by parts, we have 

Re / (w+,M)h^ = ^ 
Therefore (|2.18p is computed as 





b » 


\Ml] 






a ''a 



dy 





'{w+,u)h 


b 




b „ 


Im 


= k 




-2ek / 




yn-l \ 


a 




a J a 



dy 

i ^ 1 

V 



which implies 



Im 



y" 



< k 



+ C\\fMu\\B'. 



Note that for z ^ R, w+ and u are in L-^((0, oo); L^(R" ^);dy/y'^). Hence, there 
exists a sequence 6i < 62 < • • ■ ^ oo such that 

\{w+,u)h{b,n)\ + ||M(&m)|lh ^ Q 



For , we take a — y < b — bm to have 



\w+{y)\\l ^ \iw+,uUb^)\ + Mb^)\\l 



y 



n-l 



\\fh\\u\\ 



Letting m — > cx3, we see that 



h(2/)ll^<^ni^+(y)llh 



,n-l 
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Dividing by y and integrating from 1/R to R, we have 



which imphes 

\\u\\l,<c\\w+\\l.+c\\fMuy^. 

This, together with Lemma 2.8, yields 

\\u\\B'<C\\n\B. yzeJ+. 

Similarly, we can prove the lemma for z G J_ . □ 
Lemma 2.9 completes the proof of Theorem 1.4.2. 

2.4. Radiation conditions and uniqueness theorem. The following the- 
orem specifies the fastest decay order of non-trivial solutions to the Helmholtz 
equation {H — X)u = 0. 

Theorem 2.10. Let A > 0. If u e B* satisfies {H - \)u = for < y < yo 

with some yo > 0, and 



liminf:; — / \\u(y)\\'j-2fDri-i\— — 0, 

fl,-^oo logi?ii/^" ^^^"^ 



then u = for < y < yo. 

We should stress that we have only to assume the equation — A)u = to be 
satisfied near y = 0. The proof is given in the next section. 

Corollary 2.11. <Jp{H) D (O, oo) = 0. 

We say that u Cz B* satisfies the outgoing radiation condition (for cr+), or 
incoming radiation condition (for (t_), if the following two conditions ()2.19p and 
(1^:^ are fulfilled: 

(2.19) ^lim ^ J'^^ IKA. - ..(A)).(.)||i.(,.-,^ = 0, 

(2.20) lim -1- /''||u(y)||i.(j,„_.)^ ^0. 
i?,-^oo log R Ji ^ ' y 

Lemma 2.12. Assume that A > and u € B* satisfies the equation (i? — X)u = 
0, and the outgoing or incoming radiation condition. Then u — 0. 

Proof. We assume that u satisfies the outgoing radiation condition. We take 
< pit) £ Cf^CR) satisfying supp p C (—1, 1), /^^ p{t)dt = 1, and put 

^«(y) = x(^), xit)^ f Pis)ds. 
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Let ( , )h and || • ||h denote the inner produet and the norm of i^(R" re- 
spectively. We multiply the equation {H — X)u = by ipR{y)u and integrate over 
R"-i X (0,i?) to obtain 

= Im {{~Dl + {n- \)Dy + V)u, ^^u) ^ 

^0 y 

(2.21) ^_^jDyU,u)^ ^ 



yn-l 



y=R 



Im- / p[- ) (UyU.u). — 



+ Im / {Vu,ipBu)^'^. 

jQ y 

Observe that (|2.20p implies, due to Theorem 1.3 (2), that 



1 f dv 
(2.22) lim / \\Dyu\\'i2cnr.-i)— = 



Indeed, let V(y) € C°°(R+), = 1 for ?/ > 1 and V = for y < 1/2. Then, with 

V — TpU, 

due to Theorem 1.3 (1) and the fact, that supp(/) C {1/2 < y < 1}. Thus, v 
satisfies conditions of Theorem 1.3 (2), which implies (I2.22p . 
Conditions ^{TM . (P^^ yield that 

(2.23) Jin^^£j|(i^,-a,).(y)|U.(K..,^ = 0. 

Also (11201), (1^^ imply that 

\{DyU,U)y^a\ 



We also see that 



lim inf = 0. 

y—^oo ^ 

Im / (Vu, (pBu)^ — ^ Im / (Vu, w)h— = 0. 
Jo y Jo y 

Indeed, \{Vu,u)hd\y /y'' < oo, since Vu e X", 1/2 < s < (l + e)/2 due to (2.4) 
and Theorem 1.3 (5). As V is symmetric, this gives the result. 

Hence, by (I2.2ip . there is a subsequence i?i < i?2 < • • ■ oo such that 

Combining this equation with (j2.23p . we have 

j->oo iogi?j 7o log^j y 



This implies that 



along a suitable sequence i?']^ < i?2 <•••—> oo. The lemma then follows from 
Theorem 2.10. □ 
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2.5. Proof of Theorem 2.3. The assertion (1) has been proved m Corohary 
2.11. Let e be as m the condition (C) in Subsection 2.1, and take s such that 

1 1 + e 
t: < s < ——■ 

2 2 

Take a compact interval / C (0,oo) arbitrarily, and put 

J = {X±ie; \ e I, < e < 1}. 
Lemma 2.13. (1) There exists a constant C > such that 

(2.24) sup||i?(z)/|U-. <C||/||b, 

(2.25) sup|ii?(z)/||e* <C||/||b. 

zG J 

(2) For any A > and f G B, the strong limit lime_>.o ^^('^ i ie)f exists in . 
Also, the weak limit lime_i.o R{\ ± ie)f exists in B* . 

(3) R{X±iO)f is an X^'^ -valued strongly continuous function of X > 0, and also 
a B* -valued weakly continuous function of X > 0. In particular, 

lim(i?(A ± ie)f, g) = {R{X ± zO)/, g), Vg G B. 
Proof. If (1) does not hold, there exist G J and /„ G B satisfying 

||/n||B^O, \\Un\\x--^^, Un^R{Zn)fn- 

These imply that 

(2.26) (iJo - Zn)Un = fn - VUn 

and we can assume, without loss of generality, that z„ — ^ A G /. By Theorem 1.3 
(6), 

\\D''u^\\^-s<C, \a\<2. 
Therefore, by the condition (C), Vun G B and 

\\VUn\\B<C. 

Returning to (|2.26p . this implies, due to Lemma 2.9, that 

(2.27) \\Un\\B'<C. 

Therefore, there exists a subsequence, which we continue to denote by Un, such 
that 

in the sense of the weak convergence. 

On the other hand, applying Theorem 1.3 (4), we see that, with |q;| < 2 and 
1/2 <t,t' < s, 

(2.28) \\D"un\\^-t < C + ||/„||x-0 < C; 

(2.29) ||L'"(u„ - Um)\\^-t' < C (^\\Un - Um\\^-t' + \\fn - fmW^-t' + |z„ - Zm\j ■ 

These imply, using Rellich's theorem, that there exists a subsequence such that 
D^Un — D'^u in X *j l<^l ^ 2 and, in particular, = 1. Also u„ u in B*, 

as follows from Lemma 2.9 together with l^^ . 
Then 

u = -Ro{X±iO)Vu, VueB, 
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and, by Corollary 1.4.8 (2) and Lemma 1.4.9, u satisfies the radiation condition. 
Thus, by Lemma 2.12, u = 0, contradicting ||m||^-s = 1. This completes the proof 
of (Hill). 

To prove (|2.25p . we observe that B* is reflexive and, therefore, sequentially 
weakly compact by Theorem V.2.1 of |Yo66| . We then use (j2.26p with Zn, Un, fn 
replaced by z, R{z)f, f and follow the same arguments. 

The assertion (2), (3) can be proved by the similar manner. □ 

The assertions (2), (3), (4) of Theorem 2.3 are now easily derived from Lemma 
2.13 and the resolvent equation R{z) = Ro{z) — Ro{z)VR{z). To this end, we use 
Theorem 1.3 (6) with s < (1 + e)/2, (C) in the decay assumption of the metric in 
subsection 2.1 and Theorem 1.4.2 (3). 

For the proof of (5), see |IkSa72j or |Is04a| . p. 49. □ 

The following lemma is a consequence of the above proof. 

Lemma 2.14. For any f (z B and X > 0, u — R{X ± iO)f satisfies the equation 
{H — X)u — f, and the radiation condition. Conversely, any solution u € B* 
of the above equation satisfying the radiation condition is unique and is given by 
u = R{X±iO)f. 

3. Grovifth order of solutions to reduced wave equations 

3.1. Abstract differential equations. Let X be a Hilbert space and con- 
sider the following differential equation for an X-valued function u{t): 

(3.1) ~u"{t) + B(t)u{t) + V{t)u{t) ^ Eu{t) = P{t)u{t), t>0, 
E > being a constant. The following assumptions are imposed. 

(A-1) B{t) is a non-negative self-adjoint operator valued function with domain 
D{B{t)) — D <Z X independent of t > 0. For each x € D, the map (0, oo) 3 
t — B{t)x £ X is , and there exist constants to > and 5 > such that 

(3.2) t'^^^ + {l + 5)B{t)<Q, yt>to. 

dt 

(A-2) For any fixed t, V{t) is bounded self-adjoint on X and satisfies 

(3.3) y(t) eCi((0,oo);B(X)), 

(3.4) i||y(t)|l + ||^||<c(l+t)-i-, Vi>l, 
for some constants C,e > 0. 

(A-3) For any fixed t, P{t) is a closed (not necessarily self-adjoint) operator on X 
with domain D[P{t)) D D satisfying 

(3.5) P{tyP{t) < C(l + t)-^-^'{B{t) + 1). 
Moreover, 

ReP{t) ■.^l{P{t) + P{tr) 
is a bounded operator on X and satsifies 

(3.6) ||ReP(<)|| < C(l Vi > 0. 
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Theorem 3.1. Under the above assumptions (A-1), (A-2), (A-3), if 

\nTv\ni{\\u'{t)\\x + \\u{t)\\x) = 

holds, there exists ti > Q such that u{t) — 0, yt > ti. 

The proof below is a modification of the method in |Sa79| p. 29. In the 
foUowing, II • \\x is simply written as || • ||. We put 

iKu)it) - \\u'{t)\\^ + E\\u{t)f ~ iB{t)uit),uit)) - iV{t)uit),uit)). 
Lemma 3.2. There exist constants Ci,Ti > such that 

^iKu){t) > -Ci(l + ty^"'{Ku){t), yt > Ti. 

Proof. By choosing e small enough, we can assume that, in addition to (A-2) 
and (A-3), 

(3.7) \\V'{t)\\<C{l+t)-^-^'. 
By the equation 



^(Ku){t) = 2Re \(u", u') + E(u, u') - (Bu, u') - (Vu, u')] - iiB' + V')u, u) 
at L J 

= -2Rc{Pu,u')-{{B' + V')u,u). 

By dSSl) 



By dM 



(3.8) ||Pu|| < C{l + t)-^-'{^{Bu,u) + \\u\\). 

By (13. 7p . there exists — ^o(e) > such that for t > to 

\iv'{t)u,u)\<^ii+t)-'-^\\ur. 

-{B'u,u) > ii^(BM,u). 

Putting the above estimates together we have that there is > such that for 
t > to 

J^{Ku){t) > -Ct-^-\\\u'f + \\u\\\\u'\\ + '-\\uf) + \{Bu,u) 

> -C,t-^-'\\u'f - Cet-^-'\\u\\^ + j{Bu,u). 
We rewrite the right-hand side as 

-~C,t"^-'{\\u'f + E\\uf) + {C,E - Ce)t-^-'\\uf + j{Bu, u) 



= -C,t-^-''{Ku){t) 

+ {C,E - Ce)t-^-'\\u\\^ - C,t-^-'{Vu,u) + - -^JiBu,'. 



Choose Ce large enough so that C^E—Ce > ^C^E. Using (13.41) . choose to = to{e, Ce) 
such that, for t > to, f ||u|P - {Vu,u) > 0, and 1 - Ct^" > 0. Thus, the 3rd line is 
non-negative for t > to- Hence the lemma is proved. □ 
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Let m > be an integer and put 



iNu){t) = t 



m — log t 



-<«<-, d{t) = - 

6 2 I — a 



Lemma 3.3. //suppit(i) is unbounded, there exist constants mi > 1, T2 > Ti 
such that 

{Nu){t)>0, Vt>T2, Vm>mi. 

Proof. Letting w{t) — e/^*'>u{t), we have 

d , ^ d , ^ , , — Yost ,, ,,0 

-{Nu) ^Kw + t-{Kw) + (1 - 2a)^^\\wf 

- t-^^'Wwf + 2(m2 - \ogt)t^-^°'Yie {w\ w) 
m? — log t 



(3.9) 



E + {l-2a)- 



- (Bw, w) - (Vw, w) + t—(Kw) 

dt 

+ 2t^-^"{m^ -logt)Re{w',w). 



By direct computation, 



Hence, 



(3.10) 



dt 



w — e u + mt w, 

w" = e'^u" + mt~°'e'^u' + mt-°'w' ~ amt-'^-^w 
= Bw + Vw - Ew + 2mt^°'w' 
- [P+ (amt-"-'^ + m^t^^")] yj_ 

[Kw) = 2Re {w" + Ew-Vw~ Bw, w') - {{B' + V')w, w) 



= 4mi""||w'|p - 2{amt-'^-^ + m^t-^")Re {w, w') 
-i{B' + V')w, w) - 2Re (Pw, w'). 

By (inH) and (IXTU)) we have 

= (4mti-" + l)\\w'f + {£;+(!- 2a)t-2"(m2 - logt) - t-^°'}\\wf 

- 2(amr" + t^^^a jQg^>) (y^^ _ (-(-y ^ ^y/-)^^ 

- {{tB' + S)w, u;) - 2tRe {Pw, w') 
h + l2 + h- 

For large i > 0, /i is estimated from below as 

h > (4m<i-" + l)||i(;'|p + + (1 - 2a)t-^"jn'^) \\wf. 
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By ()3.4p . I2 is estimated from below as 

h > -2{amt-°' +t^-^''\ogt)\\w\\\\w'\\-Ct-'\\wf 
> -emH^^^wW^ - C,\\w'\\^ 

~2f-^"\ogt\\w\\\\w'\\ - Ct-^wf. 
By p.2p . I3 is stimated from below as 

I3 > 5{Bw,w) - 2t\\Pw\\ ■ \\w'\\. 
Using p.Sp . we estimate the 2nd term as 

2t\\Pw\\-\\w'\\ < l\\w'f + Ct-%{Bw,w) + \\wf). 
Therefore for large t, we have 

h>~\\\wT-ct-^\M'- 

Putting the above estimates together, we then have 

^(Nu) > 'Lmt^-°'\\w'f + j\\wf - 2t^-'^"\ogt\\w\\\\w'\\ 

Finally, we use the inequality 

t^-^''\ogt\\w\\\\w'\\ < et^-''\\w'f + Ct^-'^^ilogtfWwf 
and 1 — 3a < 0. Then there is > independent of m such that 

(3.11) l^^'')^*) - + > 

for t > to. 

On the other hand, Nu{t) can be rewritten as 

iNu){t) = te^'^[\\mt-''u + u'f + E\\uf 

{Bu, u) - {Vu, u) + t-^"(m^ - \ogt)] II 
te^'^[2t-'^''\\ufm'^ + 2t-"Re {u,u')m 
{Ku-t-^°'\\uf\ogt)]. 



(3.12) 



By the assumption of the lemma, suppu(i) is unbounded. Therefore, there is 
T2 > to such that ||it(T2)|| > 0. By choosing mi large enough, we then have 

(3.13) {Nu){T2)>0, VTO>mi. 

The inequalities (|3.1ip and p.l3p prove the lemma. □ 

Proof of Theorem 3.1. We show that if suppu(i) is unbounded, 

(3.14) liminf(||u'(i)|p + \\u{t)f ) > 

i— f 00 

holds. We first consider the case in which there exists a sequence i„ ^ 00 such that 
{Ku){tn) > (n = 1, 2, • • • ). Let Ti be as in Lemma 3.2. Then for some T > Ti, 
\ku){T) > 0. We show that {Ku){t) > 0, Vi > T. In fact Lemma 3.2 implies 



d_ 

dt 



|exp^Ciy {1 + sy^~^d^{Ku){t)^>{), \ft>T. 
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Hence, 



{Ku){t) > exp \^~Ci J {l + s)-'--'dsj {Ku){T), yt > T. 

This then imphes that, for t > t(E), 

\\u{t)f + E\\u{t)f = Ku{t) + {B{t)u{t),u(t)) + {V(t)u{t),u{t)) 

> exp (^-Ci j {1 + s)-^-'d^ {Ku){T) 

-CEr^Wuit)]]^. 

Therefore, we arrive at 

hniinf(||u'(0||^ + \\u{t)\\^) > icxp ( -Ci / {l + s)~^-'ds] [Ku){T) > 0. 

We next consider the case in which {Ku){t) < for all t large enough. Lemma 
3.3 and p. 121) show that, for large t, 

2t-^°'\\u{t)fm^ + 2t~°'Re {u{t),u'{t))m ~ t-^°'\\u{t)flogt > 0, 

which together with 

j^\\uit)r^2Re{u{t),u'it)), 

yields, for large t > 0, that 

(3.15) 4ll"WlP > 1 — logt - 2m I \\u(t)f > 0. 

dt \m J 

Since the support oiu{t) is unbounded, by choosing T large enough so that ||u(T)|| > 
0. In view of (|3.15p . we then have 

\\u{t)\\>\\u(T)\\>0, \Jt>T, 

which proves (|3.14p . □ 

3.2. Canonical form. In order to apply Theorem 3.1 to the operator H in 
the previous section, we transform the metric ds^ into the following canonical form. 

Theorem 3.4. Let ds^ be the Riemannian metric satisfying the condition (C). 
Choose a sufficiently small yo > 0. Then there exists a diffeomorphism {x,y) — > 
(x, y) in the region < y < yo such that 

|5|£)|(S-x)| <a0(l + d^(x,2/))-™(l"l+'5^l)-l-^/^ V«,/3, 

mDi(y^)\ < c„,(l+d.(.,y))-">(|"|+'^■l)-l-/^ va,/?, 

and in the (x, y) coordinate system, the Riemannian metric takes the form 
ds^ = (y)-2 I (^dxf + (dy)2 + ^ b,j{x,y)dx'dx^ 

Here hij{x^,x^) satisfies the condition (C) with e replaced by e/2. 
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The point is that there is no cross term dx^dy. The proof is a shght modification 
of the one given in Chap. 4, §2. This theorem also holds for the asymptotically 
hyperbolic ends with regular infinity to be discussed in Chap. 3, §2. 

Let us prove Theorem 2.10. In the coordinate system of Theorem 3.4, (denoting 

{x,y) by (a;, y)), the equation (— Ag — ^" ^ ' X)u — becomes 

This is rewritten as 

(^-Dl + hDy-Y, D^.h'W^^ - ^ ^ +Q-Xju = 0, 

where Q = J27=i y)Di + c{x, y). Here ft, — (n — 1), h^^ — 5^^ and Q satisfy the 
condition (C), since for y close to 0, dh{x,y) and p{x,y) are equivalent. Putting 
t = — logy and u = uexp(— ^ j^^ h{x, e'^)ds), we have 

i-d^ + B(t) - \)v = P{t)v, 

where 

B{t) = -e-2t d^^{S,j + a,j{t,x))d,^, 

P{t) = -e-* hit, x)d^^ + c(i, x), 

and, for large t > 0, aij,bi,c satisfy 

|5«afm(i,a;)| <C„^(l+t)-'3-i-% Va,/3. 
We have, therefore, for large t > 
tB'{t) + 2B{t) = - ^ i, j = l"-ia,,e-2t|(_2i + 2)(% + a„) + atay)}9,^. < 0, 

Hence, with X = L'^{W^-'^), the assumption is satisfied. Rewriting P{t)*P{t) 
as 

P{tyP{t) = ^ a„(i,x)p,)", i^, = e-*a„ 

l"l<2 

we have, for any ip G (R"'^^), 

{p[trp{t)vM < c{i + t)-'-'^[e-''\\dMf + \M') 

< C(l + t)-2-2^((S(i)^,^) + (^,^)), 
which proves p.Sp . Note that as t — > oo, y — > and 

(3.16) exp(~i /'\(x,e^)ds) =y("-i)/2ri + o(|iogy|-i)V 

■'to 

Our next goal is to show that the condition in Theorem 3.1 is satisfied. To 
this end, we return to the proof of Theorem 1.3 (2). Take x(0 ^ C^^CR) such 
that x{t) = 1 for -1 < i < -1/2, and x(0 = for t < -2 or t > -1/4. Take 
ij e Cg^ (R) such that V' = 1 on supp x, and ^'(i) = for t > or t < -3. Then the 
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estimate (|1.15p is valid for this choice of x and ijj. Fohowing the arguments after 
this inequahty, we obtain 



hminf-^ / =0 



if the condition of Theorem 2.10 is satisfied. This implies that 

liminf^^^iM^^M^.O. 

Since t = — logy, it follows from this formula together with p.l6p that 

liminf + ||i;(<)||) = 0. 

Therefore, by Theorem 3.1, v{t) = for large t, i.e. u{y) — for small y. By the 
unique continuation theorem, this in turn imples that u{y) = for y < yo- □ 

3.3. Asymptotically Euclidean metric. Let us remark that Theorem 3.1 
also applies to asymptotically Euclidean metrics on R". In fact, given a metric 
gtjix) satisfying 

\d:{g^j{x) - %)| < C„(l + Va, 

one can construct a diffeomorphism near infinity such that this metric is trans- 
formed into 

(dr)^ + r^/i(r,w,dw), r > tq, G 5"""^ 
where h(r,uj,du!) is a positive definite metric on 5*"^^, and behaves like ho{uj,duj) 
at infinity, where ho{uj,duj) is the standard metric on S*"^^ (see Appendix A, §2). 

4. Abstract theory for spectral representations 

4.1. Basic ideas. Let H — Ac?i?(A) be a self-adjoint operator on a Hilbert 
space "H, and / an open interval contained in aac{H). Let h be an auxiliary Hilbert 
space and H = L^{I;h; p{X)dX) the Hilbert space of all h- valued i^-functions on 
/ with respect to the measure p{X)dX. By a spectral representation of H on /, we 
mean a unitary operator U : £{1)% — > % such that 

{UHf){X)^X{Uf){X), yfeD{H), VAe/. 

We mainly consider the following situation. There exist Banach spaces 7i+,H_ 
such that 7^+ C H C H- and for A e /, lim(:^o(/? — A =F «e)~^ exists as a bounded 
operator in 'B{T-l+;'H-). For the limits (// — (A ± «0))~^ one can associate the 
operators U±{X) e B('H+;h) and the spectral representations U± satisfying 

(C/±/)(A)-C/±(A)/, VAe/, V/eH+. 

Then there is a unitary operator S{X) on h such that 

U+{X) = S{X)U-{X), VAe/. 

This ^(A) is called the scattering matrix or S-matrix. The two limits \im^io{H — X^ 
ie)~^ appear naturally in computing the limit lim4_j.±oo e~**^. Hence, the S-marix 
is closely related with the asymptotic behavior of solutions to the time-dependent 
Schrodinger equation idtu = Hu. However, the scattering matrix depends on the 
spectral representations U± so that there exist apparently different S-matrices for 
the same operator H. In this and the next sections, we shall introduce three kinds 
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of S-matrices and study their relationships in the case of R" and H". We begin 
with an abstract framework. 

4.2. Stationary wave operators. Assume that we are given a Hilbert space 
% and Banach spaces 'H± with norms || • ||, and || • ||± satisfying 

H+CHCH-, 11/11- < 11/11 <||/||+, V/eW+. 

We also assume that the above inclusions are dense, and that the inner product 
( , ) of "H is naturally identified with the coupling of 7^+ and H-. This means that 
there exists an isometry T : H- ('^+)* such that 

{f,Tu) = {f,u), yfGn+, yuen, 

where (/, v) denotes the value v{f) ofv G for / e %+. In this case we simply 

write U- = {n+y. 

Let Hj,j — 1, 2, be self-adjoint operators on H such that D{Hi) = D{H2). For 
j = 1,2, we put Rj{z) = {Hj - 2)"^ Since D{Hi) = D{H2), we have 

(4.1) {H2-Hi)Rj{z)eB{n;n), z^R. 

Now for j = 1, 2, we assume the following: 

(A-1) For any ip{X) e C^(R), v{Hj)n+ C n+. 

(A-2) There exists an open set I CR such that ap{Hj) fi 7 = 0, and the following 
strong limit exists 

limi?j(A±ie) =: Rj{X±iO) € B{n+;n-), VA e /. 

Moreover for any f G H+j I 3 \ ^ Rj{\zt iO)f € H- is strongly continuous. 

(A-3) We put Gjk{z) = [Hj — z)Rk{z) for z ^R, and assume that for X £ I , e > Q 
there exists a strong limit 

\imGjkiX±ie) =: Gjfc(A±iO) e BiH+;H+). 
Furthermore for any f G H^, / 9 A — )• Gjk{X ± iO)f G 'H+ is strongly continuous. 

We first introduce an operator which shows the similarity of Hi and H2. Let 
Ej{X) be the spectral measure for iJj, and for A G /, put 

^^^^^ = i ^^'^^ + " ^^^^ ~ • 
By the assumption (A-2), E'-{X) G B('H+; %-). Now for any compact interval e C / 
and / G %+, we define 

(e)/ = E'i {\)Gjk (A ± iQ)fdX. 

This is called the stationary wave operator. By the above assumptions, fij^' (e) G 
B('H+;'H_). However, we have the following stronger results. Let us recall one 
terminology. For two Hilbert spaces "Hi and 7^2, closed subspaces Si C Hi and 
S2 C 7^2 and U G R{'Hi;'H2), we say that f7 is a partial isometry from Hi to 7^2 
with initial set Si and final set S2 H U : Si ^ S2 is unitary and U : S^ -^0. U is 
a partial isometry if and only if U*U and UU* are orthogonal projections onto its 
initial set Si and final set ^2, respectively. 



72 



2. PERTURBATION OF THE METRIC 



Theorem 4.1. Let e be any compact interval in I. 

(1) O^.^'(e) is uniquely extended to a hounded operator on %, and is a partial 

isometry with initial set Ekie)^ and final set Ej[e)'H. 

(2) (rJ^-^'' (e))* = Sl^^-'(e), where * means the adjoint in %. 

(3) Vl^^\e) intertwines Hj and H^. That is, for any hounded Borel function ^(X), 

^{Hi)n^^\e) = nf{eMHu). 
Theorem 4.1 is proved through a series of Lemmas. 

Lemma 4.2. Let f{\),g{\) he H^-valued bounded measurable functions on I, 
and e, e' compact intervals in I. We put 

^ = E'^{X)f{X)dX, ^ = j^^ E'j{X)g{X)dX. 

Then <fi,tp gH and 

(V^,V)= / {E'j{X)f{X),g{X))dX. 

Proof. If f{X),g{X) are constant functions / and g, by Stone's formula, ip = 
Ej{e)f,tp = Ej{e')g. Hence, 

{<p, V-) = (E, (e n e')/, g)= [ (E' (A)/, g)dX. 



If /(A), g{X) are step functions, i.e. /(A) = J2nXn{X)fn,g{X) = E„Xn(A)sf„, Xn{X) 
being a characteristic function of the interval e„, and ip are written as 

(fi = ^Ej{enen)fn, -ip = ^Ej{e' r)en)gn- 

n n 

Therefore, 

= Y.I {E'^{X)fm,gn)dX 

iE'^iX)f{X),g{X))dX. 

ene' 

Hence, the lemma holds for step functions. 

Let f{X),g{X) be bounded measurable functions, i.e. we can approximate them 
by step functions fm{X),gn{X) such that 

(4.2) lim ||/(A)-/„(A)||+=0 a.e. 

m— >oo 

and similarly for g. We put 

= J^E'j{X)fm{X)dX, = £ E'j{X)gniX)dX. 

Then we have 

-^m'f= [ {E^iXXfrniX) - fm'{X), fm{X) - fm'{X))dX ^ 0, 
J e 
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when m, m' — > cx). Indeed, assumption (A-2) and boundedness of / imply that the 
integrand is uniformly bounded with respect to m, m'. Also (|4.2p implies that this 
integrand tends to a.e. By Lebesgue's theorem, the result follows. 

Thus, the sequence {(pm} converges to ip in H and similaly, {V'n} converges to 
ip. Moreover, letting m, n — > oo in the formula 



(</'m,V'n)= / (4(A)/„,(A),(?„(A))dA, 
J eDe' 

we complete the proof of the lemma. □ 
Lemma 4.3. If f,g £ %+ and e,e' are compact intervals in I, we have 

{nf,\e)f,d^,\e')g) = iE,iene')f,g). 
Proof. By Lemma 4.2 

(f^^-t^ (e)/, n[^^ ie')g) = f [E' (A)G,, (A ± zO)/, G,, (A ± tO)g)dX. 



(4.3) 



Using the resolvent equation, we have 

1 

'2^i 

1 



G%{X ± te) — [R,{X + le) - R,{\ - ze)]G,,(A ± le) 



Hence, 



= — [i?fc(A + ie)-i?fc(A-ze)]. 

-^[i?,(A + le) - R,(\ - ie)]G,k{\ ± «e)/, Gjfc(A ± ie)g 
Zm 

^[Rk{X + ie)-Rk{\~ie)]f,g 
2m 

Letting e — > 0, we finally obtain 

(4.4) (i?j(A)G,,(A±zO)/,G,fc(A±zO)g) = (i?UA)/,<?), 

which proves the lemma. □ 

By Lemma 4.3, n'-^\e) is a partial isometry on H with initial set Ek{e)'H. 

Lemma 4.4. For any compact interval e <Z I , we have (51^^' (e))* = i7^^''(e). 
Proof. Since G^^.(z)G*Jz) = 1, by muhiplying 1^ by G^^-(A± ie), we have 

27rz' 



-[Rj{X + ie) - Rj{X - ie)]Gj7,(A ± ie) 



Gl^{X±ie) — [Rk{X + ie) -Rk{X- le)] 



1 

'27ni' 

Letting e — > 0, we have for f,gE H+ 

(4.5) (/,i?;(A)G,,(A±zO)g) = (i?UA)Gfe,(A ± zO)/,g), 

which proves the lemma. □ 

This lemma implies that the final set of il^^''(e) is the initial set of il^i^\e), i.e. 
n^^\e) is a partial isometry with initial set Ek{e)'H and final set Ej{e)'H. 
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Lemma 4.5. For any compact intervals e, e' C /, we have Ej(e')^^^\e) = 

Proof. Lemma 4.2 yields for f,g E %+ 

{E,{e')n'^^\e)f,g)^{nf{e)f,E,{e')g) 

{E'^{X)Gjk{X±tO)f,g)dX. 

ene' 

By ()4.5p the right-hand side is equal to 

if,E',iX)Gkj{X±iO)g)d\ = if,E,ie')n^^\e)g) 

= id^\e)E,{e')f,g), 
which proves the lemma. □ 

The assertion (3) of Theorem 4.1 is a direct consequence of the above lemma. 
Approximating / by compact intervals, we define 

4.3. Time-dependent wave operators. We consider the relation between 
stationary and time-dependent wave operators. We impose a new assumption. 

(A-4) For any open set e G I, there is a set C "H^ H Ei{e)'H, which is assumed 
to be dense in Ei{e)'H, such that for any f G Ve 



/oo 
\\{H2-Hi)e-''"'f\\dt<(x,. 
-oo 



Theorem 4.6. Under the assumptions (A-1) ^ (A-4-), for any open set e G I, 
the strong limit 

s - lime**^^e^'*^i^i(e) W^^\e) 

in % exists and ^''.^\e) — W2^\e). 

Proof. The assumption (A-4) implies that, for / e I?e, 

, dt ^ ' 

holds. Hence there exist the limits s — limt_j.±oo e^*^^ e~'^*^^ Ei{e) f and, therefore, 
by the density of the existence of W2^\e). 

To prove il'^\e) = ^(e) for any open set e C /, it suffices, due to Lemma 
4.3, to consider relatively compact sets e. 

Let V21 = H2 — Hi. For f E we have 

/>oo 

W^t\e)f = f + i e''"^V2ie-''"'fdt. 
Jo 

Hence, for / e 2?e,.9 G "H, 

/•oo 

(4.6) {W^p{e)f,g)^if,g) + ]irm {e^'"^V2ie-^'"^ f,e-'^*g)dt. 

Jo 

Using the following relations 

/•oo 1^0 

R{X + ie)=i / e'*(^+"-f^)dt, R{X - it) = -i e'*^^-""-"^ dt 
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and Plancherel's formula for the Fourier transform, we have for / e I?e and g (z H 

-j^ poo 



(4.7) 



2TTi 



{V2iRi{\ + ^e)/, i?2(A + ie)g)d\. 



Here we should note that ||V2i-R(- + ie)/||«, ||^2(- + i^)g\\H G ^^(1^), hence the 
integral of the right-hand side is absolutely convergent. To see this, we have only 
to note that 

f°° 1 

\\R,{\ + ie)hf^ j ^—^^^^d,{E,{^,)Kh), 

V2iRi{\ + ^e)/ - V2i{H^ + lY^RiiX + ie){H^ + i)f, 

and (iJi + i)f e Ei{e)H, also V2i{Hi + i)-^ e B{H:H) by BID . 
We now let 

,52 ( A, e) - -1^ (i?2 ( A + ze) - i?2 ( A - ie)) , 
and prove that, if / € I?e and g is such that df^{E2{fJ.)g, g) is compactly supported, 

/"OO /> W 

(4.8) i / (e^*^^l/2ie"^*''V,e-''*5)rfi= lini / ((52(A, e)y2ii?i(A + ze)/,5)dA. 



Af->-oo 



-N 



Indeed, by using the identity R2{z) — Ri{z) = — R2{z)V2iRi{z) , we have 
1 /-^ 

-TT- {V2iRi{X + ie)f,R2{X + ie)g)dX 
2m J_N 



N 

{S2{X,€)V2iRi{X + ie)f,g)dX 

-N 

N 



+ iiR2{X + ie)-Ri{X + ie))f,g)dX. 

N 



2711 



1 1 

However, / {Rj{X + ie)f,g)dX -> —{f,g) when N — oo. In fact, 

(i?,(z)/,5)= r -J—d^{E,{^,)f,E,{^Ji)g), 

J —oo M ^ 

where the domain of integration is bounded by our assumptions on / and g. There- 
fore 

Since In f ^ ^^^^ result follows by Lebesgue's dominated 

\ N - ^i + ie ) 
convergence theorem. 

Let us take bounded open intervals J, 3\ such that 

(4.9) eCecJcJcJiCJiC/, 

and g — (p{H2)h for some (p{X) G C^{J) and /i e Such f;'s are dense in 

E2{I)H. Then we have 

(4.10) (<52(-,e)F2ii?i(- + ie)/,ff)eLi(R), e > 0, 
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/oo 
(<52(A,e)F2ii?i(A + te)f,g)dX - {ni+\e) f,g) - {f,g). 
-oo 

In fact, since V2ii?i(A + ie) — G'2i(A + ie) — 1, we have 

(<52(A, e)V2iRi{X + ie)f,g) = {d2{X, e)G2i(A + te)f, g) - (/, S^iK e)g). 
Then the 2nd term of the right-hand side is written as 

(4.12) if,62{X,e)g) = - T 

If A ^ Ji, the right-hand side is dominated from above by Ce(l + |Ap)^^. On the 
other hand, assumptions (A-1), (A-2) imply that the left-hand side is bounded for 
A G Ji uniformly with respect to e. Therefore (/, (52(-, t)g) € L^(R), and by Stone's 
theorem 

/oo 
(/,(52(A,e)5)dA = (/,.9). 

By the resolvent equation, Ri{z) = Ri{i){l + (z — i)Ri{z)). Then we have 

G2i(z) = (i?2 - Hi)Ri{i) (1 + (z - ^)i?l(z)) + 1. 

Since / G Ei{e)'H, we have ||(A + ie - i)Ri{X + ie)f\\ < Cf uniformly for X ^ Ji 
and e > 0. Hence so is ||G2i(A -I- ie)/!]- Then formula (|4.12p implies that if A ^ Ji, 

|(G2i(A + te)f, 52{X, e)g)\ < Ce{l + \X\Y\ 

which implies 



(4.14) / _((52(A,e)G2i(A + ie)/,5)dA^0, e ^ 0. 

jR\Ji 

Since / g Ei{e)H, 

E'^{\)G2i{X + ie)fdX^n[X\e)f. 



.h 

Together with (|4.14l) . this implies that 



(4.15) ^((52(A,e)G2i(A + ze)/,5)dA^ (r!(|)(e)/,.g) 



Equations (pi^ and prove (|nT|) . By dH]), dH]) and (|ilT|) we get w!^'^\e) = 

rij^^ when e is a relatively compact interval in /. 

For an open subset e C /, we have only to appriximate e by a finite number of 
relatively compact intervals. The proof for w!^-^^ \e) = Vt\^-^\e) is similar. □ 

4.4. Spectral representation. Let us recall that for a self-adjoint operator 
H = J_^XdE{X), we take an open interval / in UaciEl). We take an auxiliary 
Hilbert space h and a measure p{X)dX on /, p{X) € L^{I; dX), and put 

n{I) ^ L\l;h;p{X)dX). 

A unitary operator U from E{I)H onto H{I) satisfying 

{UHf){X)^X{Uf){X), Xel, feD{H) 

is called a spectral representaion of H on /. By the functional calculus, 

(4.16) {U^{H)J){X) = v{X){UJ){X) 
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holds for any bounded Borcl function and / e E{I)H. In fact, ()4.16p is first 
proven for the resolvent (p{H) = {H — z)^^, next for the spectral measure E{fj.) by 
using Stone's formula, and then for any bounded Borel function. 

Let H+,H- be Banach spaces satisfying the assumptions in subsection 4.2. We 
assume that, for A G /, there exists a bounded operator U{X) E B('H+;h), which 
is stronlgy continuous in A, such that 

{Uf){X)^U{X)f, Ae/, fen+. 

Then [/(A)* G B(h;-H_). Let us show that for $ e H{I) 

(4.17) = C/(A)*$(A)p(A)(iA e E{I)n. 

Indeed, let us first assume that supp $ C J, where J is a compact set in /. Then, 
for / e 71+, we have 

( C/(A)*<&(A)p(A)dA, /) = l^mX), U{X)f)up{X)dX = ($, Uf)^ - ([/*$, /). 

As [/* is partial isometry, the right-hand side can be extended to f E H, which 
together with Riesz' theorem implies (14.17^ for $ with supp $ C J. Since J is 
arbitrary, and / C (7ac{H), (|4.17p is exteded onto %{!)■ 

As a consequence, we have the inversion formula for / e E{I)'H 

(4.18) J = ju{XnUf){X)p{X)dX. 
In fact, for g E T-L+, 

{f,9)n = {Uf,U9)^= j{{Uf){X),U{X)g)^p{X)dX. 

Hence we have 

{f,g)n= j{U{X)*{Uf){X),g)p{X)dX, 

which proves ()4.18p by virtue of ()4.17|) . 
We need a new assumption: 

(A-5) There exists a subspace V C D{H)r\'H-f- such thatV as well as HV are dense 
in and D{H). 

Then, for V e h, / e P, 

((7(A)*V^,(F-A)/) =0 

holds, since U{X)Hf = XU{X)f. Therefore, U{X)* E B(h;?^_) satisfies the equa- 
tion 

{H-X)U{Xy = 0, 

and is called the eigenoperator of H. Here the self-adjoint operator H in H is 
extended to "H- via the relation 

(4.19) iHuJ)^{u,Hf), UEH-, fEV. 

We now discuss the perturbation theory for spectral representations. For Hi 
we assume that 

(A-6) For any X E I there exists Ui{X) E B ("?{+; h) such that for f,gE 1-1+ 
(i?UA)/,5)=p(A)([/i(A)/,C/i(A)ff)h. 
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Moreover, Ui defined by {Uif){X) — Ui{X)f is uniquely extended to a unitary op- 
erator from Ei{I)'H to H{I). 

By this assumption, we have for / G D{Hi) 
(4.20) {UiH,f){X) = X{Uif)(X)a.e.. 

In fact, let f eV. Since Ri{z)Hi = 1 + zi?i(z), we have E[{X)Hif = XE[{X)f. 
The assumption (A-6) then imphes 

{E,iI)H,f,g) - J^X{iUJ)iX),{U,g){X))^p{X)dX 

= y^((C/ii7i/)(A),([/i5)(A))hp(A)dA, 

which proves (|4.20l) for f e V. Since V is dense in D{Hi) we obtain (|4.20p . 
Therefore, Ui{X)* E B(h;?^_) is an eigenoperator of Hi: 

(i/i- A)C/i(A)* -0. 

We construct the spectral representation of H2 by using that of Hi. Start- 
ing from C/i, we will construct two operators U2^\U2 ^ corresponding to wave 
operators M^2^^ ^ir^- ^^''^ A e /, we define 

[/W(A) = [/i(A)Gi2(A±iO). 
For f en+,we put (C/^=^'/)(A) = U^'^^X)/. Then we have the following theorem. 
Theorem 4.7. Under the assumptions (A-1) ^ (A-6), we have 
iE'2iX)f,g) - p(A)({/i±^(A)/,{/i±)(A).9)h, /,g G n+. 
Moreover — Ui (W2f\l)j , and 1/2^"' is a spectral representation for H2. 

Proof. The first half of the theorem follows from (|4.4p and (A-6). By virtue of (|4.5p 
and (A-6) we have 

{E'2{X)G2i{X±iO)f,g) = {f,E'i{X)Gi2{X±zO)g) 

- p(A)([/i(A)/,C/(±)(A)5)h. 
Integration with respect to A then yields, in view of Theorem 4.6, that 

iW^f\l)f,g) = {Uif,U^^^g)^, 

hence W^f\l) = (C/^=^^)*[/i. We have, therefore, U^"^^ = Ui (vi^if^(/))*. Since 

RaiiW^i\l) = E2il)n and W^i\{Hi) = ip{H2)W^i^ for any bounded Borel 
function (^(A), J/j*"* is a partial isometry with initial set E2{I)'H and final set H(/). 
Moreover ip{H2) = (p{X)U2^^ for any bounded Borel function. Therefore, 
is a spectral representation for H2- □ 

By the relation u!^^\x)* = (1 - i?2(A T iQ)V)Ui{X)\ V ^ H2 - Hi, we have 

{H2^X)U^^\xr=0. 

Hence [/^'^^(A)* 

is an eigenoperator of H2 ■ Let us summarize the results obtained 
so far. Let i?2(A) be the resolution of identity for H2- 
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Theorem 4.8. (1) Let V21 = H2 - Hi and put 

U!^^\\) = J7i(A)(l - V2iR{\ ± iO)) = [/i(A)Gi2(A ± iO). 
Then U^^\\) G 'B{U+\h) for 

(2) U^\\)* e B(h;^_) is an eigenoperator of H with eigenvalue X G I in the 
following sense 

m~x)f,u^^\xr^) = o 

for any f € such that H2f G and ip €h. Moreover, 

(f/i±)if2/)(A) = A(C/i±)/)(A), feD{H2), Xel. 

(3) The operator U^^^ defined by {U^"^^ f){X) = U^'^\x)f for f & U+ is uniquely 
extended to a partial isometry with the initial set E2{I)'H and the final set T-L{I). 

(4) For any $ € and any compact interval e C I, 



u^'^\xy^x)p{x)dxeu. 

(5) For any f e E2{I)'H, the following inversion formula holds: 
/ = s-lim / ui^\xr{ui^^f){X)p{X)dX, 

where In = [an, a < a„ < 6„ < 6, a„ — )• a, 6„ ^ 6 and I = (a, b). 

Proof. We have only to show the assertions (4) and (5). Let /e(<&) be the 
integral in (4). We first assume that supp$(A) is a compact set e in /. We take 
/ e E2{I)'H such that U^"^^ f = Then for any ge'H+ ,we have 

if, 9) = {ui^^fM^^a) 

= j{{ui^^fm, {ui^^g){X))p{X)dX = ^ ($(A), (C/f )5)(A)) p(A)dA 

((7f^(Ar$(A),5)p(A)dA = (/e($),5). 

We have, therefore, /e('&) = f & H. This implies also that, for any / e E2{I)'H 
and a compact interval e C I, 



E2{e)f= I ui^\xr{ui^^f){X)p{X)dX, 

•J e 



since (C/2^^i?2(e)/)(A) = Xe(A)(i72^''/)(A), where Xe(A) is the characteristic func- 
tion of e. Therefore 



U^^\xnu^^^f){X)p{X)dX 







if the measure of e tends to 0. This proves (5). □ 
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4.5. S-matrix. The scattering operator for Hi,H2 (on /) is defined by 

This is unitary on Ei{I)'H. Let us rewrite it by using the spectral representation. 
We define 

S = UiSU^. 
Letting V21 = H2 — Hi, we also put 

S(A) = l-27rip2(A)yl(A), 
A{X) = Ui{X)V2iUi{X)* - Ui{X)V2iR2{X + iO)V2iUi{X)*. 
Then 5(A) e B(h; h) and is called the S-matrix or the scattering matrix. 

Theorem 4.9. 5(A) is unitary on h, and for any f gH 

(5/)(A) = 5(A)/(A) 

holds. Here the right-hand side means that we fix A arbitrarily, regard /(A) as an 
element o/h and apply 5(A). 

Proof. Noting that 

/■iboo 

W^f^ (7) = Ei{I)+i e''"^ V2ie-^'"' {I)ds, 
Jo 

we have 

/oo 
e'*"'V2ie-'*"'Ei{I)dt. 
-00 

By the definition of 5, we have 

(5 - l)Ei{I) = {W^PnW^i\l) - W^t\l))- 
Letting / = Ei{I)f,g = Ei{I)g, we then have 
{Sf,9)-{f,9) 

POO 



(4.21) 



/OO 
{(^'"W2ie-''"^fMt\l)9)dt 
-OO 

/oo 
{V2ie-''"'f,e-''"-g)dt 
-OO 

pOO pOO 

- ds {V2ie-'*"'f,e''"^V2ie-'^'+*^"'g)dt, 

Jo J -OO 

wherewehaveusede-^*^2^2^+)(/) = W^t\iy~'^"^- Letting/(A) = Ui{X)f,g{X) = 
Ui{X)g, we obtain 

/OO 
{V2ie-'-'"-' V2ie-''"' f, e-'(*+*)^i g)dt 
-■OC- 

= r dt [ (?7i(A)F2ie-'^^=F2ie-'*^V,e-'^^+*^^5(A))hP(A)rfA. 

J-oo J I 

Inserting e~*l*l and letting e ^ 0, this converges to 

2t, j{Ui{X)V2ie-'<"--^W2iE[{X)f,gW)i.pWdX 

= 2n j^{Ui{X)V2ie-''^"--^^V2iUi{Xr f{X),g{X))hp{XfdX, 
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where we have used E[{X) — p{X)Ui{X)*Ui{X). Therefore, the last term of the most 
right-hand side of (|4.21|) is equal to 

-27r^ dsy^(C/i(A)y2ie-"(^^-^V2iC/i(A)*/(A),5(A))hp(A)2dA. 

Inserting e"'^* and letting e — > 0, this converges to 

2m J^iUiiX)V2iR2iX + iO)V2iUi{Xyf{X),g{X))hp{XfdX. 

Similarly the first term of the most right-hand side of (|4.2ip is rewritten as 

-27rz / (C/i(A)y2iC/i(A)*/(A),5(A))hp(A)2dA. 



This proves the representation of S. Since S is unitary on H, so is >S'(A) on h. □ 
Lemma 4.10. For any X G /. we have 

ut\x)^six)ut\x). 

Proof. By Theorem 4.7, we have 
Therefore by the definition of S, we have 

which proves the lemma. □ 

5. Examples of spectral representations 

5.1. Spectral representation on R". Let us apply the results in the previ- 
ous section to Schrodinger operators Hq = — A and 

n n 

= - ^ aij{x)didj + ^ ai{x)di -f aQ{x) 

on R", where di — d/dxi. Let T-L = L^(R";da;) and assume that H is formally 
self-adjoint and uniformly elliptic on R", i.e. there exists a constant Co > such 
that 

n 

C-^\e < E < Va;,e e R". 

The coefficients aij (x) — 6ij and (x) of H are assumed to be smooth and satisfy 

\d"aix)\ <Cail + \x\)-^-'-^"K Va, Va; e R" 
for a constant e > 0. For s G R we define the space L^''^ by 

i''^ ^.f^\\f\\l= f (1 + \xm{x)\'dx < oo. 



Let s > 1/2 be arbitraily fixed. Then, by choosing H± — L'^'*", the assumptions 
(A-1) ^ (A-3) are satisfied for Hi ^ Hq, H2 ~ H and / = (0, 00). We should remark 
that by this choice of H±, the boundary value of the resolvent Rj{XztiQ)f is strongly 
continuous in L^'~^ as a function of A > 0. These facts are well-known and are 
proved in e.g. |Is04aj . where they are proved for the potential perturbation of — A, 
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however, the proof also works for the case of the 2nd order variable coefficients. Let 
us also note that Theorem 3.1 can also be applied in this case. 

As a spectral representation for Hq, we employ the usual Fourier transforma- 
tion: 

(C/o(A)/) (c.) = (27r)-i/2 f e-'^^'^-y{x)dx, 

and h = L2(S'""1) and p{\) = iA("-2)/2 j.-^^^ assumption (A-4) is also 
satisfied. Let R{z) = (i? - z)-^ andV = H~ Hq. Then 

C/±(A) ^ Uo{X){l - VR{\ ± iO)) 

gives the spectral representation for H . 

5.2. Spectral representations on H". Let Ti. = L^(R" ; (ia;d?//y") and con- 
sider the operators Hq and H introduced in §2. Let L^'* be defined by Definition 
2.6 of Chap. 1. Let H± = L^^^" with 1/2 < s < (1 + e)/2 and Hi = Hq, H2 = H 
and / = (0,00). First we check (A-1). Let (logy)" = (1 + | logyp)"/^. We show 
that there exists a constant Cs independent of z ^ R such that 

(5.1) \\{\ogynH, - z)-i(logy)-"|| < Cs\lmz\-^il + \z\). 

Once we have proven (jS.ip . we can use an abstract theorem from functional analysis 
(see Lemma 3.1 in Chap. 3, where a can be an arbitrary negative number) to show 

(log y)V(i/,) (logy)-" e B{n;n), e C^{R), 

which yields (A-1). 

Let us prove (|5.ip . We have 

{logyriH, ~ z)-\logy)-^ 

= {H, - + (H, - z)-^[H„ {\ogyY]{H, - z)-\\ogy)-^. 

Since [Hj, (logy)"] is a 1st order differential operator with respect to D^, Dy with 
bounded coefficients, one can show 

(logy)"](i/, - < C.|Imz|-i(l -I- |z|) 

by using Theorem 1.3 (4) and the standard estimate of the resolvent. The inequality 
(|5.ip imediately follows from this. 

Theorem 2.3 together with Lemma 1.2.7 justify (A-2). As above, by this choice 
of L^'^" the strong continuity of Rj{\ ± iO)/ with respect to A is guaranteed. 

To prove (A-4) for a proper 2?e, e = {a? , 6^),0<a<6<oo, we first observe 
that it is sufficient to show that, for 1 < s < 1 + e and / £ I?e, 

Assuming that H^Df. C 'De, and utilising Theorem 1.3 (6), we can confine to the 
proof that 

/■CO 

{\\e-''"°f\\^-s + \\e-''"^HQf\\^-s) dt<^, fe -De. 



Let 

I?. = 
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Since then (Fq J'^+'i/o/)(fc, C) = k^(t){k,C) € C^((a,6) x R"-i), we have H^Ve C 
2?e, it sufBces to show that 

/oo 
-oo 

This is proved in the same way as in Theorem 1.5.5. In fact, letting u{t,^,y) = 
Foe""^"/, we have 

(cf. Chap. 1, (j5.2p ). Then, similar to Chap. 1, (|5.3p . we show that, for any cr > 0, 

(5.3) ^°°ll"(i,-,2/)lli.(R.-i)^<C^(l + |t|r^, ViV>0 

To consider the behavior of u{t,-,y) for < y < cr, we, similar to the proof of 
Theorem 1.5.5, use the decomposition 

u{t, y) = ul,+\t, y) + ul,-\t, e, y) + {t, y), 

which have the same representations as in Theorem 1.5.5 with, however, 
replaced by e"**^ *. Since, for k € (a, h) and bounded |^|, y, we have 

|r-i(fc, lei, y)| < qC|y, |9feVi(fc, lei, y)| < Clog(|C|2/)|ei2/, 

(see p.ip . p.2p ). we see that, for y < a, 

\ui{t,^,y)\ < C^y("+i)/^(l + I log(y)|)(l + jtr^. 

This implies that 

f°° f r dy\^^'^ 
(5-4) j N ||"i(i, •,y)llL2(R,(„_i)— j dt <oo. 

Using we see that, for i > ^iiSSM and t < ^^2|M^ 

(5.5) \4it,ty)\<C^y^--'^/\l + \t\)-^ 

which implies that 

oo / ,.00 , \ 1/2 

4(t, •, y)ea^6(y,i)||i2(R„-i)(l + I log(y)|)-2«^ j < 00 

for s > 1. Here QaAv^t) = 1, if ^ > ^i^SlMi and t < ^^^f^, and otherwise. 
As for the remaining part, we have, by the stationary phase method, that, for 
J_ ^ 1*1 ^ 2 

2fc ^ |log(a)| ^ a' 



-00 Vv/Q 



I4(t,^,2/)| <Q2;("-^^/'(|t| + |log(y)|) 



-1/2 



Taking into account that the domain of integration with respect to f is bounded, 
we obtain that 

I \og{y)r'^\\4{t, ■,y)\\Lmi--^) (1 - e„,fc(y,t)) ^ < C^{1 + \t\)-'^. 
This estimate, together with (|5.4p . shows that 

\\Mt,-,y)H{(J -y)\\^-sdt < 00, 
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which, due to ()5.3p . miphes (|5.2|) . 

As for the spectral representation, we put 

(2VAsinh(%/A7r))^^^ , , , ,w, 
(C/o(A)/) (a;) = ^ ^ (27r)-(""i)/^ 

TT 



R"-ix(0,oo) 



and h = L'^{W-^), p{\) ^ ^A-i/^. Then the assumptions (A-5), (A-6) are fulfilled. 
Taking 

U±{\) = C/o(A)(l - VR{\ ± iO)) 

gives, due to Theorem 4.7, the spectral representation for iJ, where R{z) = [H — 
aivdV = H - Ho- 

5.3. Absolutely continuous subspace. Let us recall the well-known clas- 
sification of the spectra of self-adjoint operators. Let H = XdEH{X) be a 
self-adjoint operator in a Hilbert space H. Then for any u G H, {Eh{I)u,u), 
where / is any Borel set in R, defines a Borel measure on R. Then the absolutely 
continuous subspace for H is defined by 
(5.6) 

HaciH) — {u CzH] {Eh{-)u,u) is absolutely continuous with respect to dX\. 

This is a closed subspace in %. The importance of this subspace is that it is usually 
stable under the perturbation appearing in scattering phenomena (see e.g. |Ka76| ). 

Let Rh{z) = {H — z)~^ , and / be an open interval in cr{H). If the limiting 
absorption principle holds on /, i.e. the condition (A-2) in §4 is guaranteed on /, 
we have 

(5.7) Enim C UaciH). 

In fact, for u in a dense subset of we have by Stone's formula 

{Eh{B)u,u) = / ((i?H(A-l-iO) -i?i/(A-iO))u,u)dA, 
2m Jb 

for any Borel set B in /, which yields (|5.7|) . Therefore, for our case oi H = 
— for the asymptotically Euclidean metric, or H — —Ag — [n — 1)^/4 for the 
asymptotically hyperbolic metric, 

EH{{i),^))n^nac{H). 

In this case, we often say that the continuous spectrum of H is absolutely contin- 
uous, or H has no singular continuos spectrum. 

The spectral representation [/'^^^ is then a unitary operator from Hac^H) to the 
representation space i^((0, oo)); h; p{X)dX), where h = L^{S"-~^) for the Euclidean 
metric, and h = L^(R"^^) for the hyperbolic metric. 



6. Geometric S-matrix 



In §4 and §5, we have constructed two Fourier transforms U± for H — Hq + V, 
however only one Fourier transform Uq is adopted for Hq. As a matter of fact, it is 
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natural to associate two kinds of Fourier transforms also with Hq. To see this let 
us recall that the Green operator for —A — A on is written as 

(-A - A T lOr'f = — / ^f{y)dy. 

47r \x - y\ 

Noting the asymptotic expansion \x — y\ r — to ■ y {to = x/r) as r = |a;| — ^ oo, we 
have for / e C5"(R^) 

(-A-ATiO)-V~4-^ / e^''^""'fiy)dy, (r ^ oo). 
47rr Jr,3 

This suggests that we have two Fourier transforms 

(f/f ^(A)/) {^) = (27r)-"/2 / e^'^'^-yf{y)dy 

for iJo = — A in R-"- They are related as 

[/(+)(A) = JC7(-)(A), 

where J is the unitary operator on L^(S'"~^) defined by 

(6.1) J : <p{uj) <p{-ij). 

In the case of the hyperbolic space H", two Fourier transforms for Hq = —Ag 
are defined by 

,1/2 

-l)/2 



R"-ix(0,oo) 

They are related as 

ul,+\x) = j{x)ut\\), 

J(A)=i^o*(Y) ^^0. 
Let us return to the abstract theory in §4. Assume that we have two spectral 
representatios J^g^' for Hq. Define 

^(±)(A) = J^{X){l-VR{X±iO)), 

^(A) = 4+\x), 
0(±)(A) = jrW(A)(i_i/ij(A±iO)). 

Note that 

Then by Theorem 4.7, J^^^^ , Q^^^ give spectral representations for H. The S-matrix 
in §4 is defined through J^(='=)(A). Namely 

S{X) = l-2Trip{X)J'°{X){V -VR{X + iO)V)J''^{Xy, 
= l-2Trip{X)J^^+\X)VJ^{X)*. 
Here we introduce a new assumption. 
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(A-7) There exists a unitary operator J(A) on h satisftying 

T^^\X) ^ J{\)4-\\). 
We define a unitary operator J on L^{I; h; dX) by 

(J/)(A)- J(A)/(A). 

Then we have 

j-(-)(A) = J(A)g(-)(A), = 
We define a new scattering operator by 

and a new scattering matrix by 

^9eo(A) = ^(A)J(A) 

= J(A) - 27rip(A)^(+)(A)yj'($"^(A)*. 
We call SgeoiX) the geometric scattering matrix. Since , we have 

and the following theorem holds. 

Theorem 6.1. S'geo(A) is unitary on h, and 

(Sgeof) (A) - Sg,o{X).f{\), V/ eil, VA e /. 

The reason why S'geo(A) is called the geometric S-matrix is as follows. Suppose 
we are given a Schrodinger operator iJ on a Riemannian manifold M. In some cases, 
we can associate a boundary at infinity doo-M for A4, and construct the spectral 
representation T'^'^^X) as above with h = L'^{daoM), and prove the asymptotic 
expansion 

R{X ± iO)f ~ C±(A)a(p)e±*^(''^^)^(±)(A)/, {p c5o) 

at infinity in an appropriate topology. Here, R{z) — {H — z)^^ and p is a geodesic 
distance from a fixed point xq of A^. Moreover the solutions of the equation {H — 
X)u — belonging to a certain class admit the following asymptotic expansion at 
infinity 

u ~ C_(A)a(p)e-*^('''^V- + C^+(A)a(p)e+'^('''^V+, 

(p+ = Sgeo{X)(p-, 

(see e.g. [Me95] ). The geometric S-matrix is non-trivial even for the case = 0, 
since Sgeo{X) = J{X). We shall discuss these facts in the next section for the case 
of and H". 
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7. Helmholtz equation and geometric S-matrix 

7.1. The case of H". We incoporate the results in Chap. 1 §4 and Chap. 2 
§5. For fc > we define J'^'^\k) by Chap. 1 and put 

(7.1) - J'°ik){l - VR{{k ± iQf)), 

and 'H± = L'^-^'' for s > 1/2. Note that we write (fc±iO)^ instead of /c^iiO. Later 
this choice will turn out to be convenient. Then F^{k) e B(i^'*; L^(R"^^)), and 
Theorem 4.7, together with the results of section 5.2, implies 

- {[R{e + lO) - R{k^ - zO)] /,/) = ||.F(±)(fc)/|li.(j,„-,), 

where R{z) ~ {H — z)^^ . Therefore by Theorem 2.3, for any < a < 6 < oo there 
exists a constant C > such that 

(7.2) ||J-(±)(fc)/|U.(R„-i) < a<Vfc<6, 

By the argument in §4, we have the following theorem. Let E{\) be the resolution 
of identity for H . 

Theorem 7.1. (1) J-'^^^ defined by [j-^^^f){k) = J^^^\k)f is uniquely ex- 
tended to a unitary operator from _E((0, oo))i^(H") to i^((0, oo); i^(i?"^-^); dfc). 
Moreover, 

(fc) = fc2 (^jr(±)j^ (^k), Vfc > 0, V/ e D{H). 

(2) For f G i?((0, oo))i^(H"), the inversion formula holds: 

/ = s-lim/ J-(±)(fc)*(J-(±)/)(fc)rffc- 

(3) J-^^\k)* e B(L^(R"^"'^); is an eigenoperator of H in the sense that 

{H - e)T^^\k)*(j) = 0, V./) e l2(R"-1). 

(4) The wave operators 

W+ = 

t— >±oo 

exist and W± = (J"(±))* J'O. 

(5) The S-matrix is written as 

(7.3) S{k) = 1 - ^J^^+'>{k)VJ^°{k)*, 

k 

and satisfies 

(7.4) J-(+)(fc) =5(fc)J-(-)(fc). 

We next consider the geometric scattering matrix for H . For fc > we define 

(7.5) g(±)(fc) = J-^±)(fc)(l-l/i?((fc±i0)2)). 

As above, C/'-*-'(fc) S B(;B; L^(R"^^)) and C/*^*^ give other spectral representations 
for H. Note that, letting Fq be the Fourier transform on R"~^, we have 

4-'\k) ^ j{k)4-\k), 



W± = s-lime'*^e-'*^° 
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/ l£l \ 

(7.6) j(fc) = Fo*(i^) Fo. 



2 

We extend Theorem 1.4.7 for H. For u,v E B*, we define 

u ^ « ^ lira -i- /■ \\u{y) - «(y)||i.(R„-.)§ = 0. 



Lemma 7.2. Let xiv) — ^ {v < 1/2), xiv) — {y > I), and uj±{k) be as in 
Chap. 1 |7J5P . Then for any ip £ L2(R""1) and k > 

4 + \kr^ A^^(fc)^(y)y("-l)/2-.'c^ 

TTl 

--c.„(fc)x(y)y("-i)/2+^'=J(fc)>, 

TTl 

4^\ky^ A^^(fc)^(y)y("-l)/2-fej(fc)^ 
TTl 

TTl 

Proof. In view of Chap. 1 (I4.14p . we have only to compute the behavior of the 
left-hand side as y — )■ for e C^(R"~"'^). We use Chap.l (13.61) in the expression 
Chap.l (14.101) and compute directly to prove the lemma. □ 

Lemma 7.3. Let xiv) '"^'^ '^±(fc) in the previous lemma. Then, for f E B 

and k > 0, 

R{e ± zo)/ ^ w±(fc)x(y)y^"~''/'^^'a(±'(fc)/. 

Proof. The lemma follows from the resolvent equation 

i?(fc2 ± iQ) = Ra{k^ ± iO) - Roik^ ± iO)VRik^ ± iO), 
Lemmas 4.7, 4.9 of Chap.l and (fTSj) . □ 

By (|6.2p . the geometric scattering matrix is defined to be 

Sgeoik) = J(fc) - ^T^+){k)v4-Hk)*. 

Lemma 7.4. For ip £ i^^j^n-i^ 

g(-)(fc)> ^ -u:+{k)x{y)y^^-''>/^~'%eo{k)v 

TTl 

- -u_{k)x{y)y^"-''>/'+'''^. 
m 

Proof. By ^ 

g^-\k)\ = F^'\k)*ip - R{k^ + iO)VFt\kyp>. 
Since F'^^^k) = ^/'•^-'(A:), we obtain, by Lemmas 7.2 and 7.3, that 

g(-)(fc)V ^ -oj+{k)x{y)y^''-'^/^-''J{k)^ 

TTl 

- -c._(fc)x(2/)2/("-i)/2+^V - c.+ (fc)x(2/)2/("-i)/2-''= \j{k) ~ Sg^oik) 

TTl I 



7. HELMHOLTZ EQUATION AND GEOMETRIC S-MATRIX 



89 



Lemma 7.5. There exists a constant C = C{k) > such that for any G 
L2(R"-i) 

Proof. We put a+ = S'geo(fc)</5, ~ tp. Then by Lemma 7.4 (fc)*(^||^2(.j^„_i^ 
behaves Hke 

\C+{k)\'y--^a+\\i + \C^{kry--^a^\\i 



+C+(fc)C_(fc)y"-i-2^^(a+,a_)h + C_(fc)C+(fc)y"-i+2»^(a_,a+)h, 

where C±{k) are constants. Simple computation shows that the 3rd and 4th terms 
tend to 0. As 5geo(A) is unitary, the lemma follows. □ 
Together with (|7.2p . this implies 



Corollary 7.6. There is a constant C > such that 

c-'\Mmii'^-^) < \\g^^\kr^\\B> < cMmn^^^i). 

Lemma 7.7. If u e B* , {H - k^)u = 0, / e and either g^+\k)f ^ or 
g(-^k)f = holds, then (u, f) ^ 0. 

Proof. The same as Lemma 1.4.10. □ 

These preparations are sufBcient to extend Theorem 1.4.3 to H. 
Theorem 7.8. For k> 

{ueB*;{H- e)u = 0} = g(±)(fc)*(L2(R«-i)). 

Theorem 7.9. If u £ B* satisfies {H — k'^)u — for k > 0, there exist (p± £ 
L2(R"-1) such that 

Moreover, 

ip+ = Sgeo{k)lf^. 

Proof. By Theorem 7.8, u can be written as w = Q^~\k)*tl). Using Lemma 7.4, 
we prove the theorem. □ 

Theorem 7.10. For any Lp- G L^(R"~^), there exist unique u G B* and 
ip+ e L^(R"^^) such that the equation {H—k'^)u = and the expansion in Theorem 
7.9 hold. 

Proof. The existence of such ip^ and u follows from Theorem 7.9. We prove 
the uniqueness. If Lp- — 0, we have u ~ C(fc)x(y)y''"~^''^^~**'V+: hence u satisfies 
the radiation conditions ()2.19p . ()2.20p . Then m = by Lemma 2.12, which also 
proves ip+ ^ 0. □ 
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7.2. The case of R". It is worthwhile to give a brief look at the case of R". 
We define the weighted space L"^'^ and the Besov type space B by 

L2'« 9 « ^ \\u\\l = j (1 + \x\f'\u{x)\''dx < 00, 

Hulls = £2^/^||u|U.(a,)<oo, 
i=o 

% = {x € R"; rj-i < \x\ < Vj}, 
where rj = 2^ (j > 0), r_i = 0. The dual space of B has the following equivalent 



norm 



Mil' = sup^ / \u{x)\^dx. 

R>1 -« J\x\<R 



R>1 -« J\x\<R 

Let H be as in subsection 5.1, h = L^{S"'~^), and put for fc > 

(4^\k)f) (iv) = {2n)-"/' J^^e^'''-^f{x)dx, 

J^(^\k)=J^{k){l-VR{{k±iOf)), 

g^^\k) =4'^\k){i-vR{{k±iof)). 

Then the results in §5 and §6 can be applied to H. Let E{X) be the resolution of 
identity for H. 

Theorem 7.11. (1) J'^^) defined by = J^^^^^k)/ is uniquely ex- 

tended to a unitary operator from E{{0, oo))L2(R") to i^((0, oo); L2(5"-1); k'^-'^dk). 
Moreover 

(T^^^Hf){k) = k^(T^^^f){k), V/e>0, yfeD{H). 

(2) For f e £J((0, oo))L^(R"), the inversion formula holds: 

/ = s-lim / T^^\ky{T^^^f){k)k''-^dk. 

(3) J^^^\k)* e B{L'^{S"~'^);B*) is an eigenoperator of H in the sense that 



8. Modified Radon transform 

8.1. Extension of the Fourier transform. In order to construct the mod- 
ified Radon transform associated with H in §2, we extend the definition of the 
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generalized Fourier transform for all /c G R. Let us repeat the definitions of the 
Fourier transforms introduced so far: 



(oo \ 



kn 



r(l - ik) y sinh(fc7r) ' 



n{k) 



■Hk) = F* l^f j Fo, 
Fq being the Fourier transformation on R"^^. We have also defined 

= J'o'^\k){l - VRiik ± iOf)). 

Note that the operators (A;), can be extended using the above formulae 

for 7^ fc e R and, by ((X^ of Chap. 1, 

4+\k) = -Tt\-k) = j{k)4-\k) = -j{k)4+\-k), 
j-(+)(fc) = -j(fc)j-(-)(-fc). 

We now define a new Fourier transformation T±{k) by 

(8.2) T±{k) ^ -^n{±k)F^^\k), OT^fceR, 

V 2 

and put {F±f){k) = F±{k)J. Let S[k) be the S-matrix defined by Then by 

(|7.4p . we have 

By definition we also have 

F+{-k) = -J{-k)F-{k). 
The following Theorem can be proved easily from the above formulas. 

Theorem 8.1. (1) T± : L'^{W) ~> ^^(R; 2.2(R«-i); dfc) is a partial isometry 
with initial set E((0,oo))L'^(H"), E{X) being the resolution of identity for H, and 

{T±Hf){k)^e{T±f){k), fceR, feDiH). 

(2) For k > 0, we have 

^+{k) = _£|i±|l5(fc)J(fc)J-+(-fc). 

Consequently, the range of J-± has the following characterization: 

g e Ran^+ ^ g{k) = -£ii±l^S(fc) J(fc)g(-fc), k > 0, 
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g e Ran^_ ^ J{k)9hk) = -£ii±^§(fc)g(fc), fc > 0. 

i (1 — ik) 

Note that the above relation is rewritten as 

r(l + ik) ^ 

g e Ran J-+ ^ g{k) = --i— -^5'g^„(fc)g(-fc), fc > 0. 

We put 

(8.3) ■H>o =i^((0,oo);L2(R"-i);dfc), •H<o - i^((-oo, 0); ^^(R"-!); rffc), 
and let r+ and r_ be the projections onto ?^>o and 'H<o, respectively. 

Lemma 8.2. 

(8.4) W+ - 2(J-+)*r+J-o, = 2(^+)*r_J-o, 

(8.5) = 2(J'_)*Gr_J'o, W^- = 2(J'_)*Gr+ J"o, 

r(i — ifc) 

where G is the operator of multiplication by — — ■ . 

rf 1 ~t~ zkj 

Proof. Recall that \^l{k)\ = 1 and J{k) is unitary on L2(r,«-1). By Theorem 
7.1(4), using J""(-fc) = -J{-k)F°{k) and F^-\-k) = -J{-k)F^+\k), we have, 
for /, (? G 6, 

{W-f.g) = (^°/,-^<-^5) 

(^°(fc)/,J-(-)(fc)g)dfc 

{J{-k)T"{k)f, J{^k)F'^+\k)g)dk 

O 

(r2(fc)j""(fc)/,rj(fc)j"(+^(%)dfc 

o 


{F^{k)f,F+{k)g)dk 

-OO 

= (2(^+)V_J-o/,5), 

which proves (|8.4p for By the similar and simpler manner, one can prove (|8.4p 
for Using J'"(-fc) = -J{-k)T^{k) and J"(+)(-fc) = - J(-fc) J"(-)(fc), we have 
for /, g e S 

{F\k)i\F^+\k)g)dk 

rO 

(J{-k)F°{k)f, J{-k)F^-\k)g)dk 



^^{n{k)F°{k)f, n{^k)^^-\k)g)dk 
^^'^\F^{k)f,T^{k)g)dk 



> r!(fc) 

= (2(.F_)*Gr_J-o/,g) 
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which proves (|8.5p for W+. Similarly, we can prove (|8.5p for W-. □ 
We define operators / and U on L^(R; L^(R"^^; dfc) by 

[ifm = f{-k). 



Direct computation shows the following relations: 

(8.6) iui^u-\ 

Ur± = r±U. 

Lemma 8.3. 

(8.7) J-o(J-o)* -i(/ + /[/). 

Proof. Let n = (J + iU)/2. Then by (gH), one can show n* = = n. 
Moreover, (7 = 11/ satisfies Ig = Ug. Therefore by Lemma 1.5.2 (3), 11 is the 
projection onto the range of J-q. □ 

Lemma 8.4. 

(8.8) J-+ = r+To{W+)* +r^To{W-y, 

(8.9) = Gr+MW-Y + Gr^To{W+y. 
Proof. By (gH) and (jO) . 

= r+J'+ + iUr+J'+. 
Since lUr^ = r-IU by ()8.6p . multiplying both sides by r+, we obtain 

r+J-o(M^+)* = r+^+. 

Similarly, we have 

Adding these two equalities, we obtain (|8.8p . The formula (18.91) is proved in a 



similar manner. □ 

8.2. Modified Radon transform. We now define the modified Radon trans- 
form for H. 

Definition 8.5. For s e R, we define 

1 r°° 



/2tt 

Theorem 8.6. TZ± is a partial isometry from L^(H") to L^(R; L^(R"'~-^); dfc) 
with initial set iJ((0, oo))L^(H"). The Fourier transform of the final set ofTZ± is 
characterized by Theorem 8.1 (2). Moreover 

n±H = -dln±. 

The scattering operator can also be defined by the Radon transform. 
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Definition 8.7. We define the scattering operator Sr by 

5i^ = 7^+(7^_)^ 

Lemma 8.8. The scattering operator Sr is a partial isometry with initial set 
Ran??,- and final set Ran 7?.+ . The relation between S = {W+)*W- andS^ is given 
hy the following formula. Let be the 1- dimensional Fourier transformation. Then 

FiSRiFi)* = r+FoSiF^yr+G* +r-FQS*{H)*r-G* + ^lUG*. 

Proof. The first lialf of tlie lemma follows from the definition. Since FiSr{J-i)* - 
the second half follows from Lemma 8.4 and direct computation. □ 

8.3. Asymptotic profiles of solutions to the wave equation. We com- 
pute the asymptotic profile of the solution 



to the wave equation 



u{t) = cos(<Vi?)/ + sm{tVH)VH g 



Theorem 8.9. For any f e i?((0, oo))_L^(H"), we have as t ^ oo 



cos{tVH)f - 



y 



(n-l)/2 



V2 



-(n+f){^logy-t,x) 



L2(H" 



siii{tV H)f - 



ly 



(n-l)/2 



V2 



-{n+sgn{~ids)f)i- logy - t,x) 



0, 



L2(H" 



where sgn is defined in Theorem 1.5.5. 
Proof. Using the relations 

^W(fc)* = J-"(fc)* - R{{k - iOf)VT^+\k)*, 
we have by the spectral representation theorem 



e-''^ f = 



-itfcx-(+). 



T^+>ik)* ik)dk 



(8.10) 



e-"^-^"(fc)* {k)dk 



'""Rik^ - iO)VT%k)* {k)dk. 



By the same computation as in the proof of Theorem 1.5.5, the first term of the 
right-hand side of (|8.10p tends to 



y 



(n-l)/2 (-oo 



^jki-logy-t) (jc-^j) ^^^^^ 



as i — 7> oo. 

We need the following lemma to deal with the 2nd term of the right-hand side 

of (ma- 
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Lemma 8.10. Let A be a self-adjoint operator on a Hilbert space H. For 
ip{k) G Co((0,oo);H) we put 



/oo 
\\^±{s)\\ds 



Jo 

Then for any e > 

o 

holds. Similarly letting 

$±(t) = / e'^'^*il){k)dk 
for ip{k) e Co((— oo, 0);'H), we have for any e > 

(A + k ± ie)-h'^'''*ip{k)dk 

Proof. By virtue of the identity 

POO 

(A-kT ie)-^ ^±i e^'''^^-''^"'Us, 
Jo 

we have 

/•oo poo 

/ {A-kTie)-^e^''''ip{k)dk^±i e'f'''^^^''^^±{s + t)ds, 
Jo Jo 

which proves the first half of the lemma. We also have 



< 



\G^(s)\\ds. 



(A + kT «e)"^ =±i e=^*"(^+'^'=F^^)ds 

^ — oo 



which proves the second half. 



□ 



Proof of Theorem 8.9 (continued). Letting \/H ~ A, we have 
(H-k^T iOy^ = (A - fc T iOyHA + ky\ 

Therefore, to show that the 2nd term of the right-hand side of (|8.10p tends to 0, 
letting 



^(fc) = (A + ky^Mky (-^w/) (fc), 



e-''''i;{k)dk, 



we have only to prove 



/■oo 

/ W'i {t)\\dt < oo. 
Jo 



Take g e i^(H"), and consider 

i^it),g) = r e'^'^\VMkr{:F(+\f)ik),{A + k)-'g)dk. 



Arguing in the same way as the proof of (A-4) in Subsection 5.2. we have 

\{^it),g)\<Cil + t)-'-^\\g\\, 
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implying that < C(l + We have thus derived that 

,(n-l)/2 roo 



.11 



g-itVHj _ y_ 



as t — > oo. 

By using the relation 

J-(-)(fc)* J-(^)(fc) = ^(+)(-fc)*^(+)(-fc), 

we have as above 



— oo 




Arguing as above, we can derive 

,(«-l)/2 rO 



i.l2) 



ojH-iogy+t} (jc-^y) ^^^^^ 



as t ^ -CX3. Theorem 8.9 then follows from (|8.1ip and (|8.12p . 



□ 



8.4. Invariance principle. Suppose for two self-adjoint operators A and B, 
the wave operator 

W± =s-lime'*^e-"^Pac(B), 
t— y±oo 

exists, where Pac{B) denotes the projection onto the absolutely continuous subspace 
for B. Then, for a suitable Borel function 0(s) on R, the wave operator 



W. 



(0) 



s-lime'**(^'e-'*^(^)Pac(5), 

i— f itoo 



exists and W± = This fact is called invariance principle, and is proved in 

a general setting (see e.g. pp. 545, 579 of |Ka76| ). We are interested in the case 
where 0(s) = y^. Then W± is the wave operator for the Schrodinger equation, and 
W^'^ is the wave operator for the wave equation. 

Under the assumptions in the present chapter, we can prove this invariance 
principle directly for the above operators H and iJo on H". In fact, letting 

where Eh{/^) is the spectral resolution for H, the existence of the strong limit 
(8.13) s-lime'*V^e-**^Pac(i?o) 

t— >±oo 

can be proven by the same argument as that for the wave operator 

W± =s-\im.e'^"e-'^"\ 

t— >±CXD 
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Observing the proof of Theorem 8.9 (see the arguments after (|8.10p ). we see that 
for / e HaciH) = £;ff((0,oo))L2(H") (see Chap. 2, Subsection 5.3) 



/- / e-**'=J-"(fc)*(^(±)/)(fc)& 



as t — ?> CXI, which imphes that 



s-hme**V^e-'*^P„c(i?o) = 



^0, 



w+ 



Note that, since i5//((0,oo)) — Pac{H), we have 

(8.14) s - hm e'*v^e-**^Pac(i?o) - s - hm Pac(H)e''^ e~''^> Pac{H^). 

i— ^±oo >-±oo 

We have thus proven the following theorem. 

Theorem 8.11. Let H and Hq be as in Subsection 2.2. Then the wave operator 
for the wave equation 

s - hme'*^e-**^Pac(i?o) 
exists and is equal to the wave operator for the Schrddinger equation 

t— >±oo 

In particular, this theorem implies that the scattering matrix for the Schrodinger 
equation and that for the wave equation coincide. 



CHAPTER 3 



Manifolds with hyperbolic ends 



1. Classification of 2-dimensional hyperbolic manifolds 

The hyperbolic manifold is, by definition, a complete Riemannian manifold with 
all sectional curvatures equal to —1. General hyperbolic manifolds are constructed 
by the action of discrete groups on the upper-half space. The resulting quotient 
manifold is either compact, or non-compact but of finte volume, or non-compact 
with infinite volume. In the latter two cases, the manifold can be split into bounded 
part and unbounded part, this latter being called the end. To study the general 
structure of ends is beyond our scope. We briefiy look at the 2-dimensional case. 

1.1. Mobius transformation. Recall that C+ — {z = x + iy;y > 0} is a 
2-dimensional hyperbolic space equipped with the metric 

jdx)^ + {dyf 

(1.1) as = . 

Let dC+ = dW^ = {{x, 0) ; x e R} U oo = R U oo. For a matrix 

the Mobius transformation is defined by 

^1 r,\ az + b 

1.2 C+9z^7-z:= — , 

cz + a 

which is an isometry on H'^. Since 7 and —7 define the same action, one usually 
identifies them and considers the factor group: 

PSL{2,IL) 5L(2,R)/{±/}. 

The non-trivial Mobius transformations 7 are classified into 3 categories : 

elliptic <^=> there is only one fixed point in C+ 

^ |tr7| < 2, 

parabolic there is only one degenerate fixed point on 9C+ 
^ |tr7| = 2, 
hyperbolic <^=4> there are two fixed points on 
^ |tr7| > 2. 

1.2. Fuchsian group. Let F be a discrete subgroup of S'L(2,R), which is 
usually called a Fuchsian group. As a short introduction to the theory of Fuchsian 
groups, we refer [Kat92] . Let ^4 = r\H^ be the fundamental domain by the 
action (|1.2p . F is said to be geometrically finite if M is chosen to be a finite-sided 
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convex polygon. The sides are then geodesies of H^. The geometric finiteness is 
equivalent to that F is finitely generated. 

1.3. Examples. As a simple example, consider the cyclic group F which gen- 
erates the action z — >■ z + 1. This is parabolic with fixed point cxd. The as- 
sociated fundamental domain is = (—1/2,1/2] x (0, oo), with which one can 
endow the metric (jl.ip . It has two infinities : (—1/2, 1/2] x {0} and oo. The part 
(—1/2,1/2] X (0,1) has an infinite volume. Let us call it regular infinity in this 
note. The part (—1/2,1/2] x (l,oo) has a finite volume, and is called cusp. The 
sides X — ±1/2 are geodesies. 

Another simple example is the cyclic group generated by the hyperbolic action 
z Xz, X > 1. The sides of the fundamental domain A^ = {l<l2:l<A} are 
semi-circles orthogonal to {y = 0}, which are geodesies. The quotient manifold is 
diffcomorphic to x (—00,00). It is parametrized by (t, r), where t £ R/logAZ 
and r is the signed distance from the segment {{0,t) ;1 < t < A}. The metric is 
then written as 

(1.3) ds"^ = {drf + cosh^ r (dt)^ . 

The part x > (or x < 0) of is called funnel. Letting y = 2e~'', one can rewrite 
(fOD as 



This means that the funnel can be regarded as a perturbation of the regular infinity. 

1.4. Classification. The set of limit points of a Fuchsian group F, denoted 
by A(r), is defined as follows : w e A(F) if there exist zq e C+ and distinct 
7„ € F, n = 1, 2, • • • , such that 7n • -Zo — ^ w. Since F acts discontinuously on C_|_, 
A(F) C dH^. There are only 3 possibilities. 

• {Elementary) : A(F) is a finite set. 

• {The 1st kind) : A(F) = OH. 

• {The 2nd kind) : A(F) is a perfect (i.e. every point is an accumulation 
point), nowhere dense set of i9H. 

If A(F) is a finite set, F is said to be elementary. Any elementary group is either 
cyclic or is conjugate in PS'L(2,R) to a group generated by 7 • z = Xz, (A > 1), 
and 7' • z = —1/z. 

For non-elementary case, we have the following theorem. 

Theorem 1.1. Let Jv[ = F\H^ he a non- elementary geometrically finite hyper- 
bolic manifold. Then there exists a compact subset K, such that A4\]C is a finite 
disjoint union of cusps and funnels. 

For the proof of this theorem, see |Bo07| . p. 27, Theorem 2.13. 
One more explanation is necessary about Theorem 1.1. Let F be a Fuchsian 
group. For a point zq G R-^, we put 

F^o = {7 e r ;7 • zo = Zq}. 

If ^ {1}, zo is called a fixed point of F. A fixed point in R^ is called an 
elliptic fixed point. Let Adsing be the set of elliptic fixed points of F. By a suitable 
choice of local coordinates, Ai = F\H^ becomes a Riemann surface, moreover by 
introducing the metric y~'^ {{dx)^ + (dy)^)), M \Msing is a hyperbohc manifold. 
However, this metric is singular around the points from Msing- In this case, there 
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exists a neighborhood U oi zq E Msing such that U — Tz^XB, where _B is a ball in 
H^. Then A4 turns out to be an orbifold. Theorem 1.1 also holds for the orbifold 
case. However, in this note, we do not enter into the orbifold structure in detail. 
The case F = SL{2, Z) will be explained in §5. 

2. Model space 

By the above classification, it is natural to consider the manifold whose ends 
are asymptotically equal to either Aireg = M x (0, 1), or Aicusp = M x (l,oo), 
where AI is a compact manifold, and the metrics of Adreg and Aicusp have the form 

(2.1) ds' = idy?+hix,dx)^ 

y2 

where h{x, dx) = X^Tji^i hij{x)dx'^dx^ is the metric on M, x being local coordinates 
on M. Let Am be the Laplace-Beltrami operator on M, = Aq < Ai < • • • 
the eigenvalues, and (pmix), m = 0, 1, 2, • • • , the associated complete orthonormal 
system of eigenvectors of —Am. We define for (f> £ L'^{M) 

(2.2) P„i0 = (0, iPm)L^(M) fvi, 

(2.3) n™(/) = ((/), .^,„)l2(m). 

We now let = M X (0, cxo) equipped with the metric (|2.ip . The Laplace- 
Bcltrami operator on A4 is y^{dy + Aj\/) — {n — 2)ydy. We put 

(2.4) Hjree = ~y\d'y + Am) + {n~ 2)ydy - = -A^ - 

Here we need to explain the change of usage of suffix. In Chapters 1 and 2, we 
used the subscript to denote unperturbed operators. However, in the sequel, we 
use the suffix free for that purpose. The suffix will be used to distinguish the case 
in which the eigenvalue Aq = is involved. 

Spectral properties of iJ/ree can be studied in essentially the same way as in 
Chap. 2. We have only to replace the space L2(R"~^) by L'^{M) and the Fourier 
transform by the eigenfunction expansion associated with —Am. The expansion 
coefficient of f{x,y) is denoted by 

(2.5) fm{y) = (/(■,2/),¥'m)L2(M) = (H„ /)(?/). 

For f e C^iM),we have 

where L/ree(C) is defined by Chap. 1. (|3.7p . As in Corollary 1.3.10, for Am ^ 0, 
the Green operator of L free{V\n) — A ^ ie is 

{Lfree{\f\n) - A =F «e)) ^ = G free{\fK^-, =F«%/A ± Ze), 

where G free{C,,v) is defined by Definition 1.3.5. The Fourier transformation asso- 
ciated with LfreeW^m) is givcu in Chap.l, (|3.22p : 

1 /2 

(2.6) (F,_,„^) (fc) = ^'^'^"^^^"^^ r y(--^y^K,,i^^y)^iy)^. 

TT Jo y 

Letting C — \/Xm in Theorem 1.3.13, we obtain the following theorem. 
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Theorem 2.1. Let Xm 7^0 ■ 

(1) Ffree.m is a Unitary operator from i^((0, oo); dy/y") onto L^((0, oo); dfc). 

(2) For^ & D{Lfree{VK^)) 

(3) For ip e L^((0, oo); dy/y") the inversion formula holds : 

Jo 7^ 
We consider the case Am = 0, i.e. m — Q: 



(ri - ^V 

LfreeiO) = -y^d^ + {n ~ 2)ydy - ^— ^ 



Since this is Euler's operator, we have 

(LfreeiO) " A T ie))"^ = Gfree.,oiTWX±ie), 

(2-7) Gfree,oiv)lp{y) = G freefiiv , v' ^ v)'ip{y') —— , 



{y'Y 

(2.8) Gfree,o{y^y = TT S ^-i ,-1^ 

I y^'-iy')^^-, 0<y'< y. 

In the same way as in Lemma 1.3.8, we can prove 

C 

||G/ree,o(t^)V'l|e- < I^IIV'IIB' 

where the constant C is independent of v. The Fourier transform Ffree,o associated 
with Lfree{0) has 2 components: 

(2-9) Ffree.O = (-^/ree,0 ' -^/ree,o) ' 

(2-10) {FitLom = 4^ fy^^-'^ivA 



Let us check this fact. By (|2?7l) . we have for ■0 e C|Jf ((0, oo)) 



On the other hand, we have 



2fcV27r 

Hence we have 



^ ([G/ree,o("«fc) - G/ree,o(«fc)]V','/') = ^ I (-P'/ree,O'0) (fc) T 
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Integrating this equality and arguing as in Chap. 1, §3, we obtain the following 
Theorem 2.2. Alternatively, one can use the fact that 



(2.11) U ( -y'dl + (n - 2)ydy - ^-p^ ) C/* = -d^ 



where ip is the Fourier transform of Uip{t) = e ^" -'^)*/^^(e*). In fact, U is unitary 
from i^((0, oo); rfy/y") to i^(R;dt), and we have 

4 

Theorem 2.2. (1) Fjreefi ■ i^((0, oo); d?//j/") ^- {L'^{{Q,oo);dk)f is unitary. 

(2) Forf€D{Lfreefim, 

{Ffree,oLfree,0 

(0)/)(fc) - k\Ffreefif){k). 

(3) For f G L^((0, oo); dy/y"), t/ie inversion formula holds: 

f = {Ffreefi) Ff^eefif 

= I (2/-"=^^);t"ie,o(fc)/ + 2/''^U,o(fc)/) rffc- 

We now return to the operator H jree whose resolvent is written as 

■oo 

(2.12) (F/^ee - A T iO)- V = 51 

m—0 

Here G freeiV^,TiV)^) = G/ree,o(T*VA). Repeating the proof of Lemma 1.4.1, 
we can show the following lemma. 



Lemma 2.3. H 



free 



is essentially self-adjoint. 



Recall that the generalized Fourier transform is derived from the asymptotic 
behavior of the resolvent at infinity. For M x (0, oo). there are two infinities ; y = 
and y = oo, the former corresponding to the regular infinity, the latter to the cusp. 
We put the suffix reg or c for the Fourier transforms associated with regular infinity 
or cusp. 

Definition 2.4. Let D(M x (0, oo)) be the set of functions f{x, y) €C°°{M x 
(0, oo)) such that e Cq°((0, oo)), moreover /m = except for a finite number of 
m. We put 

h = L2(M)®C, L^{{0,oo);h;dk), 

free \ jree,reg^ jree,c J ' 

and define on D(M x (0, oo)) 

OO 

(2-13) :F^ftL,reg = E ^™ ' (^)^- ® ^/^eU' 

m=0 

c,(±) J Ffree,m (A™ ^ 0) 

I ^freefi (A„ - U), 
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(2.15) Ci±)(fc) 



A,; 



2 

±i Itt 



kuj±{k) V 2 



(A™ ^ 0) 
(A™ = 0), 



(2-16) •^Se,e = ^0®^^)^e'e,0- 

We define B,i3*, and L^.s by putting h L^{M) ® C in Chap. 1, §2. Note 
that, geometrically, B corresponds to the diadic decomposition with respect to the 
geodesic distance, and B* to the integral mean over the geodesic ball. Let 

-^/ree(^) {^free ^) 

Then Theorem 2.1.3 remains valid for Hfree if is replaced by L^'^. 
Theorem 2.5. (1) (7{H free) = [0, oo). 

(2) ap{Hfree)^9. 

(3) For A > and /, 5 G B, the following weak limit exists 

\im{Rfree{>^ ± i<^) f, g) =■ {Rfree{>^±iO)f,g)- 

Moreover 

\\Rfree{X±iO)f\\B-' < 

where the constant C does not depend on X if X varies over a compact set in (0, 00). 

(4) Letting F^^l{k)f - {^P'^^lefm for f e V{M x (0,c^)), we have 

\\:Fjtl{k)fh<c\\fy, 

where the constant C does not depend on k if k varies over a compact set in (0, 00). 

(5) J'f^le uniquely extended to a unitary operator from L^{Mx (0, 00); y/giJdxdy /y") 
to %. Moreover if f & D{Hfree) 

i^i^tleHfreefm^k^iT^tlfm- 

Proof. The assertions (1), (2) follow from Lemma 1.3.2. Note that Lfree{0) 
should be treated separately, however, it is easy by (12. lip . The proof of (3) is 
almost the same as Theorem 2.2.3 (2), (3), the term Lfree{0) requires a small 
change, though. In the next section, we shall give the proof for the more general 
case (see Theorem 3.8). Applying Stone's formulas for each i/ree(VAm), we have 

^ ([i?/.ee(A + ZO) - RfreeiX - zO)]/, /) = 1 1 ^J^l l' . 

which implies (4). Since each J-free.m is unitary, (5) follows. □ 
The relation of J-f^le ^^"^ asymptotic behavior of the resolvent is as follows. 
Theorem 2.6. For k > and f £ B, we have 

iToobTi? /. P/.ee(fc^±^0)/-.W||i.(M)^=0, 

z;(±)=c.±(fc)y("-i)/2T^'=J-}tU.(fc)/' 
(2.18) ^lim ^ WRfreeik^ ± iO)f - .(-'lli.(M)^ = 0, 
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Here uj± (k) is defined by Chap. 1 \4.15^ , and 



Proof. By Theorem 2.5(3) and (4), we have only to prove the theorem for 
/ G 'D{M X (0, oo)). Assume that / = for y < e and y > 1/e. Then if y < e, we 
have by (|2J2)) . ((2^ and Chap.l Definition 3.5 



i fir 1 
k\2T7\M\ 



- + 1, /Zi_!_„("-l)/2T»fep(=F) (i^\f 



H Y72 X! fm{x)y^" ^^^'^I^ik{\f\^v)Ffree.rn{k)J„ 

(2A: sinh(fc7r)) m>i 

Using Definition 2.4 and Chap. 1 ([XS]) . we obtain (^17)) . 
For y > 1/e, we have by using Chap, f p. 101) 

||i?/ree(fc^ ± iO)/ ^G/ree,o(Tifc)/o||i2(M) 



m>l " ^ 



which proves (12. 18^ . □ 



3. Manifolds with hyperbolic ends 

3.1. The formula of Helffer-Sjostrand. We prepare a useful tool from 
functional analysis introduced by Helffer-Sjostrand |HeSj89| . Let c G R, and 

suppose /(t) G C°°(R) satisfies 

(3.1) l/^'H*)! <Cfe(l + |^|)"-^ Vfc, ViGR. 

Then there exists F(z) G C°°(C) such that 

'F(i) = /(<), tGR, 
I \F{z)\<C{l + \z\r, 

I 151^^(^)1 <C„|Imzr(l + |z|)"-"-\ Vn, 
^ suppi^(z) C {|Imz| < 2 + 2|Rez|}. 

Here dz = ^(c^a: + i9j,). This function F is called an almost analytic extension of /. 
If / G C(f (R), we can construct F{z) G C^(C). 

Let us explain the idea of the proof. For z G C, let (z) = (1 + |zp)^/^. Take 
Xiy) G C^{K) such that x(2/) = 1 (|j/| < 1), xiv) - (|y| > 2), and put 

JV-l .„ 

^w = Es/""w<«((!))- 

n=0 ^ ' 
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Then we have 



N-l 



xy 



^ n! V (a;) / V (x) (x) - 

On the support of the first term of the right-hand side, \y\ < 2{x). Hence for 
1 < n < TV - 1, it is dominated by C{xy-'^ \y\^-'^ < C|y|"(z)'"-"-i. On the 
support of the 2nd term, (a;) < \y\ < 2{x). Hence, it is dominated by 

N-l I I 

C E -A^y-'^'lyr X'(A) < C(x)--iexpi4 < C„|yr(z) — 1. 
n\ V (x) I (x) 



n=0 



Hence, \d:,F{z)\ < C„|Im z|"(l + holds for 1 < n < iV- 1. By the similar 

computation, one can show |i^(z)| < C(l + \z\)"'. For the general construction of 
F{z), see e.g. |Is04a| p. 363. 

Lemma 3.1. Let fit) and F{z) be as above. Suppose a < 0. Then for any 
self-adjoint operator A, the following formula holds 

f{A) = ^ [ d:F{z){z^A)-^dzdz. 
Proof. For A G R, we have by the generalized Cauchy formula 



27ri ./|^|=_R z - A 27ri z-A 



Letting R ^ oo, we have 



^(A) = I '-^dzdrz, 



27ri Ir^ z — A 



where the integral is absolutely convergent. Let E(X) be the spectral decomposition 
of A. Then we have 



f{A) = / f{X)dE(\) 

' — OO 

1 r f dlFiz] 



■dzdzdE{X) 



= — / 'd^F{z)(z- A)-^dzdz. □ 
2tti Jc 

Let us mention here useful formulas to compute the commutator of functions 
of self-adjont operators. For two operators P, A, we put 

ado(P,A) = P, 

ad„ (F, A) = [ad„_ 1 (P, A) , A] , Vn > 1 . 
If A is sclf-adjoint and /(s) satisfies \f'^''\s)\ < Cfe(l + |s|)'^-^ V/c > 0, we have 

(3.3) [p,/(^)] ^^L^_adfc(P,A)/W(A) + P„,i, 

k=l 
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(3.4) Rn.i = ^ I d:F{z){A - z)-iad„(P, A){A - z)-''dzdz. 

n— 1 ^ 

(3.5) [PJ{A)] = ^ -/W(A)adfe(P,A) +i?„,,, 

k=l 

(3.6) Rn r = -^^ — / d^F(z){A - z)~"ad„(P, A){A - z)-^dzdz. 

2m Jc 

Here, F(z) is an almost analytic extension of /, and we assume that 
||(A-z)-"ad„(P,A)(A-z)-i|| < C|Imzr"-i(z)^("), 
a — n + fi{n) < 0, 

in order to guarantee the convergence of the integrals p.4p , p.6p . Formal derivation 
of p.3p . p.Sp is rather easy. However, rigorous derivation requires examination of 
the domain of ad„(P, A). When P and A are differential operators, this domain 
question boils down to the regularity estimate for {A — z)^^. 

3.2. Assumptions on ends. Now we consider an n-dimensional connected 
Riemannian manifold Ai, which is written as a union of open sets: 

M = JCUMiU-'-UMN- 
We assume that 
(A-1) /C is compact. 
(A-2) MpnMq = fl}, p^q. 

(A-3) Each Mp, p — 1, - ■ ■ ,N, is diffeomorphic either to Mreg = Mp x (0, 1) 
or to Mc = Mp X (1,00), Mp being a compact Riemannian manifold of dimension 
n — 1, which is allowed to he different for each p. 

(A-4) On each Mp, the Riemannian metric ds^ has the following form 

(3.7) ds^ ^ y^^ {{dyf + hp{x, dx) + Ap{x, y, dx, dy)) , 

n— 1 n—1 

Ap[x,y,dx,dy) = ^ ap^ij{x,y)dx^dx^ + 2 ap,ini^i v)dx'-dy + ap^nnjx, y)[dy)'^ , 

= l i=l 

where hp{x,dx) ~ '^^j]^^ hp^ij{x)dx'^dx^ is a positive definite metric on Mp, and 
ap^ij{x,y), 1 < i, j < n, satisfies the following condition 

(3.8) |5^i?;^a(a;,y)| <C„^(l + |logyr"""(l"l+^^l)-l-^ Va,/3 

for some e > 0. Here Dy = ydy, = y{y)dx, y{y) G C°°((0,(X))) such that 
V{y) ^yfory>2 and y{y) ^ 1 for < y < I. 

Following Example 1.3, we call Aip — Mp x (0, 1) a regular end and Aip = 
Mp X (1,00) a cusp. 

Let us note that the above model in particular contains H". In fact, we take 
/C = ^2(0, 1), and A^i = H" \ Piog2(0, 1), where P^(0, 1) is the geodesic ball of 
radius r centered at (0,1). Using geodesic polar coordinates, A4i is isometric to 
S"-~^ X (log2, 00) equipped with the metric (dr)^ + sinh^ r{d6)'^ . Taking e'' = 2/y, 
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we see that Mi ~ Mreg — 5"'^^ x (0,1) equiped with the metric y^^(^{dy)^ + 

{d6f + [y^/l&-y^l2){d6f). 

The 2nd important remark is that, if M.p is equal to J^reg, one can assume 
that the above metric (13.71) takes the form 



(3.9) ds^ — y (^{dy)^ + hp{x , dx) + ap^ij{x,y)dx^dx-' 

and each ap^ij{x,y) satisfies the condition p.8p . This can be proved in the same 
way as in Theorem 4.1.6 to be given in Chap. 4. Therefore in the foUowing we 
consider the metric of the form p.9l) for such ends. 

Let Ag be the Laplace-Behrami operator on A^. As has been discussed in 
Chap. 2, §2, we pass to the gauge transformation 

(3.10) - A, - -^H=: -pV4A^^-i/4 _ ij^^ 
where p £ C°°{Ai) is a positive function such that on each end Mp 

(3.11) P = detg^P'>/detgfl^, 

9^free ^'^d g*-^-* being the unperturbed and perturbed metrics 

(3.12) gfl^ = y-mdyf + hp{x,dx)), 

(3.13) = ^(^y)2 ^ ^^(^^ ^ ^^(^^ y. ^^^^ 

satisfying the above assumptions. Then H is written as 

(n - 1)2 

(3.14) H=-A, + L,-^-^, 

L2 being a 2nd order differential operator on M, and satisfies the following condi- 
tions. 

(A-5) H is formally self-adjoint. Namely, 

(i?(^,^) = (^,i/V), V^,VGCo°°(A^), 
where { , ) is the inner product of L^{M), i,e, 



{if, ip) = ipipdM, 
Jm 

dAi being the measure which coincides with the unperturbed metric on each Mp. 
(A-6) L2 is short-range on each Aip (1 < p < N). Namely, if L2 is represented as 

|a|<2 

there exists a constant e > such that 

|5fi^^a„(a;,y)| <C^,fc(l + |logy|)-l^l-'=-i-% V/3, Vfc. 

We use the following partition of unity. Fix xq G JC arbitrarily, and pick 
Xo e C^(A^), such that 

, , _ J 1, dist (a;, a;o) < R, 
Xo[x) - 1 0, dist(a:,xo) > i? + l. 
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where dist(x,xo) is the distance between x and a;o. Taking R large enough, we 
define Xj G C°° (A^) j = 1, . . . , A^, such that 



0, x^Mj. 



Then we have 



(3.15) \ suppXjCA^,, l<j<iV, 

Xo = 1 on JC. 

For 1 < j < A^, we construct Xj G C°°(A^) such that 

suppxj Mj, Xj = 1 on suppxj. 

Theorem 3.2. (1) ^|poo(^) essentially self- adjoint. 
(2) a,{H) = [{),^). 

Proof. To prove assertion (1), we first observe that Theorem 2.1.3(4) and (6) 
remain vahd for H , if we substitute the spaces X" with 

L^.^- = {C/ e LL : / (l + log2(d(x,xo)))'Kx)p<oo}. 

JM 

Using this analog of Theorem 2.1.3 (4), assertion (1) is proven in the same way as 
in Theorem 2.1.4. 

To show (2), we derive a formula for the resolvent by using the partition of 
unity (|3.15p . Recall that Mj is diffeomorphic to Mj x (0,1) or Mj x (l,oo). Let 
Hfreeij) be defined by (|2.4p with M replaced by M^, and put 

(3.16) R{z) = {H- z)-\ RfreeU){z) = {H freeU) - z)-\ 

Note that we are using the suffix free(j) to specify unperturbed operators with 
respect to the model space Mj x (0,oo). Since 

{H -z)XjRfreeU) i^)X] = Xj + XjiH ~ H j ree{j))R } ree{j) {z)X] + [H , Xj]^/ree(j) {z)Xj, 

we have 

XjRfree(j){z)X] = R{z)X3 + R{z) Aj{z)Xj , 
Aj{z) = [H,Xj\RfTee{j){z) + Xj(H - Hf,.e^(^j))XjRfree{j)(z)- 

Letting 

N 

(3.17) A{z)^Y.M^)Xj, 



we then have 



N 

R{z) ^J2XjRfreeU)iz)Xj + R{z)iXO " A{z)) ■ 
J = l 

By the assumption (A-4), i?(z)(xo — A{z)) is compact. Indeed, for z ^ R, Aj{z) 
is bounded from W'^''^{M) to L^'* with < s < 1 + e. Since R{z) is locally 
smoothening, this implies the desired compactness if one considers the adjoint 
{Aiz)* -xo)R{zr. 
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To prove (2), we first show (— oo, 0) C crd{H). It is sufficient to prove tfiat f{H) 
is compact for any / e C(f'((— oo, 0)). Let F be an almost analytic extension of /. 
Then, by Lemma 3.1, we have 

N 
J = l 

K=^ [ d:F{z)R{z) (xo - A{z)) dzdz. 

Note that K is compact, since |c^F(z)| < C;(l + for all I > 0, and so is 

R{z){Xo — A{z))- Since ^(^f/reeO")) = [0, oo), we have f[H free{j)) — 0- Therefore 
/(i?) is compact, which proves ae{H) C [0, oo). The converse inclusion relation is 
proven by Weyl's method of singular sequence as in Lemma 1.3.12. □ 

3.3. Limiting absorption principle. @ 

Lemma 3.3. Let f{x) G L^{0, oo; dx) and put 

/•oo 

u{x) = / f(t)dt. 

J X 

Then for s > 1/2 



CSO 



x^i^-^)\u{x)\''dx<j^^—^ x^^\f{xrdx. 

Proof. We use the following inequality of Hardy : For p > 1, g{x) G L^(0, oo), 
we put 

/•oo 

F{x) = / g{t)dt. 



Then we have 

poo pOO 

/ \F{x)\Pdx<pP / \xg{x)\Pdx 
Jq Jq 
( [HLP52] . p. 244). Letting e = 2s — 1 > 0, y = a;'^ for u{x) in the Lemma, we have 

/•oo /"OO 

(2s -1)/ x'^^-'^\u{x)\'dx^ \u{y'/')\'dy, 



1 



By Hardy's inequahty, with g(z) — ^f(z^^^)z{l ~ e)/e and p — 2, 



oo 



Hy'/')\'dy < 4 / \fiy'^')\'y'^'dy 



\f{x)\'x'^dx 



4 
e 

which implies the Lemma. □ 

On each end Aij of A4, the spaces i^^'', B, B* arc defined in the same way as 
before with h = L'^{Mj). Using the above partition of unity Xj^ Put 

N 

\H\s = \\xou\\l^ + ^\\X3u\\s, 
3 = 1 
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1/2 



JV 

= WxouWl^ + ^\\Xju\\b, 

N 

\\u\\b' = I1xou|1l2 
where ||Xi"lls is defined by 

llx.^lU = ( + 1 ^ogy\r\\xMy)\\hiM,)^ 
\jo y 

and IIXj^^IIb* £^re defined similarly. 

Let us note that many a-priori estimates and preliminary results which are 
proven in Chapter 2 for H" may be straightforwardly generalized for A4. For 
example, Theorem 2.1.3 remains valid if we use L^'" instead of X'^. Similarly, 
Theorem 2.2.10 can be extended to the case in which {H — X)u = in one of the 
regular ends Mp x (0,yo) (0 < j/o < !)■ Analogous extensions are true for Lemmas 
2.2.4 - 2.2.8 and so on. 

Lemma 3.4. Suppose all Mj (1 < j < N) have a cusp. If u €z B* satisfies 
{H — A)u = for some A > and, on each Mj, 



then u £ L^^", Vs > 0. Moreover, for any s > and any compact interval I C 
(0,oo), there exists a constant Cs > such that 

(3.18) \\u\\s<Cs\\u\\b>, yXel. 

Proof. For simplicity's sake, we assume that = 1. Letting U = xi^ and 
M — Ml , we have for e > given in the assumption ( A-4) 

(3^g) , ^-y'{d'y + AM) + {n-2)ydy-^-^:^^-X)u = F, 



In fact, F consists of U and its 1st and 2nd order derivatives, which, by Theorem 
2.1.3, are in I,2,-(i+£)/2^ multiplied by functions decaying like (1 + | logj/D^^^*^, e > 
0. Therefore, F is in L2,(i+e)/2^ 

We apply the boot-strap arguments. In view of Lemma 2.2.6, letting h = 
L'^(M) and Am the Laplace-Beltrami operator on M, we have 



(3.20) 



ry^,/^U\\i^^<C{\\U\\l, + \\F\ 
Jo V 



Let Pq be the projection associated with the eigenvalue of Am, and put 

Uo = PoU, U' = U- PoU. 

Then we have by (p:20| 

||C/'||.<C,(||C/||b. + ||F||b), Vs>0. 
Since U' satisfies the equation 

{Ho - X)U' ^F'e l2,(i+-)/2^ 
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we have, by Theorem 2.1.3 (6), that 
(3.21) U', D,U', D.DjU' e l2,(i+£)/2^ 

Letting 

t = logy, uo{t) = e-("-i)*/2c/o(e*), /o(t) = e-^^-'^'^^Foie*), 
we see that uo{t) satisfies 

r {-df - x)uo = fo, 



(3.22) 



1 /■'^ 



_(l + t)(i+^)/2/o(t)ei'((2,c^);dt). 
Recall that the Green function of the l-dimensional Hclmholtz equation 



-^-2^j'« = /, lmz>0 
is given by — -=e*^'*~*'. Hence uq is represented as 

uo{t) = —= / e*^l*-"l/o(s)ds + C+e*^* + C_e-'^* 
2v A Jo 



/•oo 

e'^(*-^)/o(s)ds + ^ / e'^(^-*)/o(s)d. 



2Va7o 2VA 
Since /o(i) G L^((0, oo)); di), we have 

/•oo 

They imply, by (HHD, 



t -> — OO. 



OO 



OO 



C_=0 = -^y^ e'^^Vo(s)ds. 



We then have 

/ /'OO pOO \ 

Using Lemma 3.3, we then have 

(3.23) (1 + t)('i+^)/2^o, (1 + t)^-^+'^^^-^uo e L2((o, oo); dt). 

dt 

Then by p.22p . we also have 

(3.24) (1 + t)(-i+^)/2^uo e i'((0, oo); dt). 

By ([321]), ([3:231) and (IXM)) . we have U, D^U, D.DjU G i2,(-i+£)/2^ Rence wc have 
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We return to the equation p.l9|) . and apply the same arguments as above. 
Then we have U,D,U,D,DjU G L2,(-i+2e)/2^ ^^^^^ p ^ p2,(i+Ze)/2^ ^.^p^^^^ 

these procedures to obtain U e ViV > and the inequahty ([3TT8| . □ 

Theorem 3.5. (1) If one of Aij has a regular infinity, <Jp{H) n (0,oo) = 0. 
(2) If all of Mj have a cusp, then ap{H)n{0, oo) is discrete with finite multiplicities, 
whose possible accumulation points are and oo. 

Proof. We shah prove (1). Let u be the eigenvector of H with eigenvalue 
A e (0,oo). Applying Theorem 2.2.10 on A4j having a regular infinity, we see 
that u vanishes in a neighborhood of infinity of A4j. By the unique continuation 
theorem, u vanishes identically on A4. 

To prove (2) assume that there exist an infinite number of eigenvlaues (counting 
multiplicities) in a compact interval / C (0, oo). Let Un,n = 1,2,---, be the 
associated orthonormal system of eigenvectors. Choose xq E K, arbitrarily, and 
let xr be such that = 1 for dist(x,xo) < R, x{^) — for dist(a:,a:o) > 

R. By p.lSp . for any e > 0, there exists R > independent of n such that 
11(1 — xrJuuWl'^ < e and ||Xi?.u„||L2 > 1 — 2^/e. Using Rellich's theorem, one can 
choose a subsequence of {xi?''^n}n>i which converges in i^, 

XRUn-^u, ||u||i2 > 1 - 2^/e. 

Thus, for sufficiently large n, m, 

(u„, U„,) = (Xfl"n, Xfl"m) + ((1 - XR)Un, XRUm) 
+ {XRUn, (1 - Xr)u„i) + ((1 - Xfl>„, (1 - XR)Um) 

> (1 - 2.fef - 3e > 0, if e < ^- 

This is a contradiction to (u„, u^) — 0. □ 

Theorem 3.6. Suppose A > 0, andu G B* satisfies {H~X)u — 0. Furthermore, 
assume that, when A4j has a regular infinity. 




and when A4j has a cusp. 
Then: 

(1) If one of M.j has a regular infinity, then u = 0. 

(2) If all of Aij have a cusp, then u €E L^'", Vs > 0. 

Proof. Applying Theorem 2.2.10 to with regular infinity, we see that u 
vanishes on an open set of A^j, hence w = by the unique continuation theorem. 
The assertion (2) follows from Lemma 3.4. □ 

As in Chap. 2, §2, we put 

o-±(A) ^^-^ T«VA. 
We say that a solution u e S* of the equation 

{H-\)u^ f eB 
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satisfies the outgoing radiation condition, when Mj has a regular infinity , if 
and when Aij has a cusp 

(3.26) Jini^ ^ IIP, - a_(A)).(.,.)||i.(,,,| = 0. 

The incoming radiation condition is defined similarly by exchanging cr+(A) and 
a_(A). 

Let us remark that, compared to the case of H" (see Chap. 2, (|2.20p ). the 
condition (|3.26p seems to be confusing. Due to the presence of 0-eigenvalue of Am, 
there exist generalized eigenfunctions for Hfree which behave like y("-i)/2±*v^ g^g 
y ^ oo. To distinguish these two functions, we need p. 261) . 

Theorem 3.7. Let A > and suppose u Cz B* satisfies (H — X)u = and the 
outgoing or incoming radiation condition. Then: 

(1) If one of Mj has a regular infinity, then u — Q. 

(2) If all Mj have a cusp, then u € L^''^, Vs > 0. 

Proof. We assume that the ends A4i, A^^ have regular infinities, and 
A^^+i, • • • , have cusps. Recall that for 1 < j < /x, Aij is diffeomorphic to 
Mj X (0, 1), and for fi+1 <j<N, Mj is diffeomorphic to M, x (1, oo). Let {xj}jLo 
be a smooth partition of unity such that X]j=o ~ ^ on A^, and suppxj C Mj 
for 1 < j < A^. We shall assume that for 1 < j < /i, 

(y<i/2), 



Xj{y) = 

and for ^ + 1 < j < A^, 

Xjiy) = 



(y > 3/4), 



(y < 3/2), 
(y>2). 

We take p{t) e C^(R) such that p{t) = p{~t) and 

' c, \t\ < 1, 



0, \t\>2, 



P{t) = 

where c is a positive constant such that 

I p{t)dt = / p{t)dt = 1. 

We put 



Lp{t) = / p{s)ds, %l){t) = / p{s)ds, 



and 



Then we have 



I \ I logy \ I f \ if logy 



log Rj \ log R 

X3iy)^Riy)&c^iMj) for l<J<^l, 

Xj{y)My)&C^{M,) for ^l + l<J<N. 
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Moreover, 

(3.27) lim ipniy) = </,(0) = 1, lini i^R{y) = 7/;(0) = 1. 

it— >-oo it— ^oo 

Since {H — X)u — 0, we have 

= ((i? - X)u,Xj'PRu) = {u, [H^Xj'PRlu). 

Therefore, we have 

(u, [H,Xj]'PRu) + {u,Xj[H,(pR]u) = 0, 

(u, [H, XjlV'i?") + (u, Xj [H, iPr]u) = 0, 
{u,[H,xo]u)^0. 
We add them, and let oo. Then by 

fi N N 

j=l J=M+1 j=o 

Therefore, as i? — > oo, 

Ai AT 

(3.28) ^(«,Xj[i?,<^i?Ju)+ 51 (u,Xj[i?,V^i?]w)^0. 
We put 

Then we have, for 1 < j < /i, 

= [-Dl + in ^ l)Dy,ipn] + [V,,ipR] 
(3-29) _ 2 /logy\. n-1 1 

- ~ foii?^ [\^ ) ~ + foii?^-''^^- 

Here Lj^^j is a 1st order differential operator 
(3-30) Lj,ji = aj,_R(a;, y)!?^ + bj^Bi^, y)D^ + cj^, 

whose coefficients satisfy, due to p.Sp . 

(3.31) \a,Mx,y)\ + |6j,i?(x, 2/)| + |c„ ^X-t, 2/)| < C(l + |fogy|)-l-^ 

where the constant C is independent of i? > 1. Similarly, we have, for /i+1 < j < iV, 

[i?,Vi?] = [-i?^ + (ri-l)i^j„^i^] + [F,,(^;j] 
(3-32) 2 ^logj/\ n-l 1 



logi?"^ \\ogRj " 2 > logR 

where Lj^n is a 1st order differential operator having the same property as above. 
In view of p.28p . we then have 

2 , ( log y \ , 71 — 1 , 

i=M+l ^ \ 6 / 

^ 1 

J=l ^ 
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We consider the case when u satisfies the outgoing radiation condition. Then we 
have, by p.33p . 

since one can replace {Dy — (n — l)/2) by for 1 < j < /i, by i^/X for 

+ ^ < j < and {xjLj^ru, u)/ fogi?, — > 0. This shows that, for 1 < j < A^, 

Thus, u satisfies conditions of Theorem 3.6, providing the desired resuh. 

The case in which u satisfies the incoming radiation condition is proved simi- 
larly. □ 

These preparations are sufficient to prove the limiting absortion principle for 
H as in Chap. 2, §2. 

Theorem 3.8. For A e <Je{H) \ <Jp{H), there exists a limit 
lini R(X ± ie) = R(X ± iO) e B(B; B*) 

in the weak * sense. Moreover, for any compact interval I C crdH) \ <^p{H), there 
exists a constant C > such that 

\\R{X±iO)f\\B-.<C\\f\\B, Xel. 

For f Cz B, we put u — R{X ± iO)f. Then u is a unique solution to the equation 
(H — X)u = f satisfying the outgoing (for the case +) or incoming (for the case 
—) radiation condition. For f,g€ B, {R{X ± iO)f,g) is continuous with respect to 
X€aeiH)\ap{H). 

In order to prove Theorem 3.8, recall that Lemmas 2.2.4 ~ 2.2.9 also hold for 
Mj X (0,oo) with h replaced by L'^{Mj). Let Xj be the partition of unity p.lSp . 
and put u = R{X + ie)f, uj ~ XjU- Then, with e defined by (|3.8p . 

(3.35) \\uj\\b^ <Cs{\\f\\B + \\uj\\-s), l/2<s< (l + e)/2, 

where Cs is independent of A G /. Indeed, we first observe that 

{H - X- ie)uj = Xj.f + [H, Xj]u- 

By Theorem 2.1.3 (6), 

IIAA^II-. < Cs (II/IIb + \\uj\\-s) , 
and as [H,Xj\ : [Hfree{j): Xj] are compactly supported, we also have 

II [H, Xj] u\\b, II [-ff/reeO"), Xj] u\\b < Cs (||/||e + \\Uj\\-s) ■ 

At last, rewriting the equation for Uj as 

(HfreeU) "A - ie)Uj = Xjf + [HfreeU),Xj]u + X]Vu, 

and using (|3.8I) . we obtain (13.35^ by Lemma 2.2.9. Once we have derived estimate 
p.35p . the remaining arguments are essentially the same as those in Chap. 2. 
Namely, arguing in the same way as in Lemma 2.2.13, we can prove the following 
lemma. 
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Lemma 3.9. Take s > 1/2 sufficiently close to 1/2. Let I he any compact 
interval in (0, oo) \ ap{H), and put J = {A ± ie; A G /, < e < 1}. 

(1) There exists a constant Cg > such that 

sup||i?(z)/||_,<C,|l/|lB. 

(2) For any f B and X {0, oo)\(7p{H) , the strong limit lim^^Q R{X±iO)f exists 
in L^'^'^ . 

(3) R{XzL iO)f is an L'^'^'^ -valued continuous function of X E {0,oo) \ap{H). 
Since L^ '' (s > 1/2) is dense in B, Theorem 3.8 follows from Lemma 3.9 and 

3.4. Fourier transform associated with H. One can apply the abstract 
theory in Chap. 2, §4 to H after suitable modifications. However, we shall give 
here a direct approach to the spectral representation for H. 

Let Hfree(j) bc as above and Xj as in p.lSp . We put 

(3.36) V^, = H - i7/„e(j) on Mj. 

This is symmetric, since so are H and Hjreeij) on C^{Mj). Using 

(3.37) (i//.ee(,) - A)xji?(A ± iO) = Xj + [[HfreeU),X,] - XjV,) R{\ ± »0), 
we have 

X]R{X ± «0) = RfreeU)i^ ± 

(3.38) 



-R/reeO)(A±iO) (^[F/^geO) , Xj] ' XjVj^ R{X ± iO) . 



This formula suggests how the generalized Fourier transform is constructed by the 
perturbation method. 

3.4.1. Definition of T^f^l^^^-^{k). Let = Aj,o < Aj,i < Aj,2 < ■ • • be the eigen- 
values of the Laplace-Beltrami operator on Mj and |Afj |~^/'^ = (pj^o,tpj^i, (pj.2, ■ ■ ■ 
the associated orthonormal eigenvectors, where \Mj\ is the volume of Mj. We 
define, for (f> e L'^{M,), 

(3.39) Pj.rn'j) = {.4>, ^j,m)L2{M,}^j.,m, 

(3.40) nj,,„0 = {<j>, •fj,m)L2(M,) ■ 

Assume that for I < j < n, Aij has a regular infinity, and for /i + 1 < j < A^, 
A4j has a cusp. 

(i) For 1 < J < M (the case of regular infinity), we define 

oo 

(3-41) -^/tlo-)(fc) - E CS(^) Pj,m ® F)±4),„(fc), 

m=0 
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where Fj;l^^-^,^ is defined by ([SlQ]) . (|2ll| with M replaced by M^, and 

C^^(fc) is the constant in (|2.15p with Aj„ replaced by \j.mi i-e. 



(3.42) c(^(A:)-<! 



2 



(Aj.m 7^ 0), 



771 (-^j,™ — 0)- 



, kuj±{k) V 2 

Thus, in this case, Pjfl^^^ik) = Fjt^,(,),,,,(fc), see 
(ii) For fJ, + I < j < N (the case of cusp), we define 
(3-43) T^^l^^^{k) = P,,o^Fjjl^^^^^{k). 

Thus, in this case, ^^jtla)!^) = ^/feeO),c(fc)' see (HH]). 

3.4.2. Definition of T^^\k). For 1 < j < A^, we define 

(3.44) Ff{k) = ^}tlo)(fc)Q.-(fc' ± *0), 

(3.45) Qj(z) = Xj + {[Hjree{j),Xj\ - XjVj^ R{z) = {Hfree{j) " z)XjR{z). 

Finally, we define the Fourier transform associated with H by 

(3.46) F(^\k) = {F[^\k), ■ ■ ■ , J-^±)(A;)). 

3.4.3. Asymptotic expansion of the resolvent. For /, g G S* on A^, by / ~ 17 
we mean that on each end the following expansion 



lim 



Pjiy)\\fiy) - 9{y)\\mM,}-^ o 



fi^ool0gi?7l/fl"^^""'^^"' 

holds, where Pj{y) = 1 (y < 1), /3j(2/) = (y > 1) when Mj has a regular infinity, 
and Pjiy) — {y < 1), Pj{y) — \ {y > \) when Mj has a cusp. Applying Theorem 
2.6 on each end, we get the following theorem. 

Theorem 3.10. Let f E B, k^ E cre{H) \ <^p{H), and Xj the partition of unity 
from i3.15\) . Then we have 

R{k' ±lO)f^ U± (fc) ^,^y(n-l)/2^^kJ:(±) (^)^ 
N 

+ J^\k) Y: X3y^-~''"^'':Ff{k)f. 



We put 



A' \ / N 



(3.47) = ( ® L2(Mj) e ® Pj,oL^iMj 

As a matter of fact, 

PjflL^{Mj) = C (pjfl = {cipj^o ; c e C} , (fijfi = \Mj\ 
equipped with the inner product 

(3.48) (ci(pj,o,C2<Pj,o)cj = cicj. 
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For 4>,'ip G hoo we define the inner product by 
(3.49) ('/',V')h„ =5I(</'j'V'j)l=(m,)+ 51 ('^J''^^■)c,■ 

We then have the following lemma. 

Lemma 3.11. For f,g e B and e cre(iJ) \ ap{H), 

A([i?(fc2+jO)-i?(fc2_,o)]/,5) = (-F(±)(fc)/,^(±)(%)^ . 

Proof. Take x & C'^f (R) such that x{t) = 1 (1^1 < 1), x{t) = {\t\ > 2). Let 
Xr S C^{M) be such that Xi? = 1 on a neighborhood of /C, Xfl = x(logy/logi?) 
on each Aij, where i? > is a large parameter. Let Xj be the partition of unity 
from ([XTS]) . Putting u = R{k^ + iO)f, v = R{k^ + iO)g, we have 

N 

{XRU.Hv) - {Hu,XRv) = {[H,xr]u,v) = ^{xj[H,xr]u,v), 

i=i 

since x^j = 1 on a neighborhood of suppxo- Next we take Xj S C°°(A4j) such that 
suppxj C Mj and Xj = 1 on suppxj. Then, by Theorems 3.8, 2.1.3 (5) and (|3.8I) . 

we have, as R ^ oo, 

N 

{Xru,Hv) - {Hu,xrv) = ^{xj[H,XR\XjU,v) 

TV 

= ^{Xj[HfreeU),XR]X3U,v)+0{l). 
J = l 

On each end, we have 

Viogi?y ^ \\ogR) 

Therefore, 

2 / , / log yw n, — 1\ \ 

to[-ff/reeO),Xi?]XjW,l') = [XjX \^^^)\^y 2~ J V 

Since, by Theorem 3.8, u satisfies the outgoing radiation condition, for 1 < j < 
one can replace {Dy — (rt — l)/2)u by ~iku. Hence, 

{Xj[HfreeU),XR]X3U,v) = (^|) + 

where we have used Theorem 3.10 in the 2nd line, and 

log-Rj-oo Vlogi?^ 
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For fJ, + I < j < N, one replaces {Dy ~ {n — l)/2)u by iku, and uses 



log 

to obtain 



{Xj[Hfree{j),XR\XjU,v) = " (xiX' (^|) + o(l) 



^■{F)^\k)f,T]^\k)g)^^+o{l). 
Using 

(XflW, Hv) - {Hu, xrv) (u, g) - (/, v) 

= (i?(fc2 + iO)/, g) - if, R{e + iO)g), 

we complete the proof of the lemma. □ 
We put 

n = L''{{0,oo);h^;dk). 

Theorem 3.12. We define (j"(±)/)(fc) = T^'^Hk)/ for f e B. Then 
is uniquely extended to a bounded operator from L'^{M) to H with the following 

properties. 

(1) Ran = n. 

(2) 11/11 = ||J-(±)/|| forfGHaciH). 

(3) T^^'>f^Oforfenp{H). 

(4) {T(^^Hf) (fc) = fc2 (j-(±)/) (fc) for f e D{H). 

(5) T^^\k)* e B(hoo;-B*) and {H - k'^)J^'^^\k)* = for k^ G (0, oo) \ ap(ff). 

(6) For f e Hac{H), the inversion formula holds: 

N 



.7 = 1 



(fc)(iA:. 



Remark The meaning of the integral in (6) is as follows. Let (0,00) \ crp{H) = 
U^^/j. = {ai,bi) being non-overlapping connected open interval. For g{k) G H, 
we have by (5) 

F\'^\k)*g{k)dk&B*. 



/ai -\-e 

r2( 



As a matter of fact, it belongs to L^(A^), and 



/yoi — e 
Ff\k)*g{k)dk& L^{M) 

in the sense of strong convergence in L^(A^). Denoting this limit by 

j^Tl:^\krg{k)dk, 



we define 



Tf\krg{k)dk = ^ j^T^^\k)*g{k)dk. 
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Proof. Let E{X) be the spectral decomposition for H. Since the interval {ui, bi) 
does not contain eigenvalues of H, we have by Lemma 3.11 and Stone's formula 

-i. /■ m\ + tO)-R{X-tO)]f,f)dX= \\T^^\k)ffdk, 

for f £ B. When e — 0, the left-hand side converges to {E {{ui , bi)) f , /). Therefore, 
so does the right-hand side and 

{E{h)fJ)^ [ ||J-(±)(fc)/||2dfc. 
Since the end points of {ai.bi) are eigenvalues, we have adding these formulas 

/•OO 

(ii;((0,oo)\UA„e.,(H){A„})/,/) - / \\F^^\k)ffdk. 

Jo 

Let Pac{H) be the projection onto the absolutely continuous subspace for H . Then 

£;((0,^) \ yJx,^ea,(H){K}) = Pac{H). 

Therefore, we have 

{Pac{H)fJ)= ||^W(fc)/fdfc, 

Jo 

which proves (2), (3). 

Let / e C^{M). By (IXII)) . (IXiSl) and Theorem 2.1 (2), we have 

Tf\k){H - k')f = T^f2eU)^k)Q,{k' ± tO){H - k')f 

To prove (4) for / G D{H), we have only to approximate it by a sequence in 

Theorem 3.8 and Lemma 3.11 imply that J^^^^k) G B(S;hoo). Therefore, 
J-(±)(fc)* € B(hoo;i3*). This and (4) yield (5). 

To prove (1). we have only to show that Ran J^'*^ is dense in ji, since Ran J^*^*^ 
is closed by (2), (3). The idea is the same as the case of Lemma 1.3.19. For the sake 
of notational simplicity, we assume that there are only 2 ends, A4i with regular 
infinity and with cusp. Suppose 

(^i(fc),(p2(fc)(^2,o) e =L2((o,oo);L2(Afi);dfc) x ^^((o, oo); C; dfc), 

where 952,0 — |A/2|^^/^ is the eigenfunction of A^/a associated with zero eigenvalue, 
is orthogonal to RanJ^^+^ Let {ei,e2,---} be a complete orthnormal system of 
L2(Mi), and put 

¥'l,n(fc) = {'fil{k),en)L'^(Mi)- 

Let C{ip) be the set of Lebesgue points of V' G Ljodi^, 00)) introduced in the proof 
of Lemma 1.3.19. We take 



ee (n- i£(^i,„)) n {ci\\Mk)\\hiM,))) n (/:(^2)) n (£(1^21')). 

Let {xj}j=o partition of unity from (j3.15l) . We fix m arbitrarily, and put 



^2,0, 



122 



3. MANIFOLDS WITH HYPERBOLIC ENDS 



a, /? being arbitraily chosen constants. We further put 

Then, as can be checked easily, gi G L2,(i+«)/2^ g^j^^j \yy Theorems 3.8 and 3.10, ui is 
written as ui = R{P + iQ)gi. Moreover, etting J^'''^\k)gi = {Ci{k), C2{k)ip2.o), we 
see that {Ci{k),C2{k)(p2,o) is an L'^(Mi) x C-valued continuous function of fc > 0, 
satisfying 

(3.50) (Ci(£),e„) = Srana, C2{£) = p. 

By our assumption, {ipi{k),ip2{k)'-P2fl) is orthogonal to J^^'^\k)EH{I)ge, I being 
any interval of (0,cx)). Hence, 



{vi{k),Ci{k))L2(^M,) + Mk)C2{k)j dk = 

for any interval / C (0, oo). By the same arguments as in the proof of Lemma 
1.3.19, we then have 

1 



yJ Mk)C2ik)dk^ip2{e)p. 

The 1st term is computed as 

1 r\Mk),Ci{k))L2^M,)dk^^^ ['^\Mk),Ci{k)-Ci{£))L2^M,)dk 



1 

Ye 



— e 

i^iik),Ci{i))mM^)dk. 



2(Afi) — ^i,mik)o., hence 



1 

Ye 



We also have 



- {ipi{k),Ciik)-Ciie))L2(^M,)dk 



< 



2e 



1/2 



\fi{k)\\l2i^M,)dk 



2e 



1/2 



\\C,ik) - C^ml.^J,,^^dk 



The right-hand side tends to 0, since £ is an Lebesgue point of ||</'i(^)IIl2(jv/j-), 
and Ci{k) is an L^(Afi)-valued continuous function of fc > 0. We have, therefore, 
obtained that 

Since a, /3 and m are arbitrarily, we have ipi{£) = 0, ^2{pi — 0, which completes 
the proof of (1). The proof of (6) is the same as Theorem 1.3.13. □ 
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3.5. S matrix. As in Chap. 2, we can prove the existence and completeness of 
time-dependent wave operators and introduce the Radon transform associated with 
H. We give a breif sketch of the proof later. Here, instead of this time-depedent 
approach, we construct the S-matrix by using the generalized Fourier transform. 

The following theorem is proved in the same way as Theorem 1.4.3 with -Fq^"^ (fc) 
replaced by J-^^\k), and is a generalization of the modified Poisson-Herglotz for- 
mula. 

Theorem 3.13. If ^ (Tp{H), we have 

.F(±)(fc)6-hoo, 

{ueB*;{H^ k^)u ^0}^ J-(±)(fc)*hoo. 

We derive an asymptotic expansion of solutions to the Helmholtz equation. Let 
Vj be the differential operator defined by 

= [HfreeU) , Xj] " XjVj (1 < J < iV), 

where Vj is defined by p.36p . We put 



(3.51) Mk) = £ l^^j P,r. ^ [^^j (/-P.o), 

where is the Laplace-Beltami operator on Mj and Pj^ is the projection onto 
the zero eigenspace for Am, . For 1 < j,l < N, we define Sji{k) G B{L^{Mi); L'^{Mj)) 

by 



(3.52) S,i{k) = 



^.FW(fc)(FO*(.F};i(,)(fc))*, ^^ + l<J<N. 



Theorem 3.14. For ^ = (t/'i, • • • ,?/'Ar) G hoo; the following asymptotic expan- 
sion holds: 



N 



(j-(-)(fc))> = ^(.Fj-)(fc))>, 



TT ^ — ' TT ^ — ' 

^^c.+ (fc)^5:x,y("-^)/^-^^-5,.(fc)^, 
J=l (=1 

N N 

J=/*+l 1=1 
Proof. First note that by p.44p 

(3.53) {F^-\k)y = X, (-^Uo) W)* + Rik- + ^(^m* (-^Uo)(fc))* ■ 
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By (IMII), for 1 < J < M, 



m=0 



m— 1 



and by (|3121), for ^ + 1 < j < TV, 

(3.54) (•^Uo-)W)*^=4=y^"-^^^^-"^- 



/27r 

Since jF^~\k)* £ B(hoo;S*), we have only to prove the theorem for -0 = 
('01, ■ • • , V'A') G hoc such that for 1 < j < Pj^mipj = except for a finite number 
of TO. By using Chap. 1, p.6p . (I4.15P and (|4.18p . for 1 < j < fi, one can show 

H;io)(^))*^.-7-(%("-^^/^+^v. 

(3.55) . -2»fc 

m>l ^ ^ 

We apply (|3?54l) and (|335| to the 1st term of the right-hand side of (|333l) . To the 
2nd term, we apply Theorem 3.10. We then have, for 1 < j < /x, 

(^j-)(fc))*^, ^ l^^_(fc);^^.y("-i)/2+»'=^^. 

_!^^^(fc)^^,j,("-i)/2-fc§,^.(fc)V,^. 

TT ^ — ' 

(=1 

ik ^ 



IT < ' 



TT 



Similary, one can show, for /i + 1 < j < iV 

ik 



■TT ' * 



1=1 



■h ^ 

Y: xiy^--'^"^''s,,{k)^,. 

Summing up these two formulas, we obtain the theorem. □ 

We define an operator-valued N x N matrix S{k) by 
(3.56) S{k) ^ {S,i{k)y 

and call it S-matrix. This should be more properly called the geometric S-matrix 
in the context of Chap. 2, §6. This is a bounded operator on hoc. Similarly to 
Theorem 2.7.9, we have the following asymptotic expansion. 
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Theorem 3.15. (1) For any u ^ B* satisfying {H — k^)u = 0, there exists a 
unique tp^"^^ = {■tp^\- ■ ■ , ip^^^) € such that 

fi N 

j=i i=A«+i 
n N 

j=i i=M+i 

(2) For any ^^~"> € hco, there exists a unique G h^c and u G B* satisfying 
{H — k^)u = 0, for which the expansion (1) holds. Moreover 

^(+) = S{k)xl}^-\ 

Proof. By Theorem 3.13, u e F'--\kY'h^. Using Theorem 3.14, we prove the 
result. □ 

Theorem 3.16. S{k) is unitary on hoc. 

Proof. Let u € B* such that {H - P)u = 0. By Theorem 3.13, u = 
J"(+)(A;)*V^+\ V"'"^' e hoo. By similar arguments as in Theorem 3.14, with J^'"*"^ (fc)* 
instead of J^^~^k)*, one can show that there exists S such that the ex- 
pansion in Theorem 3.15 (1) holds. In particular, ■^(+) = S{k)tp^~\ This means 
that S{k) is onto. 

Thus, we have only to prove that S(k) is isometric. Take ■0'^) = {ip[ \ - ■ ■ , ip\^ ' ) € 
such that for 1 < j < fJ,, Pj,m4'j~^ = except for a finite number of m. We put 
foT 1 < j < fj. 

i PjM'\ (m = 0) 

""'""1 (^)""r(i + ifc)P..^]-\ (m^O) 

m>l 

Then, as y — >■ 0, 

a;_(/c)x,(y)y("-i)/^+^Vi"^. 

For n + l<j<N,we put 

(3.57) uj.-) = J_^\k) xj 

and define 

TV 

u(-) = Ew5"\ f = {H - e)u^-'> e B, 

u^+^ = R{k^ + iO)f, u = u'^+^ - u'^-\ 
^(+) = T^+\k)f. 
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Then, by Theorem 3.10, u and i/)*^*^ give the expansion in Theorem 3.15 (1). Lemma 
3.11 imphes 

_ 1 

Here we have used the fact that 



since m*^^^ is incoming. Now we do the same computation as in Lemma 3.11. Let 
Xr. be as in the lemma. Then, 

N 

Recall that 

[HfreeU^.XR] = ^ l^X' ( g|) (i^. " ^) + 0( | log i?| -) . 

Then, for 1 < j < /i, using the fact that u^^^ has the form p.57p . we have 

ixAHfreeU),XR]X,ui-\ui-^) = ^ {^) U^'K U^^^ 0(1) 



2ik 



\ogR 



Jo Vlogi?/ y 



^(-'|P + o(l) 



where, at the last step, we use equation (|4.18p of Ch. 1. 
Similarly, for /i + 1 < j < iV, 

{xAHfreeU),XR]XjU^'\u^'^) = ^ 1 1 ^j"' II ' + o(l) . 

Taking i? ^ oo, wc obtain HV'^+'H = IIV'^^-'II- □ 
Corollary 3.17. J"(+)(fc) = S{k)T^-\k). 

Proof. The above / satisfies = J^^^\k)f. Since = and, by 

([3381) . V*"^ = F^-\k)f, the corollary is proved. □ 

3.6. Wave operators. We briefly look at the temporal asymptotics of e~**^^/ 
for / G HaciH). Let {xj}jLo be the partition of unity given in Subsection 3.2. We 
can then show that 

(3.58) IIXoe"'*^/|| ^ 0, as t ±oo. 

In fact, by approximating /, we have only to consider the case that / G D{H) n 
UaciH). In this case, we have Xoe"^*^/ = Xo{H + i)-^e-'^^{H + i)f. Since 
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{H + i)f e T-Lac{H), we have xoe + i)f ^ i) weakly as t -J> ±cx). As also 

Xo{H + i)^^ is compact, this proves p.58p . It then implies 

N 

||e-'*^/-^X,e-'*^/||^0, as i ^ ±00. 

Consider the behavior of x^e '*^^/ on the end Aij. Suppose Aij is a regular end. 
Then the argument in Chapter 2 Subsection 8.3 works well without any essential 
change, and one can show that, as i — > 00, 

Similarly, for g e L'^{Mj), 

(ri— 1)/2 roo 



^ 0. 



^ 0. 



Taking 5 = (•T^/reeO))*-^^ ^^^^'^ 1™^*^ imply 

We can prove similar formulae when Aij is a cusp. This means that, in the long- 
run, the waves disappear from compact parts of the manifold, and, on each end, 
they behave like free waves. 
Similarly, we can prove 

s - lime**^x,e-**^^^^^ - i^^^^Y^i^^ t 
and, therefore, there exist the wave operators, 

N N 



(3.59) =s-lim^e"^x.e-^*^'^ = E(-^rT-^}:i 



Since ^''fYle{j) ^^'^ unitary, it follows from Theorem 3.12, that and W± are complete: 

RanM^i =Hac{H). 

As in Chap. 2, §8, we construct T± from and define the Radon transform 

by the formula 

y ZiT J-00 

Then Theorem 2.8.9 also holds on M. 

4. Cusps and generalized eigenfunctions 

In the following two sections, we consider the case in which M has only cusps 
as infinity. We use the same notation as in the previous section, and for the sake 
of simplicity assume that A4 has only one cusp and the manifold at infinity M 
satisfies \M\ = 1. In this section z denotes a point in Ai. Moreover, we assume: 

(C-1) The end Mi is identified with M x (l,oo) and the metric of M is 
(4.1) ds' - J2 9^A^^)dz'dz= = W + 
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where we typically use local coordinates z — {x,y), x — {xi, . . . , Xn-i) being local 
coordinates on M. 



4.1. A remark on the S-matrix. In Theorem 3.15, we have proven that for 
A; > such that fc^ ^ <^p{H) and u E B* satisfying [H — k^)u = 0, there exist unique 
constant functions G PqL^{AI) such that 

(4.2) u ~ c^i")(fc)y("-i)/2-»'=V^(-) - 4^)(/fc)y("-i)/2+^'=^(+), J^\k) = ±^\/j. 

w^\k) has natural extension to < 0. Then taking u{k) = u{—k), we obtain, for 
fc < 0, a solution to {H — k^)u = which also satisfies (|4.2p . With this in mind, we 
change the notion of the S-matrix as follows. Let 

(n-1) 



2 



Then, for any ^ fc S R, such that fc^ ^ <Tp{H), dimA/'(fc) — 1, and one can choose 
a basis u{z, k) € A/'(fc) satisfying 

(4.3) U ~ y("-l)/2-^fe + §(fc)y("-l)/2+''=, 

5(fc) being a complex number of modulus 1. Traditionally, we put 

(4.4) 5(s) = 5(fc), s = (n-l)/2-ifc, 
and call it the S-matrix. 



4.2. Eisenstein series. We put 

y^ap(i/) = {CeC;C'eap(i?)}. 

Let X € C°°((0, cxo)) be such that x{y) = for y < 2, x(2/) = 1 for y > 3. We define 
for fc > and e > 

(4.5) ^(z, k-ie)^ xiv) y - i?((fc - lef) [H, x] ) . 

Due to (C-1), svLpp{[H,x]) C M x (2,3) and this function ip satisfies 

{H - {k-ief)tp{z,k-ie) ==0. 

By the reasoning to be explained in the next section, this function is called 
an Eisenstein series. As a function of fc — ie, this is meromorphic in the lower- 
half plane and has poles at yJap{H) n C_. Note that in the standard notation, 
we put s = (n — l)/2 -|- i(fc — ie) and regard 1^9 as a meromorphic function on 
{s € C ; Res > (n — l)/2}. By the limiting absorption principle, letting e — 0, 
(p{z, k ~ ie) is continuously extended to R \ (jp{H). 

Using the definitions dSH]), (EH]), (g^, and (IXiS)) with V ^ 0, we have, for 

ke{0,(x,)\y/^jH), 

J^(+){k)f = ^f ^{i;k)f{z)dM. 
\J 111 Jm 

Hence, by Theorem 3.12 we have the following theorem. 
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Theorem 4.1. maps UadH) onto L^{{0,oo) ; Po{L^{M)) ; dk). For any 

f G L^{A4), the inversion formula holds: 

1 f°° ~ 

f{z) = -= / ^{z, k)f{k)dk + Y^if, v^ov'z, 

J{k) - / RI7fc)/(z)dX, 

where -tjji is a normalized eigenvector of H . 

4.3. Theory of quadratic forms. Let us recall the theory of quadratic forms 
associated with self-adjoint extensions of symmetric operators. For the details, see 
e.g. |Ka76) p. 322 or [Is04a , p. 38. Let _D be a dense subspace of a Hilbert space 
Ji. A hermitian quadratic form a(-, •) with domain D is a mapping : Z? x Z? — > C 
satisfying 

a{Xu + /if, w) = Xa{u, w) + ^a{v, w), A, G C, u,v,w D 

a{u, v) — a{v, u), u,v D. 

A hermitian quadratic form a(-, •) is said to be positive definite if there exists a 
constant C > 0, such that 

a{u,u)>C\\u\\^, u<=D. 

In this case a(-, •) defines an inner product on 13. If Z3 is complete with respect to 
the norm ||w||a = a{u, u), a(-, •) is said to be a closed form. We say that a{-, •) is 
closable if, for any sequence Un (z D such that — >■ 0, — Mm||a — > 0, we have 
llunlU — > 0. For a closable form a(-, •), we define a subspace D by 

U E D 4==^ 3Un e D S.t.||u„ — u|| — > 0, \\Un — UjnWa 0. 

For u,v € D, there exist Un,Vn G D such that m„ — m, w„ — s- v, — u,n||a — 0, 
\\vn ~ Vm\\a ^ 0- Then, the quadratic form, defined by 

a{u,v) ^ lim ,a{um,Vn) 

m.n— foo 

can be shown to be positive defnite and closed and is called the closed extension of 
a(-, •). Then the following theorem holds. 

Theorem 4.2. Let a(-, •) be a positive definite closed form with domain D. 
Then there exists a unique self-adjoint operator A such that D{A) C D and 

a{u, v) = {Au, v), u e D{A), v e D. 

Moreover D = D{A^^^). 

A quadratic form a(-, •) with domain D is said to be bounded from below if 
there exists a constant Cq > such that 

a{u,u) > — Co||m|P, Vu G D. 

In this case the quadratic form •) defined by 

b{u, v) — a{u, v) + {Co + l)(u, v) 

is positive definite. a(-, •) is said to be closable if so is 6(-, •). Let •) be the closed 
extension of 6(-, •) . By Theorem 4.2, there exists a unique self-adjoint operator B 
such that D{B) C D and 

b{u, v) = {Bu, v), ue D{B), V e D. 
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Letting 

a{u, v) = b{u, v) — (Co + l)(w, v), 
A = B-iCa + l), 
we have D{A) = D{B) C D, and 

A>-Co, a{u,v) = {Au,v), ueD{A), v e D. 
We call A the self-adjoint operator associated with a(-, •). 

4.4. 0-mode boundary value problem. We show that the Eisenstein se- 
ries if(z,k) is meromorphically extended to C with respect to k. Following the 
arguments of C0I8IJ, we consider the boundary value problem as below. 

Recall that Ai is assumed to be 

(4.6) M = ICUMi, Mi = Mx{l,oo), \M\ = 1, 

where JC is compact. We can assume that 

/cn (M X (2,00)) = 0. 

Take a > 3, and put 

Mfnt = JCU (M X {l,a)), M'^^t ^ M X {a, 00), = M x {a}. 
Using the projections Pq and P' on L^(M), 

{Po^){x) = f i^{x')dM^,, P' = l- Po, 

J M 

we define the following Hilbert space: 

n = L\Mi^t) ® {p' ® i'^)l\m:,,) C L\M), 

with TT : L'^{Ai) — > Ti. being the associated orthogonal projection. Here, for any b > 
0, ly is the cut-off projector, in the y-coordinate, onto y > b. To define the Sobolev 
spaces H"''{A4), we use representation (14. 6p of A4. Namely, if t/;, Z = 1, . . . , L, is a 
coordinate covering of M, we use, as a coordinate covering of A4, 

L+P 

M= U Ui, 
1=1 

where Ui = Ui x (l,oo), I = 1,...,L; {Ui\^^^^^ being a coordinate covering of 
M-l^^. Using the corresponding decomposition of unity, 

L+P 

l=^*,(z), supp(*OcZ^i, 
1=1 

where we assume, for y > 2, ^!i{x,y) — ipi{x), supp(V'i) C Ui, I — we 
define 

L+P 

Here H"'^{Ui), I = L + 1, . . . , L + P, are usual Sobolev spaces, while 

I q| <m 

where Di — ydi, i — 1, . . . ,n. 



4. CUSPS AND GENERALIZED EIGENFUNCTIONS 



131 



Note that, if m = 1, is equivalent to the classical invariant definition of 

_ff ^ on a Riemannian manifold, 



(4.7) WfrmiM) 



\f\\hiM)+ I Wl'tdM ^ WfWh^j^^ 



M 



M 



Next we define 

n'"' := ttH"\M), m>l. 
Note that, with Im being identity on M and b> 1, {Im ® I^) f e H"'{M x (&, oo)) 



iff 



E 



{i + x',r\fAy)\' + KfM\' 



dy 

— < oo. 

yn 



Here f{x,y) = Y.j=o fjiy)(l^ji^)^ for V > f^- Thus, 

(P'(»/^)H™ ^ i/"(M X (6, c5o)), b>l. 

Also, if u e H™, then d^y{P' ® Iy)u, < j < m — 1, is continuous across 
r°, a > 6. 

We define a quadratic form /(.,.) with domain "H^ by 

= {du,du)L2(M-^^) + \\u\\h(Mf^^) 



see (|4.7p . Then /(.,.) is a positive definite closed form on "H^, and ■) is equiv- 
alent to the H^-norm. Hence, by Theorem 4.2, there exists a unique self-adjoint 
operator L such that L > 1, D{L^/^) = and 



We introduce the set 1?^ by 



(4.8) 



DL = {uen^; {dy{Po <E) Iy)u) (a - 0) - 0}. 



Here, for w G H^{M x (a, a + 1)) or u; e H^{M x (a — 1, a)), ii;(a± 0) is defined by 

w(a ± 0) = lim wi-, a ± e). 

Lemma 4.3. (1) L has compact resolvent. 

(2) D(L)^Dl. 

(3) If C ^ ^{L), for any f <E % and A G C, there exists a unique solution u G Dl 
of the following boundary value problem 



(4.9) 



(n 



- A„ 



4 

{n-lf 



+ l-C){P' ®l)u = f zn Mt,t, 



' 4 
[ {dy{Po<S)Iy)u)ia-0)^ X. 

The solution u = u(z,C, A) is analytic with respect to A and meromorphic on C 
with respect to C, with possible poles at cr(L). 

Proof. By (|4.ip . if y > 1, the inverse to gij is, For y > 1, the metric takes the 



form 



(5u) = 



h,,{x)/y^ 
l/y^ 
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Therefore, its inverse is 



To show the compactness of the resolvent, we have only to show that if {uj} is 
a bounded sequence in H^, it contains a subsequence convergent in T-L. Since P™ 
is the projection onto the the eigenspace corresponding to m-th eigenvalue Am of 

—Am, we have, for u £ H^{A4) and R > a, 

Mx(B.,od) Jmx{R,oo) y 

/"OO T 

m=o y 

> Aii?2 f \{P' ®Iy)u\^dM. 

Jmx{R,oo) 

By the above inequality, for any e > there exists R > I such that 
sup / \{P' (g) Iy)u-i\'^dM < e. 

j Jmx{R,oo) 

On \ Af X {R, oo) we apply Rellich's theorem to extract a convergent subsequence. 
This proves (1). 

Any u e D{L) is written as u = L^^f for some f E H. It satisfies 
(4.10) l{u, v) = {Lu, v) = if, v), yveH\ 

Taking v from C^{Mf„t) and {P' «) Iy)Cg° (M'^^t) : ^e see that 
(n - 1)'^ 

(-Ag- ^ ^ ' +l^C)u^f weakly in X^„„ and M^^,. 

Therefore, u S Hl^iMf^,), {P'(g>Iy)u € Hl^{Ml,,). Take v = vMxiy) (™ > 1), 
where x € C'^((2,cx))) and (pm is the eigenfunction associated with A„i. Then 
from (|4.10p . we see that {u{- , y) , ip^^) satisfies a 2nd order differential equation on 
(2,oo). Therefore, we have that {P' (g) Iy)u G Hf^^{M x (2,oo)). We then have 
u G H^{Mf„t) and, by Theorem 2.1.3, u = {P' (g) Iy)u e H^{Ml^t)- By taking 
V E {Pq® Iy)C°°{M X (2, a]) such that w = for y < 3 in (|4T0| . and integrating 
by parts, we have 

((y("-2a,(Po ® (a - 0), v) ^^^^^^ = 0. 

Therefore, (9y(Po /y)?/) (a - 0) = 0. These facts prove D{L) C Dl- 

Take u e Dl and put /i = (-Ag - (n - 1)^/4 + l)u for y ^ a. Then by 
integration by parts, we have 

liu,v) = {h,v)n, yven\ 

Since l{u,v) ~ {L^^'^u, L^/^v)-h, we then have 

\{L^/^u,L^^^v)n\<C\\v\\n, Vw e 

with a constant C independent of u e = D{L^/'^). This shows that L^^^u G 
D{L^/^), which proves Dl C D{L). In particular, we have proven for y ^ a 

Lu={-Ag- ^ ' +l)u, ueD{L). 
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The uniqueness in (3) follows from ^ ^ '^{L). Indeed, if wi,M2 be two different 
solutions, then Ui — U2 G Dl would be an eigenfunction of L. To show the existence, 
we take ri{y) e C°°{M°;,^^) such that 77(7/) = for y < 2, 77(a-0) = 0, {dyVi){y-a) 
1, and ri{y) = in M%^^. Let 

A,-^^ + l-C)^ in Mt^,, 
in M°,„ 
and put 

(4.11) u = u(z, C, A) = Ax(y) + (i - 0" V - A(L - C)" 

This is analytic with respect to A and mcromorphic with respect to C,. □ 
For < a < /3 < 00, we put 

C/S^-{CeC;a<ReC</3, < ±ImC}. 

Lemma 4.4. On M x (0, 00), we consider Hq — —y^{dy + Am) + {n — 2)ydy — 
(n-l)2/4, andRoiC) = {Ho-Cy^. Suppose f G C^{M) satisfies supp/ C Mi = 
M X (1,00). Let p{y) S C°°((0,cx))) be such that p{y) = for y < 2, p{y) = 1 for 
y > 3. Then, for any < a < (3 < 00, there exist e > 0, C > such that 

piy)iiP'®Iy)Ro{Of)ix,y)\<Ce-^y, C e U^^^\ 

Proof. By (ITT2)) . 

u{x, y) := (P' ® I-y)R^{C + iO)/ = ^ (^^(a;) (Go(v/a:;, i^)/„) (y), 

m>l 

with = ^*VC, where Gq{C,,v) is defined by Definition 1.3.5. Then we have by 
Chap. 1, (I3lil) 



\\<-.y)\\h(M) = E iGo(VA;;:,^^)7™(y)i' < Ce-^^. 

m>l 

Note that supp/m(y) is away from 0, and the singularities of I^{y), K^{y) at y = 
do no harm. Since, for any q > 0, ||A^u(-,y)|p is estimated in a similar manner, 
by Sobolev's inequality we have \u{x,y)\'^ < Ce~'^^. □ 

4.5. Meromorphic continuation of the Eisenstein series. Here we pass 
to the traditional parametrization. For a subset £ C R, we write 

— — ± = Is C,C: s{n-l- s) - ^ e E 

2 I 4 

Let A = L — 1 ~ ^""^^^ , and put 

S(A) = ^±y^^, l](i/) = ± V^^, 

£ = |s e C; Res = ^^^}, C± = \^se£; ±Ims > o|. 

Note that S(iJ) = £Ul]d(iJ), and that S(A) is a discrete set, since a-{A) is discrete 
by Lemma 4.3. 
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In view of (14.51) . we define for {Res > {n - l)/2} \ Sp(iJ) 

E{z, s) = x{y) y'-{ ~Ag- s{n - 1 - s))-' [-A,, x(y)] 

= ip{z,k-ie), 

where s — {n — l)/2 + i{k — ie) (e > 0). By Theorem 3.8, E{z,s) is extended to 
£\ (l]p(ff)U{(n-l)/2}). We take s = (n - l)/2 + ifc e £ \ (Sp(ff) U {(n - l)/2}). 
Since (— Ag — s{n — 1 — s))^^ / satisfies outgoing radiation condition, 

Comparing with ()4.3p . 

£'(z, s) ~ + 5(s)y"^-^^'', as y — )• oo. 

By Lemma 4.3, for s ^ ^(A), there exists a unique solution v — v{z,s) G 
of the following boundary value problem 

( {-A,- s{n- I- s))v{z,. s)^0 in X^„„ 

(4.12) I (- Ag-s(n-l-s))(P'$5/i)z;(z,s) = in X^,,, 

We define 

(4.13) Xais) = (^{Po®ll)vya-0,.s). 

By Lemma 4.3 (3), Aq(s) is meromorphic on C with respect to s with poles in S(^). 

Lemma 4.5. (1) For s e C \ (E(yl) U ^p{H) U {(n- l)/2}), we /law 
(4.14) 



sa* + (n - 1 - s)a"-i-''5(s) ' (n - 1 - .s)Aa(.s) - 1 ' 

(2) Letting v{z,s) be the solution to {4^.12^ , we have 

S(z,s)- (^sa(s)-(n-l-s)5(s)a^" ^ <^ ^ 

('^j 5(s) anc? E{z,s) are extended to meromorphic functions on C. 
Proof. Lemma 4.4 implies 

\{P' ®I^)E{z,s)\<Ce"y, e>0. 



Hence, we have 



(Po ® I^)E{z, s)^y'+ 5(s)y"-l-^ 



On the other hand, for y > 3, 

{-y^dl + {n- 2)ydy - s[n - 1 - s)) (Pq ® Iy)E[z, s) = 0. 
Therefore, we have 

(4.15) (Po ® ll)E{z, s) = + 5(s)y"-l-^ 

since any solution of the equation (^—y^dy + (n — '2)ydy — s{n — 1 — s)) u(y) = is 
written uniquely by a linear combination of j/* and Let 

(E{z,s) in Mf^t, 

\{P' ®I'^)E{z,s) in X:,,. 
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Then u ^ Dl, and 

(- Ag-s(n-l-.s))u-0 in M^, 
{-\-s{n-l-s)){P' ®l)u^{) in Mt^t, 
{ydy{Po®Iy)u){a-Q,s) = sa' + [n - I - s)S{s)a''-^-\ 
Comparing with (|4.12p . we obtain, by the uniqueness, 
(4.16) u = {sa' + (n - 1 - s)S{s)a''-^~')v. 

Using (|4.15p . we obtain (1). The assertions (2) and (3) are direct consequences of 
Lemma 4.3 (3), (|4.16p and the meromorphy of Aa(s). □ 

Lemma 4.6. Xa{s) eH for s £ C \ 'E{A) and Aa(s) = Aq(s). 

Proof. Note that if w G Dl, then v g Dl, and also that s{n—l — s) g R if s S £. 
Then, if v{z,s) satisfies (|4.12p . so does v{z,s). By the uniqueness, v{z,s) is then 
real- valued. This proves that Aa(s) G R. As, for s G C, s{n ~ 1 ~ s) — s{n — 1 — s) 
it follows from (|4.12l) that Aa(s) = Aq(s). □ 

Theorem 4.7. S{s) is holomorphic onKes = (n — l)/2. 

Proof. Take si = {n—l)/2 + iki, 7^ fci e R, and suppose Aa(s) is holomorphic 
at si. It follows from Lemma 4.6 that Aa(si) is real. Then (n— 1 — si)Aa(si) — 1 0, 
hence by Lemma 4.5 (1), S{s) is holomorphic at si. 

Suppose Xa{s) has a pole at si = {n — l)/2 + iki, 7^ fci G R. Then Ka{s) = 
1/Aa(s) is holomorphic at si, and Ka(si) — 0. By the formula 



2s-n+l l^a{s) 



(4.17) Sis)^a 

n - 1 - S ~ Ka(S) 

S{s) is holomorphic at si. 

Suppose Aq(s) is holomorphic at sq — (n— l)/2. By Lemma 4.5 (1), if Xai^o) 7^ 
2/{n — 1), S{s) is holomorphic at sq, and S{so) = —1. If Xa{so) = 2/{n— 1), by 
the Taylor expansion Aa(so + w) = 2/(n — 1) + cw + 0(u'^). We then have 



iS(so + It;) = —a 



2w 



Since Aa(s) = Aa(s), we have c = 0. Therefore, S{s) is holomorphic at so and 
5(so) = 1. 

Suppose Aa(s) has a pole at sn = {n— l)/2. By (|4.17p . S{s) is holomorphic at 
So and 5(so) = —1. □ 

Note, since by Theorem 3.16, S{k) is unitary for k > 0, ^ (j,p{H), we have 
\S{s)\ = 1 a.e. on £. In particular, due to the proof of Theorem 4.7, iS((n— l)/2) = 
±1. 

To prove the holomorphy of E{z,s), we prepare an identity. Let v{z^s) be a 
solution to (|4.12p . and put 

w(z, s) = [sa' + (71 - 1 - s)a''-^-'S{s)) v{z, s), 

and, for fc G R, 

w{z, k) ~ w^z, — ^ h ifcj . 
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It satisfies the equation 

n~ 1 

(L — 1 — s(n — 1 — s))'w = 0, s = — h ik, 

and the boundary condition 

((Po ® Il))wia - 0, fc) = a("-i)/2+^'= + a("-i)/2-»'=5(^ + ^fc) , 

where we have used the definition of Xa{s) and Lemma 4.5. It also satisfies 

-n- 1 



{ydyiPo ^ Il)w){a - 0, k) + *A;)a("-i)/2+''= 

+ {^~^k)a(-^y^-^'^s{^+^k). 

Lemma 4.8. For fc, /i e R, the following formula holds: 
{w{-,k),w{-,h))-H 



(4.18) k-h 

- (..■"-'i(^|?T^--<'-'<^ - 

Proof. Letting Wo (?/, /c) — (Po®-^y)w|^^, we have, by integration by parts and 
Lemma 4.4, 

{Lw{k),w{h))n - iwik),Lwih))n 
1 



y:^\Wo{y,k){dyWo){y,h) - {dyWo){y,k)wo{y,h) 



y=a-0 



Using the equation and the boundary conditions, we have 
(k^ - h^){w{k),w{h)) 



= i{h + k) (^a^(''-'=)5(^ + ^k)s[^ + ih) - a^^^-'')^ 

+ i{h - k) (^a*(^-+")5(^ + ih) - a-^('=+'')5(^ + ik)^, 

which proves the lemma. □ 
Theorem 4.9. Eisenstein series E{z,s) is holomorphic on Res — {n ~ l)/2- 

Proof. In view of Lemma 4.5 (2), we have only to show that when /c — > /cq G 
E(yl), ||w(fc)|| is bounded. We prove this by first letting h k ^ and fc — > /cq 
in (|4.18p . Since S{s) is holomorphic and, by the unitarity, |iS(s)| = 1 on Res = 
{n — l)/2, the 1st term of the right-hand side of (j4.18p is bounded in this process. 
The second term is bounded when ko ^ 0. 

By the note after Theorem 4.7, S{sq) ~ ±1 for sq = (n — l)/2. Therefore, the 
2nd term of the right-hand side of (|4.18p is bounded when k,h ^ ko. □ 
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5. SL{2, Z)\H^ as a Riemann surface 

In this section we summarize the basic properties of the quotient manifold by 
the action of modular group 

SL{2, Z) I " J ^ ; a, 6, c, d e Z, ad - 5c = l| , 

where the action 5*^(2, Z) x C+ 3 (7, z) — )• 7 • z e C+ is defined by (|1.2p . In the 
following, I2 denotes the 2x2 unit matrix. 

5.1. Fundamental domain. Let M — 5'L(2, Z)\H-^. The fundamental do- 
main of Ai is the following set: 

7W/ = {z e C+ ; \z\ > 1,-1/2 < Rez < 1/2}, 

dM^ = dM{[JdMi, 

1 fl . V3 



^,rf r 1 v3 1 fi v3 1 

dM( =.|--+jj/;_<y<oo|u|- + iy; — <y< ooj. 



( |UmeOO| p. 241). We put 
Their actions are 

7^^) -2 = 2 + 1, 7(^).z = -i. 

z 

To get A4 from , we glue dM( by the action of 7'-"^^ i.e. —^+iy^ 5 + 
and 9Af/ by the action of 7^^-', i.e. e*"^ — e'*^'^"'^-'. We denote this identification by 
n, i.e. 

M=M^ /n. 

The resulting surface M has two singular points, pi — and p2 — n(e"/'^) = 
n(e2"/3). The nature of these singularities is clarified by the following lemmas (see 
[UmeOO] ■ p. 247, p. 251). We denote by (7) the cyclic group generated by 7. 

Lemma 5.1. SL{2, Z) is generated by 'j'^'^^ and 

Lemma 5.2. For w E C+, we put 

G^^{jeSL{2,Z);-fw = w}. 
That w £Mf and ^ {±12} occurs only for the following three cases. 



(1) w = i. In this case G-u 



-1 

1 



(3) w = e^'^*/^ In this case G^ = (^(^ ^ 0^ ) ) ' 
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Note that in the case w = i, the order of the group Gw is 2, wliile in the case 
w = e'^*/^ and e^'^^/^ (which are identified by 7^"^' and 7*-'^-*), the order of the group 
Gyj is 3. As a result, the point Pi has a vicinity C/j C M, i = 1,2, which can be 
represented as Ui = Vi\B{l/2), U2 = r2\-B(l/2), where Fi, r2 are the groups of 
rotations corresponding to Gi and G^^i/s, and B{r) is the ball of radius r > in C 
centered at 0. These introduce orbifold structure on A4, however, in this note, we 
do not issue these constructions further. 

5.2. Analytic structure. To introduce local coordinates on M, we consider 
3 different cases. 

1. Let Vo=Mf\ dMi, and L^o = n(yo). Define for p&Uo 

Co(p) = V'oC^) = e^^", p = n{z). 

Then, since two points — 1/2 + iy, 1/2 + iy are identified by the action of 7^^^^ Co(p) 
defines analytic coordinates on Uq. 

2. Let Vi = A^-^ \ dM(, and Ui = Il{Vi) be a neighborhood of pi = n(i). Define 

for p & Ui 



C,{p) = 'Mz) = , n(z)=p. 

Then, since two points e**^, e**^'^^'^\ where t:/3 < < n/2, are identified by the 
action of 7^"'^^ Ciip) defines analytic coordinates on Ui. 

3. Let V2 = M^' \ iR, and U2 = 0(1/3) be a neighborhood of p2 = n(e'^^/3^ = 
n(e2'^'/3). Define for p€U2 



C2{P) = ^2(2) = < 



z - e'''/^ 



e 



-27ri/3 



p = n(2;), Re2:>0, 



p = n(z), Rez<0. 



Since two points —1/2 + iy, 1/2 + iy are identified by the action of 7^"^-', and two 
points e^'f, ^^i-^-v) ^ where 7r/3 < < tt/2, are identified by the action of 7'^^, this 
C,2{p) defines analytic local coordinates on {/2. 

To check that (pi, Lp2 satisfy the desired analytical property, it is convenient 
to observe that (/Ji, ^p2 map the corresponding sectors of the circle 1^1 = 1 onto an 
interval of a ray emanating from 0. 

Since Ca o C^^ on CffiUa H Ujs), a, p = 0, 1, 2, are analytic, the local coordinate 
system {(t^a, Ca)}a=o makes M. a Riemann surface. 

5.3. Singularities as a Riemannieui manifold. By the metric 
,,2^{dxr + idyr ^_Mzd2 

y \z — zY 

M. becomes a hyperbolic space. However, we must pay attention to the points 
Pi,P2- By the above local coordinate Ca(p) = Vaiz), P = n(^;), a = 0,1,2, this 
metric becomes 



ds' 



(Im^)2|^'J^)|2- 
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Therefore, on the zeros of i.e. at i, ^2{z), i.e. e'^*/^, e^'^'^'^, this Riemannian 

metric has singularities. In these cases, 

C„ = Vo.{z) = T{zr+\ T{z) = 

z ^ w 

where w = i for a = 1, and w = e'^*/'^ and w — e^'^^l'^ for a = 2. In these cases, 
Therefore, dz/dQ = rr^{w — w)C}/"'^^ + • • • , hence 

Note that 1 < A < 2. The volume element and the Laplace-Beltrami operator are 
rewritten as 

, . dxAdy i , ^ i\dz/d(\ _ 
5.2 ^= dzAdz= ' / dCAdC 



(5.1) \f'a{^)f = 



= 0(|C|'), A = 2-^. 



92 _ 4(Imz)2 92 



(5.3) y^^a^ + a^) =4(Imz) , , „ 

Both of them have singularities at the corresponding w. However, the singularity 
of the volume element and that of the Laplace-Beltrami operator cancel, since we 
have, for C°°-functions f,g supported near w, 

We take small open neighborhoods Ui of pi, i — 1,2 such that Ui O U2 — 0. 
We construct a partition of unity {xq}q=o such that suppxa C C/q, a = 1,2, 
suppxo C Uq, and X]a=o = 1 on TM. In addition to the hyperbolic volume 
element, let 

(5.5) dv^"^ = ^dCa A dc:, 

and define a quadratic form a{u, v) by 

(5.6) aiu,v) - ^ fxcuv dV^"^ + Y. [ ' '^^e"^ 
where 

V = (9t,5,), (C = t + is). 
We can show that the quadratic form a{u,v) with domain C^{A4) is closable in 
L^{M, dvH)- Let a{u,v) be its closed extension, and the set of u such that 
a(w,it) < 00 equipped with the inner product (15.61) . This is the 1st order Sobolev 
space on M. By Theorem 4.2, we have a self-adjoint operator A such that a{u, v) — 
{Au,v)M,g for u € D{A), v £ . Then 1 — A is a self-adjoint realization of the 
Laplace-Beltrami operator Ag. 

When we deal with the perturbation problem of Ag, we should restrict our- 
selves to the case that the coefficients of differential of more than one order of 
the pertubation term vanish around z, e'^*/'^, e^'^'/'^. The precise assumption is as 
follows. 
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Let Hq = — Ag = —y^{dy + d^), and V a 2nd order differential operator on M. 
such that 

(M-1) H = Hq + V is formally self-adjoint. 

(M-2) Around i,e'^^^^ , e^'^^^^ , V is an operator of multiplication by a bounded real 
function. 

(M-3) Except for the neighborhoods in (M-2), V is a differential operator of the 
form : 

a,,{x,y)iyd,y{ydyy 

i+]<2 

\D'^a,j{x,y)\ < C„(l + |logy|)— Va, 
D = {D^,Dy) = {yd^,ydy). 
We define a self-adjoint extension of H through the quadratic form discussed 
in §4. This means that we perturb the hyperboHc metric on Ai except for neigh- 
borhoods of singular points so that it is asymptotically equal to the original metric 
at infinity. 

Since the measure dxdy/y^ has singularties at i, e^^^, e'^'^^^^, the following lemma 
is not obvious. 

Lemma 5.3. For any R > 1, let xr be the characteristic function of A4r\{y < 
R}. Then XR^iH + i)~^ is compact in L'^(A4;dxdy/y^). 

Proof. Assume that /„, n = 1, 2, • • • , are on the unit sphere of L^(A^; dxdy/y'^), 
and let m„ = (H -\-i)~^ fn. By Rellich's theorem, from {xR'^n}n>i one can extract a 
subsequence which converges in outside small neighborhoods of singular points. 

Around pi = i and p2 = we take local coordinate ^ = t-\-is as above, and for 
a sufhently smaU r > 0, let Br be a disc {i^ + s'^ <r'^}. Then, Hue L^{M, ^) 
has a support in B^., we have by (|5.2p 



(5.7) / \u\^dtds <C \u\^dvjj"\ 

J Br J B,. 

with a constant C > 0. By the Sobolev imbedding i/''(R") C LP(R"), where 
< s < n/2, p = 2n/ (n — 2s), we have 

(5.8) fl"i(R2) c i^(R2), Vp > 2, 

with continuous inclusion. 

We take a,fi such that -f /3~^ = 1, 1 < a < 2/A, where A is defined by 
(|5.ip . Then, by Holder's inequality, 

/ \u\^dV^^ <C [ r-^\ufdtds <C ( [ r-^'^dtds] ^ ([ \u\'^'^dtds) . 

Jbs Jbs \Jbs J \Jbs J 

Since Aa < 2, the 1st term of the most right-hand side tends to when (5 — > 0. To 
the 2nd term of the most right-hand side we apply (|5.8p . Then, for any e > 0, there 
exists S > such that 

/ Wfdvjj''^ <e( f \ufdV^"^ + f |Vw|2dt4")) , ueH\ 

Jbs \Jbs Jbs J 

Given the bonded sequence {u„} in the integral of |u„p over Bs can be made 
small uniformly in n. Outside Bg, we use the usual Rellich theorem. This proves 
the lemma. □ 
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5.4. Spectrum. By the above Lemma 5.3, the results m §3 and §4 also hold 

for H. Let R{z) = (H - z)^^ . 

Theorem 5.4. (1) a,{H) ^ [Q,oo). 

(2) ap{H) n (0, oo) is of finite multiplicity, discrete as a subset in R, with possible 
accumulation points and oo. 

(3) IfXe {0,oo) \ap{H), R{X±iO) € B{B;B*). 

5.5. Eisenstein series. We return to the case of Hq = —y^idy + 9^). Let 
G = 5L(2,Z), Go = \(\ "VneZ 



i.e. Go is the group of translations by n along the y— axis. 
Lemma 5.5. (1) For g ^ '^^ d ) " ( c' d' ) ^ 

g'g^^ G Go 3ri G Z s.t. a' — a = nc, b' — b = nd, c' ^ c, d! ^ d 

(2) ^ Q 1 ^ ' * ^ ^ ' l*^! ~ 1' '^^^ complete representative of Gq\G. 
Here (c, d) — 1 means that c and d are mutually prime. 
The proof is omitted. 

Let us note that for z — x + iy 

T y 

(ex + dy + c^y^ 
holds. The Eisenstein series is defined by 

(5.9) E{z,s)^ J2 (Im5-^)'=y^+ E 

[s]eGo\G (c,d) = l 

We show that it is absolutely convergent for Re s > 1 . 
Lemma 5.6. For \x\ < 1/2, y> y/3/2, cd ^ 0, 

y < 2 



{cx + dY + c?y'^ 



{cx + d)^ + c'^y^ - y/3\cd\' 
Proof. Letting r^ — x^ + y'^, we have 

{cx + df + C2y2 = ^2 + + > ^^2 > 3^2^ 

This together with the obvious inequality 

I I J\2 I 2 2^22 

[cx + d) + c y > c y 

proves 

{cx + df + c'y' > 1 (^cV + Id') > ^y\cd\. □ 
Lemma 5.6 implies the following lemma. 

Lemma 5.7. For Res > 1, the series i5.9\) is absolutely convergent and 
\E{z,s)-y'\<Cs, VzgX. 



142 



3. MANIFOLDS WITH HYPERBOLIC ENDS 



Since satisfies on H^, 

-A(y^)-5(l-s)y^ = 0, 

due to 5 e SL{2, Z) being an isometry on H^, 

-A (Im g ■ zY) - s(l - s) {Img ■ z)' = 0. 

In addition, (Inif^o ■ — Imz = y for go £ Gq. Tlierefore, by Lemma 5.5 (2), 
E{z, s) satisfies 

~AE{z,s) - s{l- s)E{z,s) = 0, onM. 

By Lemma 5.7, E{z,s) - y" G L°°{M) C L'^{M), in view of M having finite 
measure, L°°{M) C L'^{M). Therefore, for Res > 1 

E{z, s) = x{y)y' - Ro{s{i ~ s)){[Ho,xV)- 

Here i?o(C) = (^^o - C)"\ and x(y) G C°°((0,oo)) such that xiv) = for y < 2, 
x{y) = 1 for y > 3. This coincides with the Eisenstein series (|4.5p introduced in 
§4. By using properties of number theoretic functions and Poisson's summation 
formula, the S-matrix is computed as fohows (see e.g. |Iwa02| . p. 61). 

Theorem 5.8. For the case of Hq = —y^{dy + d^), we have 

^ r(s-l/2)C(2,s-l) 

^^') = ^ fisKm ' 

where C,{s) is Riemann's zeta Junction. 

Remark 5.9. For 3-dimensions, one can define a similar surface by using the 
Picard group 

SL{2, Z + iZ) = I ^ ^ ^ ; a, 6, c, d e Z + iZ, ad-bc^l 

where the action is defined by quarternios. The quotient space SL{2, Z + iZ}\H.^ 
is also an orbifold. See |EGM98j . 



CHAPTER 4 



Radon transform and propagation of singularities 

in 



The purpose of this chapter is to extend Theorem 1.6.6 to the asymptotically 
hyperbolic metric on R" in the sense of singularity expansion. 

1. Geodesic coordinates near infinity 
1.1. Geodesic coordinates. We shall study the metric 

(1.1) ds^ = (^{dxf + {dyf + A{x, y, dx, dy)^ 

on R" defined in Chapter 2, Subsection 2.1, i.e. the metric satisfying the condition 
(C) in Chap. 2. Our aim is to transform (|l.ip into the following canonical form 

(1.2) ds^ = y-^{{dxf + {dyf + B{x, y, dx)j 

in the region < y < yo, t/o being a sufficiently small constant, where B{x,y,dx) 
is a symmetric covariant tensor of the form 

n-l 

B{x,y,dx) = bij{x,y)dx'^dx^ . 

Passing to the variable z = logy, we rewrite the Laplace-Beltrami operator Ag 
associated with (|l.ip as 



i,3 = l 
n-l 

:i2 



+ 2 ^ a"'(x, e'')e'd^^d, + a""(a;, e')d^, 

i=\ 

up to 1st order terms. Then (g*-') in the variables x and z takes the form 
r e^^ (5'^ + h'^ (x, z)) , 1 < i, J < n - 1, 

(1.3) = \ e^/i*"(a;, z), 1 < i < n - 1, 

il + ;i""(x,z), z,j=n, 

where /i*-' (x, z) satisfies in the region z < 

(1.4) \dZdlh}^{x,z)\ < C„^W^(a;,z)~""'^(l"l+'^'^)-i-^°, 
and 

W^(x,z) = l + |z|+log(|:E| + l). 
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4. RADON TRANSFORM AND PROPAGATION OF SINGULARITIES IN 



(1.5) 



We define the Hamiltonian H{x, z, ^, rj) by 

H{x, z, ^,V) = 1 (e'leP + rf + h{x, z, v)) , 

71—1 71—1 

h{x,z,^,Tj)^ J2 e2^/^'-''(x,z)60+2^e^ft"(a;,z)e^?? + /i""(x,z)r,2. 

i^j — l i—1 

The equation of geodesic is as follows: 

( dx _ dH dz _ dH 

It ~ "a^' dt ~ a^' 

d^ dH drj _ dH 
^ dt dx ^ dt dz 
If h{x, z, ^, rj) — 0, it has the following solution 

x{t)^xo, z{t)^t, 77(<) = 1. 

With this in mind, we seek the solution of the equation (|1.5p which behaves like 
r x{t)=xo + 0{Wixo,t)-'-'), m^O{W{xo,t)~^-'), 
\ zit) = t + 0{Wixo, t)-'), Tj{t) = 1 + 0{W{xo,t)-^-'), 
as < — > — oo, where xq G R"^^, < e < Eq- Therefore we put 

J Ux{xn,t) = x{t) - a;o, Uz{xo,t) = z{t) ~ t, 
\ U^{xo,t) ^ C{t), U^{xo,t,) ^ r^{t) - 1, 

U{xo,t) = {Ux{xo,t),Uz{xo,t),U^{xQ,t),Un{xo,t)), 
, (dH dH dH dH^ 



dS, ' drj ' dx ^ dz 
and consider the following non-linear operator 

(1.6) 



x—Ux--\-xq,^—U^ ,z—Uz-\'t,V—Ujj'\-l 



{B{U{xo,-);xo)){t) = / A{U{xo,T),xo,T)dT. 



We shall look for the fixed point of the map : U — > B{U), i.e. 
(1.7) Uixo^t) = {B{U{xo,-y,xo)){t). 

We fix to < 0, and define the norm 

\\U\\t„^ sup [|t|+log(|xo| + l)]'^/V.(t)| 

+ sup [\t\+\ogi\xo\ + l)]'^%\U^it)\ + \U,it)\ + \U,it)\), 
and the space J-'tg of functions by 

J^to^U{t)^\\U\\t,<l. 

By (|1.4p . a simple computation shows 
dH 



dz 



< 



C\\U\\to {Wixo,t)-^-'° +e'W{xo,t)-'-') . 



Hence for any 6 > 0, there exists to such that for t < to 



\B{U{-),xoUt)\ < 



f 


dH 


J — oo 


dz 



dT<8\\U\\t,W{x^,t) 



-l-e 
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Using this estimate and (|1.4|) . we obtain, taking bigger |to| if necessary, 

\\B{U){t)\U, < S\\U\\t,, Vf/eJ-t„. 
Similar calculation implies 

\\B{U){t)-B{V){t)\U„<S\\U-V\U,, 

for ?7, y G Tt„- Then taking S < 1/2, B maps J^f^, into Ttg, and is Lipschitz 
continuous with Lipschitz constant < 1/2. Hence, there exists a unique fixed point 
U{t) = U{xo,t) e J^to of (|l-7p . By differentiating (|1.6p with respect to i, we see 
that for some constant C 

^Wixo,t)dtUixo,t) eJ't,. 
Differentiating (|1.7I) with respect to xq, we get 

(/ - Bu{U{xo, ■),xo))d:^U = xo), |a| = 1. 

For t < |to|, {I — Bij{U{xq, •), a;o)) is invertible, providing 

^W{xo,t)d:^U{xo,t) e Tto, \a\ = l. 

Iterating this procedure, we have the following lemma. 

Lemma 1.1. Choose |io| large enough. Then there exists a solution x{t), z(t), 
^{t), rj{t) of the equation hi .5]) for (xQ,t) G R"~^ x (— oo,to) satisfying 

\d^,dP,{x{t) -x,)\ + \d^,dh{t)\ + |5,"„9f (r/W - 1) I 
Lemma 1.2. As a 2-form on the region R"^-'^ x (— oo,to); we have 

ri-l 

d^i{xQ, t) A dx^{x(i, t) + dr]{xo,t) A dz{xQ, t) = 0. 

j=i 

Proof. Wc put ^ z, £^n = V and Xq ~ t. Then we have 

n 

^ d^, A dx' = ^[C, x]jkdxl A dxg, 
. , dS^ dx dS, dx 

Noting that 

d f d£, dx\ d^H dx"" dx' d^H de,^ dU 



dt \dxi dx^ J dx'dx"" dx^ dx^ d^^d^radx^Q dxi 
is symmetric with respect to j and k, we have 

By Lemma 1.1, — > as < — > —oo. Hence [S^,x\jk — 0, which proves the 
lemma. □ 
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Lemma 1.3. For large \to\, the map 

R""^ X (-oo,to) ^ {xo,t) {xixo,t),z{xo,t)) 

is a diffeomorphism and its image includes R"~-^ x {—oo,2to)- 

Proof. We show that this map is locally difFeomorphic and globally injective. 
Using inverse function theorem, from Lemma 1.1, we have that making \to\ suffi- 
ciently large, there are ro,fo > with the following properties; 

• For any x'^ S R"~-^, < ^Oi the map {x{xo,t), z{xo,t)) is a diffeomorphism 
from Br{x'Q,t'Q), the ball of radius r with center at (x'^jt'o), onto U C 
R"-i X {-(XI, to). 

• Bfg{x{x'g,t'Q), z{x'Q,t'„)) C U. 

Assume x{x'Q,t'o) = x{x'^^,t'^), z{x'Q,t'„) = z{x[{,t[',) for some (x'o,i'o) ^ {xo,t'^). 
Then by Lemma 1.1, it follows from the 2nd equality that jig — t'^l < r/4 if \to\ 
is sufficiently large. Therefore by local injcctivity, \x'q — Xq\ > 3r/4. Using again 
Lemma 1.1, we see that for sufficiently large \to\, \x{x'q, t'o) — x'q\ <r/A, \x{xq, Iq) — 
Xq\ < r/4. This leads to a contradiction. □ 

Let xq — xq{x, z), t — t{x, z) be the inverse of the map : [xq, t) — > (x, z). We put 
^(x, z) = ^{xo{x, z),t{x, z)), etc. for the sake of simplicity. Since ^idx^ + "fldz 

is a closed 1-form by Lemma 1.2, we have 

d^^d^^ d§i^dri^ l<j,A:<n-l. 

dx'' dx^ ' dz dxi ' ' 

Recall 

Un{x,z) = ri{x,z) - 1 



7' 

J — c 



3H 

— {x{xo,s),z{xo,sU{xo,s)Mxo,s))ds 



xo=xo {x,z),t=t{x,z) 



and define ^{x, z) by 



^{X,Z) = Z + I Ur,{x,Z + T)dT. 

J — CO 



Lemma 1.4. For z < 2tQ, we have 

(1) d^^{x,z)=i{x,z), 

(2) d,^{x,z) = n{x,z), 

(3) H{x,z,d,^ix,z),d,^,{x,z)) = 1/2, 

U) \dSd^{^{x,z) - Z)\ < C„^(|Z| +l0g(|x| + l))-^/2-mi„(|a|+/3,l)^ ^_ 

(5) ^{x,z) = t{x,z). 
Proof. We have 

a* f° dr] 



J -^{x,Z + T)dT = ^j{x,z), 



a* _ ^ , r° dr] 

J — c 



dz j g:^ix,z + T)dtT = r]{x,z), 



which prove (1) and (2). 
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Since x{t), z{t) and ^{t),i]{t) are solutions to the equation (jl.Sp . H{x{t),p{t),£_{t),r]{t)) 
is a constant, which turns out to be 1/2 by letting t — ?> — oo. This proves (3). (4) 
follows again from Lemma 1.1 due to the fact that 



( _ Id] < C^sW{x, ^)-^/2-min(|7|+5,l). 

\d{xo,t) J 



Using (1), (2), we have 

a* _ dx 9* dz 

dt dx dt dz dt 

dx dz 
= C(x,z).-+,y(x,z)- 

^, , dH , ,dH 
= g'^di'fd.j'f = 1, 

where the last identity comes from Lemma 1.4 (3). Here di = d/dx'^ , 1 < i < n — \, 
dn = d/dz. Therefore ^'(a;, z) — i is independent of t. On the other hand, — z — > 
and z — >Oasf— > — oo. Therefore, ^'(a;, z) — t. □ 

Lemma 1.5. In the coordinate system (xo,t), the Riemannian metric Hl.l}) is 
written as 

n-l 

ds^ = {dtf + e^^* (^{dxo)^ + ^ hij{xo,t)dxidxiy 
where hij(xo,t) satisfies 

(1.8) |9^„af/i,,(xo,t)| <C„^M/(xo,0-i-'/2-"'"(l"l+^'i), Va,/3. 

Proof. We put — Xq,1 < i < n ~ 1, y^^ = t. Then the associated tensor g*-' 
is written as 

for 1 < fc < n — 1. Here in the 2nd line, we have used 

a^l ^ d4dx^ ^ d4 ^ ^ 

dt dx' dt dx'^ ^ ' 
Therefore the Riemmanian metric has the form 

n-l 

ds^ = {dtf + ^ g.jdxldxfj. 

Recall 

_ dx'^ dx'- dx'' dz dz dz 

where 1 < fc, ^ < n—1, and the right-hand side is evaluated at (x, z) = (x^xq, t), z{xq, t)). 
By the formula ()1.3p . ()1.4p and Lemma 1.1, the 1st term of the right-hand side is 

of the form e^^* (^6ij + h^^^^ , where hf^^ satisfies the estimate (|1.8p . By the same 
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reasoning, the 2nd and 3rd terms give rise to h\j^ and h\'^\ This completes the 
proof of the lemma. □ 

The coordinates {xo,t) are actually semi-geodesic coordinates related to the 
boundary at infinity y = 0. 

Letting xq = x, t = logy in Lemma 1.5 and recalling that Dy = ydy = dt, and 
using Lemma 1.1, we obtain the following theorem. 

Theorem 1.6. Choose ya > sufficiently small. Then there exists a diffeo- 

morphism (x, y) — > {x, y) in the region < y < yo such that 

\d§D§{x^x)\< a0(l + d;,(x,y))-™(l«l+'5.i)-W2^ Va,/3, 

|^^?f(^)|<a/3(l+d.(x,y))-'"^"(l"l+'^•l)-l-/^ Va,/3, 
and in the {x, y) coordinate system, the Riemannian metric takes the form, 

n-l 

ds^ = {y)-^({dyf + {dxf + J2 hij{^,yWdx^), 



where 



hijix,y) ^ h^j{xo,t), Xo=x, t = \ogy, 
dSD^h,,{x,y)\ < C„^(l + ya,(3. 



V 

2. Asymptotic solutions to the wave equation 
Theorem 1.6 leads us to consider the metric having the form 

n-l 

(2.1) = 2;-2 + {dxf + ^ h,j{x, y)dx' dx^ , 

in the region R"~^ x (0,yo)) where yo is a small constant and hij{x,y) satisfies 
As in Chap. 2, wc consider 

(n-lf T2(T^n.dxdy\ 
Taking into account that H is self-adjoint, we see that explicitly, H has the form 

(2.2) L = y2 ^ i„(x,y)a«, 

l«l<2 

where Dy = ydy, = ydx- Moreover € W"^"^/^. 
It is convenient to rewrite H into the form 

(2.3) H = -(Dy-'^)' -K, 

(2.4) K = y\d,f + y^Y. L»{x,y)d^. 

\c\<2 
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Using 

we have the foUowing identity 

= e'-<y^-^^ {2ikDya - {0^ + K{0)a} , 
where K{(^) is a differential operator of the form 

(2.5) K{0^y'{^, + ^0' + y' E L^{^,y)id. + ^0"- 

\a\<2 

We put a — X^j^o % - Then the above formula becomes 

Af-l 



(2.6) = 2ikDyaa + ^ fc"^ |2ii:>j,aj+i - (D^ + X(0)aj} 

-k-''{Dl + K{£,))aN. 



We put 

(2.7) ao(a;,y) = l, 
and consruct aj succesively by 

i dt 

(2.8) a,+,{x,y,i)^~-- {Dj + K{0)a,{x,t,Oj ■ 

Then we have 

(2.9) 2iDyaj+i - [Dl + K{i))aj = 0. 
We put for p > 

yPW = {y^ w{x,y)- w{x,y) ^W'}. 

Here and what follows, we allow the elements of to be complex-valued. Then 
one can show easily that 



(2 



10) / t?/(x,t)- e/+'W^ if p,g>0, s < 0. 

In fact, letting f{x, y) — yPw{x, y), w € we are led to estimate 

dT 



yP+q / rP+«u;(x,yT)- 







T 



Noting that for < y < 1 

log(x) + (log(yr)) > log(x) + (logy), 

we easily get (|2.10p . 
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Lemma 2.1. For j > 1, we have 

p=l |a|<2p 

where Pj-^i is a polynomial of order j—1 with constant coefficients, and Aa'^^ {x, y) £ 

Proof. The proof is by induction using (j2.10p and the formula 

[\Dy)^^Py^. a 
Jo ^ 

Summing up, we have proven the foUowing theorem. 

Theorem 2.2. For any N > 0, there exists an asymptotic solution to the 
equation {H — k'^)u = such that in R"^"'^ x (0,?/o) 

where aj{x, y, ^) has the form in Lemma 2.1. Furthermore gnix, y, has the form 

N+l 

(2.11) gN{x,y,0^y'eQN{y'e) + J2y''' E si^'^^i^.yr, 

P=l |q|<2p 

where Qpf is a polynomial of order N with constant coefficients, and B^'^\x, y) G 

3. Mellin transform and pseudo-differential operators 
3.1. Mellin transform. The Mehin transform Um is defined by 

(3.1) {UMf) (k) r y'^^-'fiy)^, k e R. 

v2^ Jo y 

In the foUowing, the Fourier transform and its adjoint are denoted by 

(3.2) Fk^Jiz) = -= / e~'^\f{k)dk, 

V ZTT J-co 
1 f°° 

(3.3) F:^,g{k) = e^^'g{z)dz. 
Note that 

f:^, - (Ffe^.)*. 

Using the fact that 

T : L2((0,oo); dy/y") 3 f{y) ^ (T/) (z) = f{e^)e-^--^>/^ e L\ll;dz) 
is unitary, we have 

(3.4) {UMfm = {Ft^^Tf) (fc) = -= / 6-^= (T/) {z)dz. 

V27r J-ao 



3. MELLIN TRANSFORM AND PSEUDO-DIFFERENTIAL OPERATORS 



151 



Hence Um ■ i^((0, oo); dy/y") L^(R^) is unitary, and the inversion formula 
holds: 

f{y) = ^ / y^-^'= (C/m/) {k)dk = {UMTUMf. 

We put 

n-1 



(3.5) Ko = i yydy - ^ 
Then we have for / e C^((0, oo)) 

(3.6) {UMKof){k) = HUMfm = F,%fc(za,(T/))(fc). 
Therefore, for a function ip(k) on R, we define the operator ip{Kq) by 

(3.7) ip{Ko) - ({/Af)V(fc);7M. 

By (13.61) . we have the following correspondence between the multiplication op- 
erator k and the differential operators dz, ydy via the Fourier transform in the 
z-space and the Mellin transform in the y-space: 

n ~ 1 



(3.8) i yydy — j i — > k i — > id^. 

We also put for h{x) € L2(R"-1) 

(F^^^h) (0 = HO = (27r)-("-i)/2 / e-"-«/i(x)da 



/R" 

Thus we have the following correspondence for the operator Hq on L^(H") and its 
symbol: 

(3_g) -Dl + {n- l)Dy - - y^A. ^k' + y'l^ 

For p{x, y, k) G C°°(R" x R"), we define an operator ppM by 
(3.10) (pj.M/)(x,y) = (27r)-"/2 f ^^.^^^-.fc^^^^ ^^^^^ J^^^^ ^^^^^^^ 

This is rewritten as 

Pfm = T* o pt{x, z, ^9^) o T, 

where Pt Pt{x, z, —idx,idz) is a standard pseudo-differential operator (^tDO) 
on R": 

{Prh) {x, z) =(27r)-" / / e<("-"')-«-("~"')'=)pT(x, z, ^ k)h{x\ z')dx'dz'd^dk, 



with 

(3.11) pT{x,z,£„k) = p{x,e'',^,k). 
If pt(2:, z, k) satisfies 

(3.12) \d^dTd^dipT{x,z,Ok)\<C^p^i, ya,(3,m,l, 

Pt is a bounded operator on i^(R") (see [CaVa] ) . Therefore, pfm is a bounded 
operator on iy^(H"). Note that for the L^-boundedness, it is sufficient to assume 
p.l2p up to some finite order |a| -I- |/3| -I- to -I- ^ < /i(rt). 
We need the following class of symbols. 
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Definition 3.1. For s, i e R and iV > 0, let Sf^t be the set of C°°-functions 
on R1 X R" such that 

\{d^nd^f{ydyridkypix,y,^,k)\ < c\i + my-'ii + \^\y-^ 

holds for \a\ + \l3\ + m + I < N. 

We say that a ^ffDO pfm belongs to Sf^f if its symbol belongs to Sf^f. We always 
assume that N is chosen sufficiently large. Standard calculus for VPUO applies to 
PFAi- For example, 

P e (pfm)* e S^t , 

S^i.ti) 1^ ^S2,t2 =^ [PFM,qFM\ e Osi+S2-l,tl+t2 U Ssi+S2,tl+t2-l 

with suitable N' > 0. These can be proven in the same way as in |Hor) . Vol 3, 
Sect. 18.1. 

3.2. Regularity of the resolvent. 

Lemma 3.2. (1) Let — ydx, Dy = ydy. Then for N > 1 

D^Dl^iH + i)-^ e B(l2(H")) for |a| + m < 2N. 
(2) Let / e iS. Then we have 

D^D;^fiH)eBiL\U^)), ^a,m. 

Proof. For fc > 0, let Vk be the elements of V, introduced in Chapter 2, 
Subsection 2.1, whose order is at most fc. 

We shall prove (1). The case iV = 1 is proved in Theorem 2.1.3 (4). Assume that 
the Lemma is true for N. Consider D'^D^^{H + 1)"^"^ where |a| + m < 2{N + 1). 
Let first \a\ > 2 so that a ^ a' + a", where \a"\ = 2. Then 

DZD\^{H + i)-''-' 

^DfD",'D^iH + t)-HH + t)-^ 

= Df{H + t)-'D^'D^\H + + Df [DtD^\ {H + z)-\H + »)-^. 

The first term is bounded by induction hypothesis. As for the 2nd term, using 
Lemma 2.1.2 (1) and the definition of W^^^'^/^, we have 

n 

1=1 

where A**) e 'P2N, and A = yd^i, I < i < n - 1, D„ ^ Dy. Thus 
Df[D^'D^\{H + ^)-']{H + ^)-^ 

n 

= Df{H + i)-^ ^^(^ + ir^{A^'HH + i)-^ + [A^'\H]{H + i)-^} 

i=l 

+ Df {H + i)-^A^°\H + 
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By induction hypothesis, it is sufficient to show that Di{H + i) ^[A'-^^'> , H]{H + i) ^ 
is bounded. Note 

n 

where A^-') G V2N- However, 

D,{H + i)-^Dj = D,Dj{H + i)-^ + D,[{H + i)-\D,] 

^ D,D,{H + + D,{H + i)-^[H, D,]{H + i)-^ e B(L2(H")). 

Thus D^{H + i)'^[A^''\H]{H + i)"^ is bounded. The case \a\ < 2, hence m > 2, 
is proved similarly. 

Let us prove (2). Take N such that |a| + to < 2N and put g{t) = f{t){i + t)^. 
Let ^(z) be an almost analytic extension of g{z) defined in Section 3.3.1. Then we 
have by Lemma 3.3.1 

D:D^giH) = D^D^{t + H)-''^ [ d:g[z){i + [z ^ H)-'dzdz. 

Since (i + H)^ {z — H)^^ = X^^L-i Cr{z){z — HY , Cr{z) being a polynomial of z of 
degree N — r — 1. Therefore, taking a = —2N — 2 in Chap. 3 p.ip . We see that 
D"D^g{H) is a bounded operator multiplied by a polynomial of H of order TV — 1. 
By multiplying (i + H)^^ , we obtain (2). □ 

4. Parametrices and regularizers 

4.1. Wave operators and Mellin transform. We now introduce wave op- 
erators based on the Mellin transform: 

(4.1) Wl^^ = s - lime**V^e^"^°r±(ifo), 

t— >±oo 

where = Eh{{0,oo))H = Pac{H)H, Eh{X) being the spectral resolution for 
H, and r+(fc) and r-{k) are the characteristic function of the interval (0, oo) and 
(— cx3,0), respectively (see p.7p ). Recall given in Chap. 2 by formulae (|7.1I) . 
IB and 



Lemma 4.1. The strong limits ^-1^ exist and 

^+ = ^ {r+UM{wiPr + r^UMiwii^r} , 

where r± is the operator of multiplication by r±(k). 

Proof. Due to formula p. 81) and Definition 5.3 of Chap. 1, we have 

Using again (13. 8p and Theorem 1.5.5, we see that, as i — > ±oo 
(4.2) e-"^/ - V2eT'*^°r±(i^o)(C/M)*.Fo/ ^ 0. 

L2(H") 

By Theorem 2.8.11, the wave operator s — limt__j.±oo e^'v'^e"**^/^ exists and is 
equal to W± — s — limt_j.±oo e'*^e~**^°. This and (|4.2p imply the existence of the 
limt wj^^ and 

w± = V2wl^\uMr:Fo = V2wif\±{Ko){UMy:Fo. 
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Letting r± be the operator of multiplication by r±{k) in i^(R;L^(R" ^);dk), we 
then have 

r±MW±r = V2r±MTorr±UM{wif'>r. 
By Lemma 2.8.3, one can show 

which together with the formula (18. 8p in Lemma 2.8.4 proves the lemma. □ 

Recall that, using the 1-dimensional Fourier transform p.3[) . the modified 
Radon transform is defined by 

(see Definition 8.5 in Chapter 2). Then Lemma 4.1 implies 
Lemma 4.2. 

= -^Pk^s {r+UM{wiPr +r^UM{wii^r) ■ 

4.2. Parametrices for the wave equation. Let aj{x,y,(^) be as in Lemma 
2.1. We take Xoo(fc) G C°°(R) such that Xoo(fc) = 1 (|fc| > 2), Xoo(fc) = (|fc| < 1), 
and x{y) e C°°(R) such that x(y) = 1 {y < yo/2), xiv) = (y > yo), yo being a 
constant in Theorem 2.2. We define a'-^^x, y, k) by 

(4.3) a(±)(x,y,e,fc) =Xoo(fc)r±(fc)^p(^)A;-^a,(x,y,Ox(y). 



Here, p{s) € C(f (R) is such that p{s) = 1 for |s| < 1/2, p(s) = for |s| > 1, and 
{^j}jLo is a sequence such that eo > ei > • • • ^ 0. 

Lemma 4.3. For a suitable choice of {ej}JLQ, the series converges and 

defines a smooth function having the following properties: 

(1) suppa(±)(x,2/,C,fc)cR"-ix(0,yo)x{(e,fc);|fc|>l, (0' < eo(fe)}. 

(2) If + TO + |7| + ^ < iV, we have, 



(4.4) 



dtD^dJdi (a(±) [x, y, fc) - Xoo(fc)r± (fc) J] p(^) 2/: C)x(y) 



f5j Lei g^^^ {x, y, f , fc) be defined by 

(4.5) (i7-fc2)y^-*'^e"-«a(±)(a;,y,e,A) =y^-^'=e'-V*Ha;,2/,^,fc)- 
Then we have for any N > 

(4.6) |afi?™a^^9^g(±)(x,y,e,fc)| < C^^^^.y^ (^^) (O^"!^! (A:)^-^. 
/or y < yo/2 and (0^ < ejv+i(A:)/2. 
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(4.7) 



Proof. First we derive the following estimate for j > 1 



(0 



2 \ J 



(fc) 



— C'jY3m7f y 

where the constant C'j^^^^^ is independent of ej. In fact, by Lemma 2.1, 

|a|<2j 

where aj^a{x,y) = for y > yo, and 

We define a homegenous polynomial of (cr, 77) € R" by 



We then have 

k'^aj{x,y,C)X{v) = hf\x,y, 



\a\<2j 

1 



for ± fc > 0. 



\k\' M 

Put S = (l/y[fc|,^/y|fc|), and note that 

\didi-E,\ < c^,(s)(e)-i'^i|fcri^i < c•^,(o'-|^||A:r^-^/^ ifci > i. 

Taking into account of the homogeneity of b'j^^x, y, cr, 77), we then have 
d^^d-djdibf\x,y,^^)\ < C'^,^^,y' (l^y (O--(fc) 



1^1 Vl^l 

This, together with the inequality, 

{()' 



where the constant C'a . is independent of e^, gives (|4.7p . Noting that < 



Ej, we then have 



(4.8) 



Take e, such that 



< 



(1 + Cj^„^,)e, < 2-^ + m + |7| + ^ < j. 

Then, by (|4.8p . the series (|4.3|) converges uniformly with all of its derivatives. The 
inequality (|4.4I) also follows from (|4.8p . We put 



£,(fc) 



fc ^aj(x,y,Ox(y), 
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and g'j^l, = .g^*) - g'}^},. Then by = for (0' < eN+i{k)/2 and 

y < yo/2. The inequahty (|4.8p shows that g^^^^ t'^^ estimate in (3). □ 

We define an operator U± (t) by 
(4.9) Ui{t)=a'-^l,e^^'^^^x{y)- 

where x(y) € C°°(R) is such that xiv) = 1 (?/ < 2/o/4), x(y) = (y > 2/o/3). As in 



the analysis for the operators pfm (see (|3.10p and thereafter), 0^],^^ are bounded 



on L^(H"), and therefore U±{t). The exphcit form of U±{t) is as follows: 

(C/±(t)/) {x,y) 

(4.10) 



We put 



(4.11) G±(i) = ^(e"^^[/±(t)), 
and also 

(4.12) A, = (1 + K^y/^ - {UMTil + k^Y'^UM, 

(4.13) A, = (1 - A,)i/2 = (F,^5)*(l + |eni/2F,^^. 

Lemma 4.4. There exists Nq > s«c/i t/iat for any N > A'o, there exists a 
constant Cn > for which 

(4.14) ||G±(t)A-2^Af/2|| <C^(l + |ir^ for ±t>0, 
holds, where \\ ■ \\ denotes the operator norm o/L^(H"). 

Proof. We consider G+{t), which is rewritten as 

G+{t) = e^'V^[^^U+{t) + jU+{t)). 

Letting H — Ad-E^f (A), we deal with the high energy part and low energy part 
separately, i.e. on the subspace iJjj ([1, oo))L^(H"), and Eh{{~od, 1))L^(H"). 

High energy part. We take Xq{s) G C^(Ii) such that xq{s) ~ 1 for —00 < s < 1/4, 

Xo{s) = for s > 1/2. We consider iy/H{l - xa{H))U+{t) + ^U+{t). We put 

f{s) = s-^/^l-Xo{s)). 

Proposition 4.5. If f{s) S C°°(R) satisfies for some e > 0, |/('")(s)| < 
C'm(l + |s|)"'^~™,Vm > 0, the following formula holds: 

f{H)afl^a'^^lj{Kl) + B^^\ 

(4.15) = / a:F(c) (c - i/)-'gl.lkc - Kir'dcdc, 

where F{() is an almost analytic extension of f , and g^^\x,y,(,,k) is defined by 
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Proof. Rewriting (|4.5p into the operator form, we have 
hence 

(C - HY^ afl =afl (C - K,)-' + (C - i?)-'5iAUC - KI)-\ 
The proposition then foUows from Lemma 3.3.1. □ 

Let us continue the proof for the high energy part. We consider the case t>Q. 
The case t < is treated similarly. Using Proposition 4.4, we have 

Vh{1 - Xo(i?))4M = .f{H)Ha'^Fli 

Since ■j^U+{t) = -ia-pljKQe^''^^°x{y)-, arrive at 

iVH{l-Xo{H))U+{t) + jU+{t) 
(4-16) = zB(+)i^2e-*^o^(y) + ^f{H)g^^l,e-^'^«x{v) 

Let us note here that 

(4.17) a^+lKox^{Kl) = 0, 

since |fc| > 1 on the support of the symbol of a^plj, and Xo(fc^) = if |fc| > 1. 

Formulae (I4.15P and (|4.16p contain the operators of the form g^pl.je^'^''^°x{y)- 
We start with the following result. 

Proposition 4.6. Assume that b{x, y, k) g C°°(R" x R") have the following 
properties: b(x, y, ^, fc) = for y > yo, and there exist ao, tq G R such that for any 
M,a,m,l3J, 

(4.18) \d:D^d^^dibix,y,^,k)\ < CMo^pmi {\ogy)-^{0^^'-\^^{kY"-', 

for < y < yo. Let xiv) & C°°(R) be such that x{y) = 1 for < y < yo/A and 
xiy) = for y > yo/3. Then we have for any N > 0, and > ctq + n/2, 

(4.19) \\bFMe'''''°x{y)K^Ay\\ < a,7v(l + t)-^, t > 0. 

Proof. Take ?/'o(s) G C°°{R) such that Vo(s) = 1 for |s| < 1, and V(s) = for 
\s\ > 2, and let for e > 

6(^)(x, y, e, k) = b{x, y, e, fc)Vo(e|ei)^o(efc). 
Then b^'^\x,y,^,k) satisfies (|4.18p with constant CMapme independent of e > 0. 
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We have, by (|4J3l) . ^31} and dSI 



(4.20) 



v/r'»xR+ 

= 72^^ ( T* o bi^\x, z, -id.,, za,)e*^^- A-'^x(e^)(l - S^)^/^ o t) /. 

Therefore, the estimate of this operator comes down to the calculus of classical, i.e. 
Euclidean, V^DO's. For the sake of completeness, we provide a proof. 

Without loss of generality, we assume that N/2 is an integer. Since (1 — 9^)^/^ 
is a differential operator, commuting x(e^) and (1 — 9^)^/^, we see that 

&i'le-^*^°x(2/)A-'^Af 2 - T* o b^^\t, x, z, z', -id,,zd,) o T, 

where 



\b^'\t, X, z, z', ~id,,id^)u) {x, z) 

(4.21) r 

= / e-''''^'+''-''>e"-^b'^''{x,z,z',^,k)u{i„z')dz'dkdt 

Due to dUHl), b^'^{x,z,z',^,k) e C°°(R"+i x R") satisfies 

\d^dTd^'d^^dib^-^X,Z,z',^,k)\ < CMa^mm'e (z)-''^ {^-o-.-m ^k)''+^o-i ^ 

with constant CMapmm'i independent of e > 0, and b^''^{x,z,z',£,,k) = when 
z' > log(?/o/3). Since yo is small enough, z' < on the support of the integrand of 
brp '^u. Hence we have 

t-z'>Co{t), t~z'>Co{z'), Vt>0 

for some constant Cq > 0. Using 

e"''^*-'^"^ = (-z(t - z'))-'^dke-'''^'-''\ e"-« = (1 + \xfr\l - A^)e"-«, 

we integrate 2N + [tq] + 2 times with respect to k and n times with respect to ^ to 
have 

( (a;, z) < / A{t, z, z' , x, ^,k)\u{^, z')\dz'd£^dk, 

< A < c(i)-^(z)-i(zV'(2;)"'"(0"°""(fc>"'- 

Then the above estimate together with Cauchy-Schwarz inequality shows that 

(4.22) \\b%^'u\\<C{\^t)-''\\ut 

uniformly in e > 0. Letting e — >■ 0, we have (|4.19p . □ 

By (|2.1ip , we then see that the 2nd term of the right-hand side of (|4.16l) has 
the estimate 

(4.23) ||/(i/)ffSe"**''''x(2/)A;^^Af 2|| < c^{\ + tr\ t > 0. 
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To deal with the 1st term, we use the representation (|4.15|) . To apply Propo- 
sition 4.6, we consider 

+ .9i+ko'e-"^oA-^^Af 2x2(y)(C - K'o)-'x{y), 

where Xi,X2 e C°°(R), Xiiv) + X2{y) = 1, Xiiv) = for y > yo, X2(y) = for y < 
ya/2. Then, Proposition 4.6 is applicable to the term g'-pj^jK^e^'^^^A^^^Ay^^xiiv), 
and we see that the 1st term of the right-hand side of (I4.24p is estimated as 



(4.25) ^2^-.*/.oA-2^Af 2xi(y)(C - K^o^W < C\lmCr{l + ty^ 

The 2nd term of the right-hand side of (|4.24p is rewritten as 

ffW ifo^e-^^^A-^^Af ^(logy)-^ • (logy)^X2(2/)(C - Kl)-\{y). 

As in the proof of Proposition 4.6, we represent ^^^jK^qG^**^" A~^^A^^^(log y)^ 
into the integral form like (|4.20p . and integrate by parts 2 times by using e"**"'* 
{-it)-'^dke~''^* and also Then we have 



||5^+2ifo2e-*^«A-^^Af ^(logy)-^ll < C{l+t)-^ 



Passing to the variable z — log y, the operator (log y)^X2{y){C ^ K^) ^xiv) has 
an integral kernel 

K{z, z'; C) = -(z)^X2(e^) ^e^^f^"^') x{e''). 

Observing the supports of X2(e^) and x(e^ ): we see that z > log(yo/2), z' < 
log(yo/3). Hence 

(4.26) z ~ z' > C {{z) + (z')) , 

for a constant C > 0. Letting = a + ir, we then have 

\K{z,z'-X)\ < ^^^{z)\,ienxie'')e-^(^~^'\ 
\a\ + \t\ 

Using the inequality 

e"* < Cet-^, yt > 0, ye> o, 

and taking £ = 2m -I- 2, we have 

\K{z,z';0\<^^{^)'"'{^T"'- 
Taking m > 1, we then have 



sup/ |X(z,z';OMz' < sup/ |if(z,z';C)|d^< 

Noting that 



-2m+3 ■ 



1 _ 2\a\ ^ 2\C\'/' 
\t\ llmCl - llmCI ' 
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we have obtained the estimate of the operator norm 

/ ||^|l/2 s p 

\\{^ogy}\,{y){C~K'o)-\{y)\\<Cp[^^) , Vp > 5. 
Therefore, for p > 5, 

||c;^+2^o'^-^*^°A-2^-"Af ^X2(2/)(C " K'or'x{y)\\ 

<Cp\imC\-p\c\p/\i + t)-^, yN>o. 



Since 



|ImC| ~ |ImC|P' |IniC|P ~ \lmC\P' 
In view of (|4.25p and (|4.27l) . we have, for p > 5, 

ll5^1kC-^o')-'^o'e~^*''°x(2/)A-'^Af 2|| < CllmCr^ (0^-^(1 + i)" 



We use Lemma 2.3.1, and take into account that a in Chap. 2 (|3.2I) is now equal 
to —1/2 to see that the 1st term of the righ-hand side of (|4.16p has the property 

(4.28) |l5(+)if2e-'*^«x(y)A^''^Af < ^^^^^ _^ ^^-2^ ^ > q 

Low energy part. We show 

(4.29) ||xo(if)C/+(t)A-2^Af 2|| < c(l + t)-^, Vi > 0. 
However, noting that 

Xo(i?)a^l = a^F^ItXoiK'o) + B^+^ = B(+\ 
with given in Proposition 4.4, one can prove (|4.29p in the same way as above. 
By and (g^H), we have proven Lemma 4.4. □ 

Lemma 4.7. 

s - lime''V^°U±{t) = Xoo(ifo)W^i?^x(y)- 

t— >±oo 

Proof. Since U±{t) is uniformly bounded in t, we have only to prove the lemma 
on a dense set of L^(H"). Writing 

a^^Hx,y,^,k) = Xoo{k)r±{k) +a^^\x,y,^,k), 

the same analysis as in Proposition 4.4 shows that \\'a"plje~^*^''x{y)f\\ ^ for 
/ e C^(R"). Therefore, we have 

\\U±{t)f - {UMre^''\^r±UMX{v)f\\ ^ 0, 
as t — > zbcxi for any / G C(5"(H"). This together with (|4.ip proves the lemma. □ 

Recall that for any interval / C (0, cx)), cr g R and an integer m > 0, 

^ ll/llk™(R"-ix7) = E / |(0"5^7(C,2/)l'dedy<oo. 
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Using the standard Sobolev space iJ'^''^(R"), where cr, r € R, we define iJ'^''^(H") — 
T*H'^'^{W). Then 

^.,r(jj„) |l/|k^.^(H") = |lr/|lff.,.(R") 

= ll(0"(fc>"(C^M/)(e,fc)|U2(R„) <oo. 

Take / e for large N. By Lemma 4.4, Xoo(i^o) /o^°° G±{t)x{y)fdt con- 

verges strongly in L^. Moreover, by (|4.1ip and Lemma 4.7, 

(4.30) Xoo(i^o)l^lf^x(y)/ = Xoo(ifo)4MX(y)/ + Xoo(i^o) / G±{t)fdt. 

Jo 

Therefore, the integral of the right-hand side can be extended by continuity as an 
operator in B(L^; L^). 

In view of Lemma 4.2 and (I4.30p . we have 



(4.31) 



+ r+UMil - xKwji^^r + r_[/M(l - x){wi, + R, 
where R is written as 

R^^F^^^^t+Um G+ityxoo{Ko)dt + r.UM G^{t)* Xoo{Ko)dt) . 

Observe that since G±{t)*dt enjoys the property 

/•ioo 

/ G±{t)*dtXoo{K^) e B(L2; i7'2iV,Ar/2) ^ b(l2; L^)^ 

Jo 

by interpolation, 

(4.32) R e B(L2; H-"'"/'^), Vct > 0. 

Lemma 4.8. Let so > — log(2/o/4). T/ie^, /or any t > 0, -Ffe_j.s?'±^^M(l ~ x) 
a hounded operator from L^(H") to iJ'^''^(R"^^ x /), where I = (so,oo). 

Proof. Note Um{^ — x) is a bounded operator from L^(H") to L^(R"). On 
the support of 1 — x(2/): logy > log j/o/4. Therefore if s > so > — logyo/4, 

i^fc-^s'^±(7M(l-x)/ 

-^^.U'^±(fc)^^.^fc(l-X(e^))r/ 



OO /"OO 



(2^)-W / e*'=(^+-V±(fc)(l-x(e^))T/(x,^)(ifcciz 



— OO J — OO 



= ±/ T-^(l-x(e^))T/(x,z)dz. 

Clearly, the right-hand side is smooth with respect to s with all of its derivatives 
in i2(R»-i X /±). □ 

Lemma 4.8 and (|4.3ip . (|4.32p imply the following lemma. 

Lemma 4.9. Let sq > — logyo/4, cr > 0. Then we have 

e B(L2(H");i/-"''^/4(R"-i X (so,oo))). 
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5. Singularity expansion of the Radon transform 

Let us recall the following homogeneous distribution. We define for Re a > — 1 

|sr/r(a + l), ±s>0, 
0, ±s < 0, 

and, for n = 1, 2, 3, • • • and Re a > —1, 



Thus, /i±(s) is analytic with respect to a. Let ( , ) be the coupling of distributions 
and test functions. Then for any a, /3 e C 

poo 

(5.1) / h'^{s)h1{l~s)ds^{hl{s)hi{l-s),l) = 



r(a + /3 + 2)' 



In fact, this is true for Kea,Ke/3 > —1. Let Xq{^)tX{^) ^ C°°(R) be such that 
Xo{s) + Xi{s) - 1, Xo{s) = 1 (s < 1/3), xo(s) = (s > 2/3). Then we have 



'+^'''T{(3 + 1)''"'"" ' "^'r(a + l)' 



{hlisjhiil - .), 1) = {hlis), 1— W) + {hiil - s), — -_xi(s)). 



Since 1 — s > on supp xo and s > on supp xi, the left-hand side is analytic with 
respect to a, (3. Hence (|5.ip holds by analytic continuation. 

The following lemma is well-known f |GeSh64i p. 174, jHor) . Vol 1, p. 167). 

Lemma 5.1. For a G R 

/oo 
{±ik + Qye'^'dk = 27r/i±"-\s). 
-oo 

Let Xoo(fc) be as in (14. 3p . Since 1 — Xoo{k) € C5"(R), from Lemma 5.1, 
(5.2) — / e'^'k'^Xoo{k)dk-{~-iyh=S\s)^C°-{K), j=0,l,2,.... 

J-oo 

Let i?;^^'^(R"^^ X (so, oo)) be the set of functions u such that, for any compact 
interval / C (sg, oo) 

-lK-.-.xzeff---(R"-^x/). 

Theorem 5.2. Let sq > — log?/o/4. Then for any cr > 0, there is N = N{a) 
such that 

N 

^+ - E^l^^ e B{L^{n-);H-/^^-/\R-' X (so,oo)), 

3=0 

where 



{nff){s,x) = / (s + logy)i-i2;-^P,(y)/(x,2/)x(2/) 



1 

y 



P]{y) = —-j=-aj{x,y,-id^)* 
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Proof. Recall from Lemma 4.9, TZ+f is given, up to a smoothening operator, 

by 

(5.3) {{ai+^r + (a^-))*}) Tf. 

Let M > cr/4, and put 

a(*^'±) (x, y, C, k) = a(±) (x, y, fc) - Xoo (fc)r± (fc) E ^ (^) «f ^ ^' ^ ' 

Denote by TZm the operator given by (|5.3p with replaced by a^^''''^ Letting 
„(M) ^ ^(M,+) ^ „(M.-) consider 



dP{i~A,)-'nMf 



1 



(.-.')-Ce-»'=(^+-')Lig!aW(a;',z',^,fc)T/(:E',/)dx' 



dz'd^dk. 



By construction of aT(x, z,^, fc), (fc) > /epj+i on suppa^^'^), and 

The right-hand side is bounded if p < Af < £, which implies by the L^-boundedness 
theorem for '^DO that 

TeA/ e B(L2(H");i7-'''^(R")), /or s > 2r, r < M. 

In particular, 7^A/ G B(L2(H"); i/-'^''^/4(R")). 

By integation by parts using e"'^ = (^)2(1 — Aa;')e" we see that the operator 

e<^-^)<e-'''^'+^'^ (l - p(^))ajT(a:',z',e,fc)r/(a;', z')dx' dz' d^dk 

is in B(i2(H");iJ-^'P(R")) with ^ > 2p, hence in B(L2(H"); iJ-'^^'^/4(R")). 

Therefore, in view of (|4.3p . we see that 7?.+/ is equal to, up to a smoothening 
operator in B(L2(H"); i7-'^'^/4(R«-i x (so,oo)), 

Af-l 



= ,o L-i) f e^^-'^'y^a,{x',y,i)f{x',y)d^dx' 

= a]{x,y,-ida:)*f{x,y). 
This together with (15. 2p proves the theorem. □ 

Recall that aj{x, y, ^) is defined by ()2.8p . and is a polynomial in ^ of order 2j. 
Hence aj(x,y, —idx) is a differential operator of order 2j. The above theorem in 
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particular yields the following expression 

(n^i\f) {s,x) 



( p("-l)s/2 



(5.4) 



= < 



^/2 



-x(e-^)/(x,e-«), (i = 0), 



(s + logy) 



-y 



'Pj{y).f{x,y)xiy) 



dy 



U > 1), 



V JO U - 1)! - y 

where xiv) € C°°(R) such that xiy) = 1 (y < ?yo/4), xiv) = (y > yo/3). This is 
a generalization of Theorem 1.6.6 in the sense of singularity expansion. 



CHAPTER 5 



Introduction to inverse scattering 

Suppose we are given two asymptotically hyperbolic metrics which differ only 
on a compact set. If the associated scattering operators coincide, one can show that 
these two metrics coincide up to a diffeomorphism. This result can be extended to 
manifolds with asymptotically hyperbolic ends when two metrics coincide on one 
end having a regular infinity. The aim of this chapter is to explain the idea of the 
proof of these theorems. 

1. Local problem on H" 

Recall that in the geodesic polar coordinates centered at (0, 1), the metric on 
H" takes the form 

ds^ = (drf +sinh^r{d0f, 

where {d9)^ is the standard metric on S*""^ (see formula (|1.4p in Chap. 1). Letting 
y = 2e~^ and x — 9, one can rewrite the above metric as 

Suppose this metric is perturbed so that 

^ (d-y)^ + (dx)'^ + dx, dy) 

y2 

with A{x,y^dx,dy) satisfying the assumption (A-4) of Chap. 3, §3. The theorem 
we are going to prove is as follows. 

Theorem 1.1. Suppose we are given two Riemannian metrics G^^\ p = 1,2, 
on H" satisfying the above assumption. Suppose their scattering operators coincide. 
Suppose furthermore G^^-* and G^^-* coincide except for a compact set. Then G^^^ 
ana are isometric. 

The proof is done by the following steps. Let Ba C H" be a ball of radius a 
with respect to the unperturbed metric centered at (0, 1) such that G^^-' = G'-^-' 
outside Ba- We first take a geodesic sphere Sa — dBa, and consider the boundary 
value problem for the Laplace-Beltrami operators in the interior domain Ba- Then 
the associated Dirichlet-to- Neumann map (or Neumann-to-Dirichlet map) coincide. 
We use the boundary control method of Belishev-Kurylev to show that G*^^^ and 
G(2) are isometric in Ba (see jBe87j and |KKL01j ). 

2. Scattering operator and N-D map 

2.1. Restriction of generalized eigenfunctions to a surface. For fc > 0, 

let J^'+^(fc) be the generalized Fourier transformation defined by Chap. 2 (|7.ip . 
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For a compact hypersurface S in H", we define 

{f,9)s^ / fix,y)gix,y)dSx^y, 
Js 

where dSx,y is the measure induced on S. 

Lemma 2.1. Let Q be a bounded domain in H" with smooth boundary S = dQ. 
Suppose ^ is not a Neumann eigenvalue for H inO,. If f & L'^iS) satisfies 

{f,duF^+\k)*(l))s - 0, V0 e i2(j^n-l)^ 

d 

then f = 0, where 9^ — — is the normal derivative on S . 

Proof. We first study the local regularity of the resolvent. Take x G C^(H"). 
Then by the well-known elliptic regularity theorem, x^i^^ i *0)x € B(i7'*; 
Vs > 0. By taking the adjoint, we have x-R(fc^ ± «0)x e B{H-*-'^; R-*), Vt > 0. 
By interpolation, we then have 

xR{k^ ±iO)xeB{H"';H"'+^), Vm e R. 

For / e L^iS), we define 

iS'sf,9) = {f,d.g)s, VgeCo-(H"). 

Then supp(5g/ C S and S'gf € Hcomp = the set of i7~'^/^-functions with compact 
support in H". For g € B, due to Theorem 2.1.3, duR{k^ + iO)g restricted on 5* is 
in H^/^{S). Then, for / e L'^{S), the mapping 

B3g^{d,R{k'-iQ)gJ)s 
is a bounded linear functional. Using the definition of (5^/, we have 

(/,9,i?(fc2-iO)5)s = (",5), V.ge6, 
where u = R{k'^ + iO)S'gf G Hioc ^ Using the resolvent equation, we see that 
(2.1) u = Roik^ + iO)S'sf - R{k^ + iQ)VRQ{k^ + iQi)5'sf, 

where V = H — Hq. Note that Ro{k^ + iO)S'gf can be written as an integral over S 

Ro{k^+iQ)Sy^ f {d,,Ro{k^ +iO){x,y,x\y')) fix,y')dS.,,y. 

This is an analogue of the classical double layer potential (see e.g. |CoKr83| ). 

To understand the properties of this potential, let Ss, where |i5| is sufficiently 
small, be an equi-distant surface which lies inside for positive 6 and inside il"^ for 
negative 6. This defines two types of operators Ks and Ts, where 

Ksf = Roik^ + iO)S'sf\g^, 

Tsf ^dMP +iQ)5'sf\g^. 

For (5 7^ 0, they are bounded operators on L'^{S), where we use the fact that Ss is 
diffeoniorphic to S. Moreover, Ks tends to K± in the strong operator topology on 
L'^{S), when d — >■ ±0, and — K- = Id. This is proven in R"^ for the classes 
of Holder continuous functions in Theorem 2.15 and Corollary 2.14 of |CoKr83] . 
However, if we take into account that in the Riemannian normal coordinates, x = 
(a;i,-- - ,a;„), d'^{x,Q) = \x\^ +0{\x\'^), the method of }CoKr83j can be extended 
to the space L^iS) and general Riemannian manifold A^. 
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Regarding Ts, it is proven in Theorem 2.23, |CoKr83| . that Ts tends to T± 
in the strong operator topology of bounded operators from C^'"(5) to C"(S'), and 

— =0. Using duahty arguments and the fact that {Ts)* has the same 
structure as Tg, we see that Tg tends to T± in the weak operator topology of 
boundend operators from L^{S) to H^'^{S), where s > (n + 1)/2, and T+ — T_ = 0. 

Extending formula ()7.1|) in Chap. 2, we define J-^^^k) onto HcJmp- Then by 
Lemma 2.7.3, since = the behavior of u at infinity is given by 

(2.2) R{e + zO)S'sf C(fc)x(y)y ^-"^ (fc)<5^/. 

However, by the assumption of the lemma 

(,5^/,J-(+)(fc)» = (J-(+)(fc)(5^/,0)i.(K„-i) = O, V^eL2(5"-i). 
This, together with (|2.2p . implies 

lim — / \\u{y)\\']-2i-an-i\ — — 0. 

fi^ooiogi?ii/;," ^ ^y" 

Let us note that for any (p e C^(H") 

((i/-fc2)u,(p) = {u,{H~e)ip) 

- (/,i?(fc2-i0)(i/-fc2)^)s 

where we have used the fact that (p = R{k^ — iO){H — k'^)(f, since (p is compactly 
supported, hence satisfies the radiation condition. We then have {H — k'^)u — 
outside and inside S. Arguing in the same way as in the proof of Theorem 2.2.10 
given in Subsection 2.3.2, we have m = in H" \ H. Thus T_/ = 0. 

Consider un — u\^. Then [H — k'^)un ~ and duUQ,]^ = T+f = 0. Since fc^ 
is not a Neumann eigenvalue, uji = in fi. Therefore u — globally in H", which 
implies / = 0. □ 

By the same arguments, one can prove the following lemma. 

Lemma 2.2. Let fl be a bounded domain. Suppose k^ ^ is not a Dirichlet 
eigenvalue for H in fl. If f & L^{dfl) satisfies 

(/,J-(+)(fc)»ao = 0, V0eL2(R"-i), 

then f — 0. 

2.2. Neumann-to-Dirichlet map. Let be a bounded domain in H" with 
smooth boundary S — and consider the boundary value problem 

f {H-k^)u^O in n, 

\ d^u = / e H^/^{S) on 5. 

We denote the corresponding operator in i^(f2) with Neumann boundary condition 
by , keeping the notation H for the operator in H". If fc^ is not an eigenvalue 
of , this problem has a unique solution u. The operator 

A(fc) : /"> 

is called the Neumann-to-Dirichlet map, or simply, N-D map. We consider two 
operators and H2 associated with two metrics G^^^ and G*^^^. Let Sj{k) be 
the S-matrix for Hj . 
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Theorem 2.3. Suppose ^ is not an eigenvalue for both of Hi and H2 ■ 
Let Aj{k) be the N-D map for Hf , j = 1, 2. Suppose G^^) = G^^) outside Q. Then 
Si{k) = S2{k) if and only if Ai{k) = A2{k). 

Proof. Suppose Ai(A;) = A2(fc). Let uj = J^^j+\k)*(j) for e L2(Rn-i)_ 
Uin be the solution to the Neumann problem 

f (i72 - fc2)M„ = in Q, 
\ dvUin = dvUi on S. 

We define a functon U3 on H" by M3 = Ui„ on and M3 = ui on ^l'^ = H" \ O. 
The trace of U3 computed from outside of S is wsjg ~ ~ ^i{k)di,Ui, since Ui 
satisfies {Hi — k^)ui = in H", hence in ^. 

On the other hand, the trace computed from inside of S is 

Uin\g= A2{k)d„Uin = A2{k)d^ui = Ai{k)d„ui. 

Therefore by our assumption, U3 and d,^U3 are continuous across S. Hence M3 € Hf^^ 
and satisfies {H2 — k^)u^ = on H". 

Let uo — T^(k)* (j). Then W3 — uq satisifics the incoming radiation condition, 
since so does ui — uq. Therefore v — uz — U2 — ("3 — wo) ^ ('^2 — "o) the solution to 
the equation {H2 — k'^)v = satisfying the radiation condition. By Lemma 2.2.12, 
V = 0. Observing the behavior of Ui = U2 near infinity and using Theorem 2.7.9, 
we have Si{k) = S2{k). 

Suppose Si{k) = S2{k). Let Uj be as above, and put w = ui — U2- Then 
(Hi - k^)w = in Vt" . Since Si{k) ^ S2{k), w ~ by virtue of Lemma 2.7.2. 
Consequently, w = by Theorem 2.2.10. Then ui = U2 and duUi — di,U2 on S, i.e. 

Ai{k)d,j^i+\ky^ = A2{k)d^Ti-^\k)*(j> = A2{k)d^T[+\kycj>. 

By Lemma 2.1, {d^T['^\k)* (p ; (p e ^^(R"-^)} is dense in L'^{S), which proves the 
theorem. □ 



3. Boundary spectral projection 

Our inverse problem is now reduced to determining the metric from the N-D 
map for a bounded domain. Since the following arguments do not rely on individual 
nature of the metric, we consider in a general situation. Let SI be a compact 
Riemannian manifold with boundary equipped with the metric ds^ — gij{x)dx'^dx^ . 
Let Ag be the associated Laplace-Beltrami operator, and Ai < A2 < • • • be the 
Neumann eigenvalues of — Ag. We emphasize that we do not count the multiplicities 
of eigenvalues here. The N-D map is defined as A(A) : / — )■ wLq) where 




(-Ag - A)m = in r2, 

d^u = f eH^'^{d^) on dn. 



Here we are writing A(A) instead of A(-\/A). Note that A(A) is analytic with respect 
to A S C \ (7(— Ag). Let ipi^\{x), ■ ■ ■ , iPi^m(i){x) be a complete orthonormal system 
of eigenvectors associated with A,. We first note that the N-D map A(A) has the 
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following formal integral kernel 

(3.2) A(A; = £ 2' ^;^SM, .,yedn. 

In fact, let / e H^{il) be such that d^f = f on dil. Then v ~ u — f solves 
({-Ag-\)v = {Ag + \)f=:F in fl, 
[d^v ^Oe H^/^idQ) on dfl. 

Therefore, letting ( , ) be the inner product of L^(r2) 

oo ^ m(i) 

(3.3) V = ^j—^^{F,ip,^j)ip,^j{x). 

i=l * j = l 

Letting ( , ) be the inner product on _L^(9J7), we have by integration by parts 

{F-. </'»j) = (/: "Pt.j) + (A - Aj)(7, <^jj), 

which proves 



Definition 3.1. The set {Xi,ipij{x)\Q^ ; j — 1, - ■ ■ , m{i), i = 1, 2, • • • } is called 
the boundary spectral data (BSD) of the Neumann problem. 

Lemma 3.2. Let ipi^i{x), ■ ■ ■ ,'fi^m(i){x) he a complete orthnormal system of 
eigenvectors associated with Xi for the Neumann problem. Then ipij{x),l < j < 
mil), are linearly independent in L^{dil). For another complete orthnormal system 
''Pijiix), • • • , ipi.m(i){^), there is a unitary matrix U such that 

(^(^,,l(x), • • • ,V3j,,„(j)(a;)) = {%l^i^i{x),--- ,^^,„^(^){x)^U. 

Proof. Suppose X]j=i'* '^jVi.ji^) — Then u — satisfies 

(— Ag — Xi)u — in il, and u — d^u — on dfl. By the uniqueness theorem 
for the Cauchy problem (see e.g. |]V[i73j . p. 373), u — in il, which implies 
ci ^ ■ ■ ■ — Cjn{i) = 0. The 2nd assertion is easy to prove, since {ifiij} and {ipi.j} 
are the orthonomal bases of an m(z)-dimensional space. □ 

Let us give an operator theoretical meaning to p.2p . We need the notion of 
spectral representation. Let Ti. = ©^j^C™'*-'. We define the (discrete) Fourier 
transformation T : L^{il) Hhy F = {Fi,F2, ■ ■ ■) where 

(3.4) F,:L\n)3u^ {{u,^,,i),--- e C"«. 

F is unitary, and diagonalizes the Neumann Laplacian —Ag on f2 : Fi{—Agu) = 
XiFiU. Let Pi be the eigenprojection associated with the eigenvalue A^. Then, for 
z ^ o'(— Ag), the resolvent can be written as 

(3.5) ^o(-)-Et^-E ' 



Xi — z . , Ai 

2—1 t—l 



which converges in the sense of strong limit in L^(r2). 

Let F = dn, and rr G B(i/i(rj); i?i/2(F)) be the trace operator to F. Define 
6r e B(i7-i/2(F);i/i(r2)*) as its adjoint: 

iSTf,w)mn)^if,rrw)L2ir), f ^ H-^/\T), w G H\n). 
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Accordingly, we write as 

rr = • 

Then we have 

(3.6) Sr eBiH-^/^{Ty,H^iny), 5*^ eB{H\n);H^^^{T)). 
Then, 

(3.7) Aiz)^S*rRniz)Sr. 

Let us prove this formula. We first show that the right-hand side is well- 
defined. Since i?n(z) e B{L^in); H^{n)), we have Rn{z) e B{H^{n)*;L^{n)). By 
an interpolation, we then have Rn{z) G B{H^{rt)*;H^{il)). Using (13.61) . we see 
that S-^Rn{z)Sr € B{H-^/^{n); H^/^{n)). 

For / e Hy^{T), take / e H^/^{n) such that d^f = / on T. Let v = 
RQ{z){Ag + z)f, and put u = v + f. Then (— Ag — z)u = in fl, and = / on 
F. Take e L^(i7). Then, by integration by parts, 

(Fj(Ag + z)/, /i)i2(o) = (z - A,)(/,P,/i)i2(o) + (/,rr/j/i)L2(r) 

= -(Ai - z){Pif,h)L2(n) + {PiSrf,h)L2i^a)- 

This yields 

= P,/ + i?o(2)P»(Ag + z)7= 

Ai — z 

By (|3.5p . this implies u = Rn{z)Srf- By taking the trace to F, we get p.7p . 

By Lemma[n21 the operator i5pPi(5r, whose integral kernel is X^JL^i^ '/'i.j (^)Vi ,i (?/) 
restricted to F, is independent of the choice of the eigenvectors. Let us call the set 



(A.,^^,,,(x)vp.,,(y) )}. , 

boundary spectral projection (BSP). This is what we actually use in the BC method. 
BSP is the set of pairs of poles and residues of the N-D map. We then have the 
following lemma. 

Lemma 3.3. Suppose we are given two metrics on Q. Then their BSP's coin- 
cide if and only if their N-D maps coincide for all A outside the spectrum. 

In the next chapter, we shall explain how to reconstruct the metric from BSP. 

4. Inverse problems for hyperbolic ends 

4.1. Exterior boundary value problem. Before entering into the inverse 
scattering for manifolds with hyperbolic ends, we need to discuss the spectral theory 
for the exterior boundary value problem. Let f2 be a bounded domain in H" with 
smooth boundary and fl'^ := H" \ fi. Let H^''^ be H defined in il^ with Neumann 
boundary condition. Namely D{H^''') = {u e H'^{Vt'')-d^u\g^, = 0} and H'^'^'u = 
Hu for u e D{H^''=). Then H^''= is self-adjoint. Let R^iz) = {H'^'" - z)-\ The 
theory developed for H in Chap. 2 can be extended to H^''^ without any essential 
change. In fact, let u(z) = R''iz)f, f e ^^(^2^), for z £ C\R, and take x G C°°(H") 
such that X = 1 near infinity, and % = on a bounded open set containing Q. Then 
v{z) = xR'^{z)f satisfies 

{H-z)v = [H,xW{z)f + xf, in H", 
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where ili is a compact set such that w C i^i C ri*^. In fact, by eUiptic regularity, 



The inequahty (|4.1[) then fohows from this and (|2.6I) in Chap. 2. 

Having inequahty (j4.ip in our disposal, we can prove, using the same arguments 
as for the whole H", Lemma 2.2.13 for 

Theorem 4.1. (1) GeiH^'") = [0,oo), (JpiH^-^) n (0 ,cx)) = 0. 
('^j For any A > 0, lim^^QR'^{\±it) =: i?'^(A±iO) exists inB* in the weak *-sense. 
(3) For any compact interval I C (0, oo), there exists a constant C > such that 



satisfying the outgoting (for +) or incoming (for —) radiation condition. 
The following lemma can now be proved easily by using Theorem 4.1. 



in addition to A(z) for z S C \ a{H^'''). Note that A'^*^(A) is the boundary value 
of A(z) as z — > A ± iO. Therefore, A(='=)(A) defined for A > has a unique analytic 
continuation to C \ cr{H^''^). 

4.2. Inverse scattering at regular ends. Let be a manifold satisfying 
the assumptions (A.l) ~ (A. 4) in Chap. 3, §3 with ends of number N > 2. We 
assume that at least one of the ends has a regular infinity. Let A^i be such an 
end. Namely, in the notation of Chap. 3, §2, Aii is diffeomorphic to Mi x (0, 1), 
in other words, A^i is asymptotically equal to a funnel. Let F C be a compact 
submanifold of codimension 1 such that A4 splits into 3 parts il, ff^, dft = d^l'^ = T 
in the following way : 



where and 17"= are assumed to be submanifolds of M with boundary T inheriting 
the Riemannian metric of Ai . Assume also that 57 is non-compact and has infinity 
common to A4i, and has no other infinity, i.e. il — AIi x (0,a), < a < 1. Note 
that when N > 2, is also non-compact having a finite number of ends which are 
either regular or cusps. (The case when iV = 1, which is equivalent to Q'^ being 
compact, brings about the inverse boundary spectral problem discussed in §3.) 



\\u\\m{uj) < C(||u||i2(f^^) + WfU^n^))- 
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Let be — Ag ~ {n ~ 1)^/4 in ft with Neumann boundary condition, and 
if^'^ be the one on fl'^. Then Theorem 4.1 and Lemma 4.2 also hold for 
and H^''^. Note that if all the ends except for A^i have cusps, there may be 
embedded eigenvalues in the essential spectrum of H^''^. However, they are discrete 
with possible accumulation points only at and infinity with rapidly decreasing 
eigenvectors. 

We generalize Lemma 2.1 to the present case. Let J^^*^ (k) — (T^-y^^ (fc), • • • , -F^' (fc)) 
be the generalized Fourier transformation in M constructed in Chap. 3, §2, and 
hoc be defined by (jOTt in Chap. 3. 

Lemma 4.3. Su^vose ^ P <^ apiH^^"). If f € L'^{T) satisfies 

(/,a,^(+)(fc)»r = 0, V</)==(0i,O,--- ,0)ehoo, 

then f — 0. 

Proof. Since (|2.2p holds in A^i, arguing in the same way as in Lemma 2.1, 
we have w = in fi. Consider u'^ = u\^^. Then we have {H — k^)u'^ = in V,'^, 
and similarly to the proof of Lemma 2.1 d^u'^ = on F. Since m'^ also satisfies the 
radiation condition, and fc^ ^ ap{H^^'^)^ we have m'' = in Jl"^. This proves the 
lemma. □ 

Recall that H^'^ has two parts of spectral representations: the generalized 
Fourier transform, which we denote by J-i^^ here, corresponding to the absolutely 
continuous spectrum for H^''^, and the discrete Fourier transform, denoted by J-^, 
corresponding to the point specrum for H^''^ defined in the same way as in §3. 

Lemma 4.4. Ttie N-D map A'^(z) corresponding to H^''^ , which is determined 
for z e C \ is of the form 



Proof. We proceed as in the proof of ^J\,. Take / G C°°(F) and / e C^i^"") 
such that d^f — f onT. Let v solve the boundary value problem 



{ [H - z)v = [-H + z)f F in , 
\d^v = Q on F. 

Then v is represented by eigenvectors Lpi^j and the generalized Fourier transform 



Take (/) € (see Chap. 3, (I3.47p . where j varies from 2 to N). Then we have by 
integration by parts 



(4.2) 




where the sum over i may be finite or infinite. 



■(+). 




= (/, J-W(fc)»i2(r) + (z - fc2)(/, J-i+)(fc2)»i.(^e) 
= {J^i+\k)6rfAW^ + {z-k^){Fi+\k^)J,4>W^. 
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This imphes 

The term from the point spectrum is dealt with similarly, and the lemma follows 
from a direct computation. □ 

Let us call the set 

(4.3) [5*rF^^\k)*Fi+\k)5r;k> o} iJ [(\,,6*rPf5r) ; 

the boundary spectral projection (BSP) for H^'^ . By (|4.2[) . we have 

(4.4) A"(z) = 5f(i?^'=-z)-i5r. 

Lemma 4.5. Knowing the N-D map Ai+'(fc2) for all k such that k^ ^ apiH^'") 
is equivalent to knowing BSP for H^'^. 

Proof. Ac^''(fc^) has a unique analytic continuation A^(z) for z G C \ R, which 
determines Ac ■'(fc^) for real fc^ ^ ap{H^''^). By (|4.4p and Lemma 3.3.11, we have 

A(+)(fc2) - A(-)(fc2) = ^5*^(+)(fc)*^(±)(fc)^p. 

Therefore we recover J"i+^(/c)* J"c^+^(fc) for fc^ ^ ap{H^^'') from Ai+^(A:2). By (lO) . 
we also recover € ap{H'^''^) and 6^P[6r from the poles and residues of A'^(2;). 
The converse direction is seen by (|4.2p . □ 

Since 7W has TV-ends, the S-matrix for is an iV x iV-matrix: 

sik) = (4(fc)) 

V J l<t,]<N 

Let A^(-'\(j = 1,2), be manifolds satisfying the assumptions (A.l) ~ (A. 4) 
in Chap. 3, §3. Assume that m']^^ and m'^i^ are isometric, therefore, M^i^ — 
Ai\ = All X (0, 1), Ml being a compact manifold of dimension n — 1. Letting 



^ All X (0, a), we construct il'^ and i/^''^ as above 



Theorem 4.6. Suppose ^ k^ <^ cFpiHi'") U apiH^'")- Let A^+^(fc2) be the 
N-D map for Hf'\ Then S'^^^ [k) = S''-^^ [k) if and only if K[^\k'^) = h.^^\k'^). 

The proof is the same as Theorem 2.3. 

We now pass to the boundary control method (BC-method) to show that BSP 
determines the manifold uniquely. The BC-method works for general Riemannian 
manifold wih boundary, if we know the N-D map for all k for the associated Laplace 
operator. The BC-method was first applied to compact manifolds ( |BeKu92j ). and 
was extended to non-compact manifolds (see e.g. |KKL04] . |IKL10j ). 

Let us formulate the inverse problem on non-compact Riemannian manifolds. 
Let Ml and A/'2 be Riemannian manifolds (not necessarily compact) with boundary 
with metric inherited form the Riemannian metric induced from Mj . We say that 
Ml and M2 have common parts Fi C dMi and T2 C dM2 if there exists an isometry 
$ : Pi — >■ Let h.j[z) be the N-D map for the Laplace operator on Mj. Then we 
define 



(4.5) Ai(z) -A2(z) ^$oAi(z) =A2(z) 



o $. 

r2 
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Here Aj(z)|p 



is defined by 



One can then show that (with some additional assumptions) if Afi and Af2 have 
common parts Fi and and l|4.5p holds for all z ^ R, then A/i and A/2 are 
isometric. In Chapter 6, we shall give the proof of this theorem (Theorem 18. 5p 
for asymptotically hyperbolic manifolds fij , fij under consideration. Modulus this 
theorem, we have thus proven the following result. 

Theorem 4.7. Let M be a manifold satisfying the assumptions (A.l) ^ (A. 4-) 
in Chap. 3, §5. We assume that one of the ends has a regular infinity, and denote 
it by Ml. Suppose we are given two metrics G'-^\ j = 1,2, on M satisfying (A-3) 
in Chapt. 3, §5. Assume that G^^) = G^^) on Mi. IfSii{k) = Sii{k) for all k>0, 
then G(i) and G^^) are isometric on M. 

We can actually prove a stronger version of Theorem 4.7, which is valid for 
two manifolds whose structure, in particular the number of ends, are not known 
a-priori. 

Theorem 4.8. Let M''-'\ j ~ 1,2, be manifolds satisfying the assumptions 
(A.l) - (A. 4) m Chap. 3, §5 endowed with metric G'-j\ j = 1,2. We assume that 
for both of M^^^ and M^'^^ one of the ends has a regular infinity, and denote them 
by M^i \ j = 1,2. Assume that m\^^ and M^i ^ are isometric, and Sii{k) — Sii{k) 
for all k>0. Then M'-^'^ and A^^^) 

are isometric. 

4.3. References of inverse scattering on asymptotically hyperbolic 
manifolds. Melrose's theory of scattering metric studies the spectral properties 
of the Laplace-Beltrami operator on manifolds whose ends have the metric of the 
following type 



Each end is assumed to be isomorphic to X x (0, 1) and gQ(x,y,dx,dy) admits an 
asymptotic expansion of the form 

h{x, y, dx, dy) = (dy)'^ + ho{x, dx) + y hi{x, dx, dy) + 7/^/12(2;, dx, dy) + • • • , 

ho{x,dx) being a Riemannian metric on the boundary at infinity, X. Mazzeo 
and Melrose [MaMeST] developed a pseudo-differential calculus to deal with these 
manifolds, and proved the existence of analytic continuation of resolvent of the 
associated Laplace-Beltrami operator into the region C \ {^{n — Nq)}, Nq = N U 
{0}. Borthwick [BoOlj studied the case of variable curvature at the boundary at 
infinity. Guillarmou jGulmOS) showed that the resolvent had in general essential 
singularities at {^{n — Nq)}. Joshi and Sa Barreto [JoSaBaOO] proved that the 
scattering matrix determined the asymptotic expansion of the metric h{x, y, dx, dy) 
at infinity. Sa Barreto |SaBa05| proved that the scattering matrix for all energies 
determined the whole manifold. 

Resonance is also an important subject in the inverse scattering theory, and 
many works are devoted to it. They are summarized in |GuZw9"7] or in the book 
of Borthwick [Bo07j . 

For the spectral theory of symmetric spaces of higher rank, there ia a work 



ds^ = 




[MaVaOTj . 
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Inverse scattering problem or inverse boundary value problem from a fixed 
energy is not yet solved completely for the case of the metric. However, in 2- 
dimensions the inverse boundary value problem is completely solved by Nach- 
man [Na95j , Lassas-Uhlmann [LaUhOlj , Astala-Paivarinta |AsPa06| and Astala- 
Lassas-Paivarinta |AsLaPa05| . For higher dimensions, there is a developed theory 
for isotropic metrics, see the review article of |Uh92j . Mo rever a method was 
developed to study anisotropic metrics from a known conformal class. See e.g. 
|DSKSU09| . 

There is a link between the hyperbolic manifolds and the inverse boundary value 
problems in the Euclidean space. See |Is04a| . |Is04b| . |Is04c| . |Is07a] . |Is07bj . 
In [IINSUOTj an application to the numerical computation is given. 



CHAPTER 6 



Boundary control method 

1. Brief introduction to the boundary control method 

1.1. Wave equation and Gel'fand inverse problem. Let J\f be an n- 

dimensional complete connected Rieniannian manifold with boundary dAf. We 
shall consider an IBVP (initial-boundary value problem) for the wave equation 

dfu — AgU on A/'x(0,oo), 

where Ag is the Laplace-Beltrami operator. In local coordinates 

Ag = g-^/^d,{g'^g^/^d,), g = det (g,,). 

We impose the initial condition 

and the boundary condition 

^-^laAAx(o,=o) = /e^o°°(aAAx(0,(^)). 

Here v is the outer unit normal to dM. Let u-f{x,t) be the solution to the above 
IBVP. We measure u-^ on x (0, oo), and call 

(1-1) A'':/^u^L,, , 

a hyperbolic Neumann-to-Dirichlet map. The basic question we address is the fol- 
lowing one. 

Question Assume we know A''. Can we determine {JV, g), i.e. the manifold JV and 
the metric gl 

This is the Gel'fand inverse problem (stated in a slightly different form, [Gel57] l. 
Note that A'* is an operator defined on dAf x (0,c»). Starting from the knowledge 
on dAf X (0,oo), the first issue is the topology of Af, and the second issue is the 
Riemannian structure. 

The answer to the above question is affirmative when Af is compact, and also 
for non-compact Af with some additional geometric assumption. To fix the idea, 
in this chapter, Af means either any compact connected Riemannian manifold with 
boundary, or when dealing with the non-compact case, the manifold fl'^ discussed 
in Chap. 5, §4. However, the arguments given below also work for non-compact 
manifolds possesing the spectral representation as in the case of fJ'^. Note that in 
both cases dAf is compact. 
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1.2. Spectral formulation. Let us begin with the compact manifold case. 
Consider the Neumann Laplacian : 

The spectrum of consists of real numbers 

= Ai < A2 < A3 < • • • ^ oo. 

Let (pk be the associated eigenvectors 

- Ag(pfc = AfcVJfc, d^ipk\gj^^O. 

Without loss of generality we can assume iph to be real- valued. The set {ipk}kLi can 
be made to form an orthonormal basis in L'^{Af) and orthogonal basis in H^{J\f), 
where the inner products of L'^{J\f) and H^{Af) are defined by 

(/, 9)lH^) = I nx)W)dVg, dVg - g^'^dx^ • • • dx", 
J^^ 



{f,9)H^{M)^ / 9'^ dJdjgdVg + {f,g)L2. 

We call { (-^fe, <Pfc Igj^) the boundary spectral data (BSD). The original Gel'fand 
inverse problem is equivalent to: 

Question Given BSD, can we determine {Af,g)7 

The relation of BSD to the hyperbolic Neumann-to-Dirichlet map is represented 
by the following (formal) formula: 

(AV) (x, t)^ [ [ G{x, y, t - s)f{y, s)dSyds. 

JdAf Jr+ 



dAfxdAf 



(1.2) G(x,2;,i)=5]^^^^i^^,(2:)^,(y)| 

One can also deal with the Dirichlet Laplacian, i.e. 

H^u^-Agu, u£ H^{Af)nH^iAf). 

Let 0</ii</i2</i3<---— ^cxDbe the Dirichlet eigenvalues, and -tjjk the 
associated eigenvectors. Considering IBVP 

dfW — AgW, 

lo^xR+ = /e^o"(aAAxR+), 

we define the hyperbolic Dirichlet-to-Neumann map by 
The integral kernel of R'^ is formally written as 



R\x,y,t) = ±^^^^ 



k=l V Mfc 



d^ijkix)di,ipk{y)\ 



dAfxdAf 



The method we are going to talk about is called the Boundary Control (BC) 
method, whose history goes back to the famous results by M. G. Krein, in the 
mid-fifties, on the 1— dimensional inverse scattering theory ( |Kr51aj . |Kr51bj ). 
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Compared with the fundamental methods by Gel'fand-Levitan and Marchenko, the 
method of Krein is distinguished by the systematic use of the finite propagation 
speed for the wave equation. However, the ideas based upon the domain of influ- 
ence, etc. coming from this flnite velocity are "disguised" in the work of Krein due 
to their formulation in the frequency domain (or the stationary equation), where 
they turn out to be conditions on analyticity of the corresponding Fourier transform 
of the solution. This principal hyperbolic nature of Krein's method was revealed 
by Blagovestchenskii who was working in the time-domain (or the time-dependnet 
equation) using the flnite velocity of the wave propagation and ideas of controlla- 
bility in the fllled domain to derive a Volterra-type equation for unknown functions 
( [BlaTla] ). These ideas have become crucial for the extension of the method to 
multidimensions pioneered by Belishev |Be87| . see also [KKLOl] . One more im- 
portant ingredient of the BC-method, namely, the possibility to evaluate the inner 
product of waves sent into N from dM also goes back to the 1-dimensional case to 
the work of Blagovestchenskii |Bla71b] . See |BeBla92] for the multidimensional 
case. 

The BC method has the following features. 

(1) BC method is hyperbolic. 

Since the propagation speed of wave motion is flnite, and singularities of waves 
are related with geodesies, this implies the close connection of BC method with 
geometry. 

(2) BC method is not perturbative. 

We do not assume that the given metric is close to some standard one. In this 
sense, the BC method does not have the character of perturbation theory. 

1.3. Outline of the procedure. The crucial tool of the BC-method is the 
Kuratowski space of boundary distance functions R(Af) to be deflned in §5, and 
the reconstruction of the manifold J\f is done by the following 3 steps : 

• In §8, we show that BSP determines i?(A/'). 

• In §5, we show that R{M) is topologically isomorphic to A^. 

• In §7, we show that R{Af) determines the Riemannian metric of Af. 

This is an effective interplay of linear partial differential equations and geom- 
etry. The main ingredients of the 1st step are Blagovestchenskii's idenitity, which 
represents the solution of the initial boundary value problem (IB VP) of the wave 
equation by BSD, and Tataru's uniqueness theorem, which guarantees the conrol- 
lablity of IBVP. The 2nd step is of the character of general topology. The 3rd step 
is purely from differential geometry, in which the coordinate system of Af is con- 
structed by R{Af) and the metric tensor is computed. The analytic and geometric 
preliminaries are done in §2, §4, and in §5, §6, respectively. 



(2.1) 



2. Blagovestchenskii idenitity 

Given a solution of the wave equation 

r = AgU, 
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we expand it by eigenvectors to get 

u^{x,t) = '^ul{t)(pk{x), ul{t) ^ uf{y,t)Lpk{y)dVg. 
k •'■^ 

Then we have 



dt 



/ [d^u^ipk - u^di,(fk] dSg + / u^AgipkdVg 
fiy,t)ipkiy,t)dSg - Xk / uf{y,t)ipk{y)dVg. 



We have thus derived 
d^ 



+ Xkuiit) - / fiy,t)ipk{y)dSg 



and, due to the initial condition in IBVP, 



Solving this differential equation, we obtain Blagovestchenskii idenitity 

(2.2) ui{t)=fds[ dSg ''''^'^^-'^^ fiy,s)^,iy). 

Jo JdAf V 

This formula shows that is represented by Afc and 95fc|g_^, i-e. BSD. 

Lemma 2.1. The following holds: 

(2.3) {uf{t),u\s))=Y,ui{t)^), 

k 

i.e. BSP determines the inner product {u^ [t) , (s)) 1^2 (^j^^ , Vt, s G R, V/, /i & 
C^(5A/'xR+). 



Proof. This follows from (\2.2^ and the Parseval formula. □ 
Lemma 2.1 is the first corner-stone of EC method. We let 

(2.4) S{t,X) = S{t,s,X)^S{t,X)S{s,X), 

V A 

and use the notation in Chap. 5, §3 to rewrite the right-hand side of (j2.3p as 

(2.5) J2 f f dt'ds'S{t-t',s-s',X,){S^P,Srf{t'),h{s')). 

j Jo Jo 

This implies the following corollary. 

Corollary 2.2. The inner product {u-^ (t) , u''' (s)) is written only by BSP. 

This is also true when — Ag has the continuous spectrum. Recall that in §4 of 
Chap. 5, the Laplace-Beltrami operator on fJ'^ admits the spectral representation 
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J^i^'. In this case, to modify the formula ()2.3p , we have only to add the integral of 
A'^\k)*A^\k) to the right-hand side of ([231) : 

r dk f r dt'ds'S{t-t's-s\k^)(s^T^+\k)*T^+\k)Srfit'),h{s')) 
Jo Jo Jo ^ ' 

(2.6) t .s 

+ V / / dt'ds'S{t~t',s-s\X,){S^P,^Srfit'),h{s')). 
^ Jo Jo 

Again {u-^ (t) , u''' (s)) is written only by BSP. 

Let us remark that in [KK LOTj . p. 214, Lemma 4.9, it is shown that one can 
construct BSD from BSP up to a multiplication factor if Af is compact. 

3. Geodesies 

Let us recall some basic notions from Riemannian geometry. The distance of 
two points x,y of a Riemannian manifold Af, denoted by d{x, y), is defined by the 
infimum of length of piecewise smooth curves joining x and y. This makes Af a 
metric space. If Af is complete in this metric, it is said to be metrically complete. 
When = 0, by the theorem of Hopf-Rinow (see e.g. [GaHuLaSO] . pp. 94, 
95), it is equivalent to that Af is geodesically complete, i.e. any solution of the 
equation of geodesies can be extended onto the whole line R. In this case, again 
by the theorem of Hopf-Rinow, any two points in Af can be joined by the minimal 
geodesic (i.e. the shortest curve). 

In local coordinates, the equation of geodesies is written as 

Let x{t, y, v) be the solution of p.ip satisfying 

x{0,y,v)^y, dtx{0,y,v) ^ V £ Ty{Af), 

where dt = d/dt and TyiAf) is the tangent space at y. Let \v\g be the length of 
V S Ty{Af). Then the map defined by 

(3.2) expy{v):Ty{Af)3v^xil,y,v)^x{\v\g,y,v)eAf, v^v/\v\g 

is called the exponential map. Using this exponential map, we define the Rie- 
mannian normal coordinates centered at y in the following way. Let By p = {u G 
Ty{Af); \v\g < p}. Then for p sufficiently small, the map 

expj^ : By^p 3 V ^ expj^(u) e exp{By^p) C TV 

is a diffeomorphism. Hence v = (wi, • • • ,d„) can be used as local coordinates on 
expy{By^p). Note that (|3.2p implies that, when dealing with geodesies x{t, y, v), we 
can always parametrize them so that \v\g = 1. This parametrization is called the 
arclength parametrization and will be always used in this chapter. 

Almost all of the notions from Riemannian geometry can be extended to the 
manifold with boundary by obvious changes. The problem of the existence of the 
shortest curves, however, is delicate. Think of, for example, non-convex domains 
in R". However, for any x,y G Af, there exists a shortest curve, which is C^- 
smooth. See e.g. [A1A181] . Moreover, the segments of this curve lying inside 
are (minimal) geodesies in A^, while the segments of this curve lying on dAf are 
minimal geodesies on dAf. 
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The following lemma is easy to prove. Let d{x, y) be the distance between x 
and y with respect to the Riemannian metric g, and for a subset S C Af, d{x, S) = 
mf{d{x,y) •,y & S}. 

Lemma 3.1. For any x G Af, there exists z G dM such that d(x, z) = d{x, dj\f). 
Moreover x = 7z(s), where 7z is the geodesic starting from z with initial direction 
the inner unit normal to dJ\f, and s = d{x, z) . 



4. Controllabilty and observability 

Two notions in the title of this section are fundamental concepts in control 
theory. They are related to properties of solution operators of dynamical problems. 

4.1. Domains of influence. For any set A (Z M and io > 0, we define the 
domain of influence of A (at time to) by 

M{A, to) = {x&M; d{x, A) < to}. 

Wc introduce the forward, D+{A,to), backward, D-{A,to), and double cones, 
D{A, to), of dependence by 

D±{A, to) = {{x, t):x€ Af{A, to Tt), 0<±t< to}, 

D{A,to) = D+{A,to)Li D^{A,to). 

Lemma 4.1. Take to > and a bounded open set A C J\f arbitrarily. Let u he 
a solution to the initial boundary value problem 

' dfU = AgU, in J\f xK, 

(4.1) }u = dtu = 0, on J\f{A,to) at t = 0, 

_ d^u = 0, on D{A, to) n {dJ\f x R). 

Then u = in D{A,to). 

Proof. We prove this lemma in the case when J\f is a, domain in R" and, due 
to symmetry t — ^ —t, for t > 0. The general case can be proved in the same way 
by taking local coordinates. 

First we recall the well-known energy inequality. Note the identity: 

^dt {{dtv)^+g'^divdjv) - -^di i^g'^djvdtv) 

(4.2) ^ 



= [d^v-^di{^g'^djv))dtv. 



V9 

where dt = d/dt, di = d/dx^. Take a time interval I = [0,T], a family of connected 
open sets A{t) C R" {t e /) and consider a domain D{T) c R" x R^ such that 

D{T) = {{x,t) ■,tel, xe A{t)}. 

Then dD{t) consists of 3 parts: 

dD{T) = A{T) U A{0) U S, 

where the lateral boundary S consists of 2 parts: 



(4.3) S = SaUSr, Sa = D{T) n {dM x [0, T]), Sr = S\ Sq. 
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Assume that S,- is piecewise smooth and its unit normal n = (ni, • • • , rin, fit), with 
respect to the Euchdean metric, has the property 

(4.4) nt>{g''ninjf''^, on Sr- 

Suppose that a real- valued function v = v{x,t) satisfies the wave equation 

^^^^ {djv-^d,{^gf^d,v) = Q, in D{T), 

y dyV — 0, on Sr. 
Mutilplying (j4.2p by ^ and integrating on D{T), we have 



(4.6) 



1 r 

2 



A(t) 



t=T 
t=0 



nt {{dtvf + g'^divdjv) ^ dS + n,g'^ djvdtVy^ dS, 



where the integral over Sg disappears due to the boundary condition in (14.51) and 
rit = on Sg. The right-hand side is non-positive by (|4.4p . estimate 

\n,g''djvdtv\ < \dtv\{g''n,n,Y^^{g'^d,djy/^ < nt\dtv\{g'^ d^d.Y^^ 

and the Cauchy-Schwarz inequality. This implies 

{{dtvf + g'^d^vdjv) ^dx < I {{dtvf + g'^d,vd,v) ^dx. 

A{T) Ja{0) 

This holds with T relplaced by r G (0,T). Therefore, if ^'|(_q — dtv\^_^ = on 
A{0), we have Vvj^^^ = O,^*^!^^^ = on A{t), hence w = on D{T). 

We turn to the proof of Lemma 4.1. In the following, Cq and C denote constants 
independent of small e > and j = (ji, ■ ■ • ,jn) G Z". 

For a small e > , we take lattice points P{j, e) = {jie/Co, ■ ■ ■ , j„e/Co), where 
Co is a large constant. We extend (g^^ix)) smoothly outside Af, and put 

(4.7) G(^-' = (5"'^(P(j,e))) +6Co/„, 

In being the n x n identity matrix. Letting dj^^{-, ■) be the distance defined by the 
Riemannian metric Gj,^ = (G^-'"'^')^^, we put 

i?(j,e) -{xeR"; d,-,(a;,P(j,e)) <e}. 

We also let 

K{A, to) ^{xe Af{A, to) ; d{x, dU{A, to)) > e}, 
where d{-,-) is the distance defined by the Riemannian metric (30/3(0;)). Then 
KiA,to) cAf{A,to) and AfeiA, to) Af{A,to) as e ^ 0. 
We now consider a finite set 

Jie)^{j;Pij,e)eK{A,to)}, 

and for j e J(e), we put 

D{j, e) = {{x,t);xe AA, d,- ,(x, P{j, e)) < e + t, < t < e/Co] ■ 

As above, its lateral boundary consists of 2 parts like (|4.3p . We show that the 
condition (|4.4p is satisfied on Sr- 
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For the sake of simplicity, we assume that P{j, e) = 0. The lateral boundary is 
defined as the zeros of 

ip{x, t) = e + t- {Gj^^x, x)^/^. 

Since the Euclidean normal unit of the lateral boundary is given by {Vx^p, dt(p) /(| V^^i^ap- 
(9t(p)^)^/^, we have only to show that for any x on the lateral boundary 

(4.8) 1> (G(a;)-iV,^,V,^), G(a;) = (^^^(x)). 

Let Go = G(F(j,e)). Then G^-^ = (Gp ^ + eCo)-^ and G{x) = Gq + 0{e). Since 
— —Gj,ex/{Gj^^x,xy/^, we have 

(4.9) (G(.)-V.^, V.^) = (G^]G,,x,G X) ^ [0{e)G x^G x) ^ 

(Gj^eX,X) (Gj^eX,X) 

In the right-hand side, Go and Gj^e are positive definite, and 0(e) is symmetric. 
Noting that 

^/G~0{e)^/G~<eCi 
for some constant Gi > 0, we see that 

(4 10) (Q(e)Gj,ea:, Gj^ex) ^ 

[Gj^^x, x) 

To compute the 1st term of the right-hand side of (|4.9p . we first note Gq ^G^^e = 
(1 + eGoGo)^^. Letting Ai be the smallest eignvalue of Gq, we have 

(l + eGoGo)'i < (l + eGoAi)-i. 

Then, letting y — ^JgJ^^x^ and noting that Go and Gj.e commute, we can estimate 
the 1st term as 

((l + eGoGo)-i^,y) ^ 1 



(y,2/) -1 + eGoAi' 

In view of (|4.10l) and (|4.1ip . taking Go large enough, we see that (14.81) is satisfied. 
We now put 

(4.12) I?i(e)= U Z?(j,e), 

and apply the energy inequality to have 

(4.13) w = 0, in D^{t). 

Let _D(A, io,r) be the section of _D(A, io) at time t — t. We also let e5'*^''(t) be 
the boundary of the section of -Di(e) at time t — t, and E5^°™(t) be the surface such 
that 

I]'i°"'(t) □ Ef»''(r), 

d(I]'i°"'(T),sf3''(T)) = 2e + GeT, 

where for 2 compact surfaces Si and 52, Si □ 52 (or 52 C 5i) means that 52 is 
contained in the bounded domain with boundary 5i, and where G is chosen large 
enough. 

The meaning of (|4.14p is as follows. At time t = 0,we take the surface sj''^''(0) 
and Y]'f^{0) inside and outside of dD{A, to) with distance e. We then develop them 
by speeds higher or lower than that of waves. At time t, the distance between 
Ei'3^(t) and E[°'"{t) will increase at most by Get. 



(4.14) 
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Let S(t) be the boundary of D{A,tQ,T). Then we have 

(4.15) I]f9''(t) □ I](t) c ^'nt), < t < e/Co. 

The next step starts from the time t — e/Co instead of t = 0, and -Di(e) instead 
of D{A,to). One can then construct D2{e) and Il^^^^'^t) as above for e/Cg < t < 
2e/Co. Then by the energy inequahty 

(4.16) u = 0, in D2(e), 

for the time interval e/Co <t< 2e/Co. The surface Y.if'^{T) is defined by 

^^■^^^ I d(S^°-(r), I]r^''(r)) = 2. + ^ ce{r 

We continue this procedure. In the fc-th step, we obtain 
(4.18) u = 0, in Dk{e), 

in the time interval (fc — l)e/Co <t< ke/Co, and 
J 4°^"(r)DEl"^''(r), 

^^■^^^ d(E'r (r), ''''(r)) = 26 + ^(fc - 1).^ + Ce(r - ^-^e). 

Now, with a given time to > and a large number N , we take e as Ne/Co = to- 
We put 

Then, by the above consideration, 

u = 0, in Dn. 

By our construction, Dn C £'(yl, io)- When N ^ oo, D{N) tends to D{A,to). In 
fact, by (|4TT9l) and Ne^to, 

d(4°"'(T),S;^'»''(r)) < (2 + Cto)e^0. 

This proves Lemma 4.1. □ 

In the proof this lemma, we follow the basic steps of Theorem IV 2.2 of jLad73j , 
making them more precise by taking into the account the variable velocity of the 
wave propagation. 

Using Lemma 4.1, we can describe the support of the waves generated by the 
Neumann boundary sources, namely the solution of the IBVP, 



(4.20) 



' dfU — AgU, in J\f x (0, oo) 



9"'«la^x(o,oo) = /e^o°°(9AAx(0,oo)). 

To this end, for any subset A C Af, we introduce the forward, C+{A), backward, 
C-{A), and the double, C{A), cones of influence 

C±iA)^{{x,t);d{x,A)<±t,±t>0}, 

C{A) = C+iA)UC-{A). 
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Corollary 4.2. Let he the solution to IBVP {4-20(1 . Let, in addition, 
supp / C X (0, oo), where S C dAf is open. Then 

suppu^ C Cj^{S). 

Proof. Let io > and {yo,to) ^ C+{S), then for small r > 0, 

{{x,t); xe TV, d{x, S)<t, < t < to} n D{Br{yo), to) = 0, 

Br{yo) being the ball of radius r > centered at yo- Applying Lemma 6.4.1, we have 
u-^{yo,to) — 0. To complete the proof, just note that for t <0, u^{x,t) —Q. □ 

4.2. Unique continuation and controllabilty. Next we describe the prop- 
erties of t) in N{S, t), when supp / C 5' x (0, oo). We start with the following 
global uniqueness theorem which is essentially due to Tataru ( |Ta95] ). 

Theorem 4.3. Let u E Hl^^{J\f x (— ^0,^0)) satisfies 
( dfU ^ AgU in J\f x {-tQ,to), 



^'^'"la7Vx(-to,to) "lsx(-to,to) 



(4.22) 

Then u = in D{S,tQ). 

For a measurabe subset D C Af and v € L'^{D), we define v = on M\D and 
regard L'^{D) as a closed subspace of L'^{J\f). 



(4.23) 



Corollary 4.4. Assume v satisfies 

2/ 



' d^v = A„v in A/" x R, 



Then dtvl. . — 0. 

I t — to 

Proof. We extend v{t) on the time interval {to, 2to) by v{t) = —v{2tQ — t), and 
put w{t) = v{t — to). Then w satisfies the conditions in Theorem 14.31 □ 



Corollary 14.41 shows the usefulness of the notion of the observability operator, 
Ol : L'mS,to)) As^i^M ^ ^'(^ ^ (0,to)), 

where v"^ is the solution to Note that w'^lgj^'xR ^ (^(R; i?i/2((97V)), and 

(4.24) ||OfoV'l|L^(5x(0.*o)) <C^IIV'I|l^(aA), 

where C = Ct^ is a constant. 

Corollarv 14.41 is equivalent to the following fact, called the observahilitry. 

Corollary 4.5. For any open set S C ON and to > 0, we have 

We consider now, the map C^^ defined by 

C^; : L'{S X {0,to)) u^l^^^ e L\U{S,to)). 

The crucial fact about C^^ is the following theorem. 



Theorem 4.6. Ran (CtJ = L^{AfiS,to)). 
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Proof. Due to Corollary 14. 5) it is sufBcient to show 

(4.25) Cl=-{0l)\ 
i.e. 

(4.26) {Clf,i^)mms,to)) = -if,Ofj)LHSxio,to))^ 

for / e L^{S X (0,to)), ip e L^iMiS,to)). Clearly, we can take / e Ci^{S x (0,to)) 
with both / and ^ being real-valued. By integration by parts, we have 

f f {{d^U^ - AgU^)v'^ - U^d^V'f' - AgV''')) dtdVg 

Jj^ Jo 

[{dtuf)v^ -ufidtv^)]lZodVg 

[ [ " ((S^U^W'^ - Uf{d^v''')) dtdSg. 

IdAf Jo 

By the initial conditions, u-^\^ „ = 9tU^L „ = 0, and w'^L , = 0, dtv"^]^ , = th. 

■' ' lt=Q ^ lt=0 ' it=ta ' \t=to ^ 



By the boundary condition, d,yV^\Qj^^^ = 0, and dyU^\Qj^^^ = f. Wc then have 

/ C^fijdVg^- f f° fV^dtdSg 

JN JdN Jo 



Since / is supported in S" x (0, io)i the right-hand side is rewritten as 

5 

which proves the lemma. □ 

By this theorem, for any e > and a E L'^{Af) such that suppa C J\f{S,to), 
there exists / = f^^a & C^{Sx (0,to)) satisfying \\u^ {■ , to) — a\\ l2 (^^-^ < e. Therefore 
the property described in Theorem 14.61 should be called approximate controllability. 



4.3. Further results on uniqueness. Results of the type of Theorem 14.31 
(Holmgren- John type uniqueness theorems) have a long story, starting from the 
classical result by Holmgren: 

Theorem 4.7. Let u be a classical, i.e. C^, solution to the partial differential 
equation P(x, Dx)u — with analytic coeffcients. If u = in one side of a non- 
characteristic surface S, then suppu H S = 0, i.e. u = near S. 

For the proof, see e.g. jHor] Vol 1, p. 309 and [MiTSj p. 250. Recall that 
for a differential operator P{x,Dx) = J2\a\<mPo'{^)^x defined on an open set U 
in R", its principal part is defined by Pmix,£,) = X]|c(|=m?'a(^)^"- ^ surface S of 
co-dimension 1 in [/ is said to be non- characteristic to P{x,Dx), if Pm{x,Ux) ^ 
for any x G S and normal i^a; to S at x. Theorem 4.6 was first proved by E. 
Holmgren in 1901 [Hoi' and extended by F. John in 1949 | Joh49| . This theorem 
has been tried to be extended to the C°°-coefficient case by Robbiano |Rob91| or 
Hormander [Ho92j . and finally Tataru |Ta95| succeeded in obtaining the result 
in full generality (see also |KKLOl] . p. 117). The importance of non-analyticity 
should largely be emphasized in applications to inverse problems. We formulate 
Tataru's local uniqueness theorem in the form convenient for future applications. 
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Theorem 4.8. Let u e Hl^^{il), fl C JV x R, be a weak solution to the wave 
equation dfu — '-^gU, where {Af, g) is a Riemannian manifold. Let S C &e a 
non- characteristic surface. If u = on one side ofT,, then suppwH S = 0. 

Actually, this theorem implies Theorem 14.31 due to the fact that we can con- 
tinue by untill we hit the chracteristic surface giving rise to the double cone of 
dependence. Note also that this theorem implies more general version of Theorem 
14.31 where condition d^ul^., , . , > = is changed to dyu\„ , . , > = . 

5. Topological reconstruction of M by R{M) 

5.1. Reconstruction from boundary distance functions. The key idea 
of the geometric BC-method is to reconstruct the boundary distance function, rx{z), 
defined as follows: For any x € A/", r^ is defined by 

(5.1) rx{z) ^ d{x,z), zfEdAf, 

d{x, y) being the distance oi x,y G Af. We define the map R by 

R : Af 3 X ~> r^{-) e C{dAf). 

If dJ\f is compact, R{Af) becomes a metric space by the distance 

doc{ri,r2) = ||ri(-) - r2(-)||L-(aAA), 

and the following inclusion relation hold 

R{Af) c C"^\dAf) c L°°{dM), 

where C^'^{dN) is the space of Lipschitz continuous functions on dN . The utility 
of the boundary distance function is seen in the following lemma. 

Lemma 5.1. If dAf is compact, {R{Af),doo) is homeomorphic to {Af,d). 

Proof. By the triangle inequality, for any z e dAf, \d{x, z) — d{y, z)\ < d(x, y). 
Hence max^gajv" \d{x, z) — d{y, z)\ < d{x, y). This implies 

(5.2) doo{rx,ry) < d{x,y). 

Both of {R{Af),doo) and {Af,d) are complete metric spaces. By ()5.2|) . the map 
R : (A/", d) {R{A^),doo) is continuous. Let us show that R is injective. Assume 
rx{z) = ry{z), Vz € dAf. Let Zm be a point of minimum of r^ and ry. Then x lies 
on the geodesic normal to dAf from z„i at the arclength rx{zm), but also y lies on 
the geodesic normal at arclength ry{z„i) = r^izm). Then x = y. 

We show that R~^ is continuous. Suppose r^^i-) converges to r^i-) uniformly 
on dAf. Then sup„ ||r^^||ioo < co. Since minr^.^ = d{xn,dAf), and 9A^ is compact, 
this means that {xn} is in a compact subset in A\f. Therefore, for any subsequence 
of {Xn}, one can select a sub-subsequnce {x'^} such that xj^ converges to some 
point y G N. By (j5.2p . rx'^{-) converges uniformly to ry{-). However, since r^^i-) 
converges to r'a;(-), we have rx(-) = ry{-). Therefore x — y. Since every subsequence 
of {xn} contains a sub-sub sequence which converges to one and the same limit x, 
Xn converges to x. This proves the lemma. □ 
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5.2. Metrics on R{Af). -R(A/') is a set of functions indexed by the points 
X G J\f. However in the inverse problem we are now considering, we know neither 
Af nor X, since they are the objects we are trying to reconstruct. So, changing the 
notation, we let ri = rx,r2 = ry, where x,y € Af. Now we ask a question: Does 
c?oo(fi,^2) determine d{x,y)? If it is true, it becomes a mile stone for our inverse 
problem. 

Assume we can find new distance (i(ri,r2) from doo(7'i,''2) so that d{ri,r2) — 
d{x,y) for x,y such that ri = r^, r2 = ry. Then (i?(A/'),d) becomes isometric, 
as a metric space, to {J\f,d). By the Myers-Steenrod theorem |MySt39] (see e.g. 
|Cha93| ■ p. 175), this implies that there is a unique Riemannian manifold structure 
on R{Af) such that i? : TV ^ R{J^) is isometry. In the following, we give a direct 
way of reconstructing the Riemannian manifold structure on R{Af) to make R a 
Riemannian isometry from Af to R(Af), without leaning over the abstract nature 
of the Myers-Steenrod theorem. 

To find an isometry from R{Af) to Af, perhaps the simplest case is the simple 
manifold. By definition (in the strong sense) simple manifold means that any 
x,y ^ N are connected by a unique shortest geodesic which continues to both 
directions to dN as the shortest geodesic, and dN is geodesically convex. 

Proposition 5.2. If Af is simple, then dooifxjTy) = d{x,y). 

Proof. Recall (|5.2p . Let z be the point on dAf lying on the continuation 
of the geodesic from x to y. Then d{x,z) — d{y,z) = d{x,y). This proves the 
proposition. □ 

Remark 5.3. It is known that even in the case of non-simple manifold, there 
exists a constant < C < 1 such that 

Cd{x,y) < doo{rx,ry) < d[x,y). 

Remark 5.4. Let dNi — dAf2, and compare R(Afi) and R{Af2)- To this end, 
we can take the Hausdorff distance dH{R{Afi), R{Af2))- Let us recall that if Af be 
a metric space, 81,82 C A/", then the Hausdorff distance is defined by 

dH{8i,82) = max{ sup d{x, 82), sup d{y, 81)}. 

x£Si V&S2 

A natural question is, if dH{R{Afi), R{A^2)) is small, does it mean that A/i and 
Af2 are close and which sense? 

In general, the answer is " No" , which is the manifestation of well-known ill- 
posedness of the inverse problem. However, we can add some a-priori conditions, 
e.g. in terms of Gromov compactness on manifolds {Af,g), to obtain a positive 
answer. See e.g. [AKKLT0 4] 

6. Boundary cut locus 

In this and the next sections, we devote ourselves to geometric preliminaries. 
For a Riemannian manifold Af, let Tx{Af) be the tangent space a,t x G Af. Recall 
that for ^,7] e Tx{Af), the inner product and the length are defined by 

n 

9x{Ui) = g^A^)Cv' = E 9^A^)^W, lei, = VgJ^) 

Put 8x{Af) = {C e TxiAf) ; |^|g = 1}. Let T{Af) and T*{Af) be the tangent bundle 
and the cotangent bundle of Af, respectively. 
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We are dealing with the manifold J\f with boundary. To consider the differential 
at z € dJ\f of a map defined on J\f, we can extend the manifold A/" to a bigger 
manifold J\f of the same dimension so that z is in the interior of Af. This defines 
the tangent space Tz{N) at z which is independent of the choice of N. When 
we consider the tangent sapce of dN at z € dN , we denote it by Tz{dN). Note 
that Tz(dAf) is canonically identified with the subspace of codimension 1 in Tz{Af) 
whose unit normal is the unit normal to dAf at z. 

6.1. Variation and Jacobi fields. Let c(t) bo a curve on J\f. For a vector 
field X{t) on Af, with components {X^{t),--- ,X"'{t)) in local coordinates, the 

covariant differential —X{t) along c{t) is defined by 



dt 

VcX{t) = ^^x\t) = + T':.{c{t))e{t)x\t), 



where we used the abbreviation f(t) = ^i^. Note that VcX{t) is independent of 

dt 

local coordinates. A vector field Z{t) is said to be parallel along c{t) if it satisfies 
— .Z(f) = 0. In particular, c{t) is a geodesic if and only if c{t) is parallel along c{t). 
For any C°°-curve c{t) and vector fields ^{t) and ri{t) along c{t), we have 

The energy of a curve c{t) is defined by 

(6.1) Eic} = ^J^ g,^t^{c{t),c{t))dt, 
and the (arc)length of c(t) is defined by 

(6.2) L(c) = / J g,(t){c{t),c{t))dt. 

J a 

Then by the Cauchy-Schwarz inequality, we have 

(6.3) L{cf <2{b-a)E{c), 

where the equality holds only when the speed ^ gc(i){c{t), c{t)) is constant. 

A C°°-map : [a, h] x (— e, e) 9 (t, s) —> H{t, s) e A/" is said to be a variation of 
c(t) if H(t, 0) = c{t) {a < t < b). It is said to be a geodesic variation if for each s, 
the curve : t — >■ H{t, s) is a geodesic. 

For p e N and v G Tp{N), let Cp{t,v) be the geodesic such that Cp{0,v) = p, 
Cp{0,v) = V. The exponential map is defined by 

expp(w) = Cp{l,v). 

For any e Tp{J\f), the curve : t — )■ expp(to) is a geodesic. 
The curvature tensor R is defined by 

{R{X,Y)Zy =Rl^,X^'Y^Z'', 

pi _ jk _ ik I pr _ pi pr 
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where X, Y, Z are vector fields on Af. Note that ahhough we use coordinates to 
define Rljj^, this is actually a (1,3) tensor. It satisfies 

(6.4) R{X,Y)Z - VxiVyZ) - Vy(VxZ) - V[x,y]Z. 

Lemma 6.1. Let H(t,s) be a variation of c{t), and put Cs{t) = H{t,s). We 
define the vector field Y{t) along c(t) by 



Y{t) = ^H{t,s) 



s=0 



Then the following formulae hold. 
(1) The 1st variation formula: 



E{ 

ds 



{cs)\^^^=gc(b){Y{h),c{b))-g,i^a){Y{a),c{a))- j g,(^t){Y {t),j^c{t)yt, 



where D/dt is the covariant differential along c{t). 
(2) The 2nd variation formula: 



'2 



-^E{cs) ^= gc(b){S{b),c{b)) - gc(a){S{a),c{a)) 



s=0 

b 

+ ' 



{fMt) (jYit)^ jYit)) - 9c(t) {R{Y{t),c{t))c{t),Y{t) 
S{t),j^c{t))}dt, 



- 9c(t) I 

where, letting D /ds be the covariant differential along the curve Ct{s) : s — > H(t, s), 
(6.5) Sit)-^'"^'-'^ 



ds ds 

For the proof of above lemma, see e.g. [GaHuLaSOj . Chap. 3 

Lemma 6.2. Let c{t) {a < t < b) be a geodesic on Af, and H{t, s) its geodesic 
variation. Then Y{t) = dH{t, s)/ds\^^^ satisfies 



(6.6) r + i?(r, c)c = 0, a<t<b, 

where D/dt is the covariant differential along c{t). Conversely, if a vector field 
Y(t) along the geodesic c{t) satisfies the equation i6. 6\) . there is a geodesic variation 
H{t, s) such that H{t, 0) = c{t) and Y{t) = dH{t, s)/ds\ 



ls=0' 



Proof. Direct computation shows that 



D d , D d , 



Therefore by 



DDdH DDdH fDD ,dH dHA dH 

didi~ds ~ m'd^'dt ^ yd^di ^ ^~dr' ~d7' J ~dt' 

Since Cs(t) are geodesies, D{dH{t, s) / dt) / dt = 0. Thus, letting s = 0, we obtain 
{D/dtfY = R{c,Y)c, which proves 
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Conversely, suppose Y{t) satisfies ()6.6p . Take a curve z{s) such that z(0) ~ c(a), 
i(0) = Y{a). Let Xo(s), Xi(s) are vector fields which are parallel along z{s), and 
satisfy X{0) = c{a), Xi{0) = {DY/dt){a). We put 

H{t, s) = exp,(,) {{t - a){Xo{s) + sXi(s))) . 

Then the curve : t — > H{t, s) is a geodesic for each s, and H{t, 0) = c{t). Let = 



dH{t,s)/ds\ 



Then, as has been shown above, Z{t) satisfies (|6.6p . Moreover, 



Z{a) = i(0) = Y{a). Then 



LIZ DdH 
D 



D OH 

ds dt 



XM 



DY 

~dr 



where in the last step, we use Xo(s), Xi{s) are parallel along z{s) 
Y{t) = Z{t) by the uniqueness for solutions of differential equations. 

A solution Y{t) of (|6.6p is called Jacobi field along c{t). 



Therefore 
□ 



6.2. Focal point. In the following, we consider the boundary normal geodesic, 
denoted by jz{t) or ex.pgj^(z,t), starting from z S dJV with initial direction being 
the inner unit normal at z. Explicitly, take local coordinates z = (zi, • • • , Zn-i) on 
dAf, and (zi, • • • , 2:„-i, Xn), where x„ = is a defining equation of dAf, as local 
coordinates in J\f. Coinsider the equation of geodesies 



d'^x'' u , , , , dx' dx^ 

x{0)^{z,0), §(0) = K^), 

where is the unit normal at the boundary. Then, the map jz{t) ■ {z, t) x{t, z) 
is a difFeomorphism near DM, and we use {z,t) as boundary normal coordinates in 
M near dN . 

Proposition 6.3. In the boundary normal coordinates, the Riemannian metric 
is written as 



ds^ = [dtf 



ri-l 

E 



hij{z, t)dz^dz-' . 



Proof. Since x{t) is a geodesic, we have 

/dx dx\ 



5n 



5 



For 1 < i < n 



'\dt' dt) 

1, we have 
d d I'dx dx\ 



= 1. 



dt 



9n 



dt^\dt' dz^) 
/dx D dx 

^['dt'd^'m 



/dx D dx\ 

'['dt' di'd?) 
Id r dx dx 

2d?^\'dt''dtJ 



0. 



dx 

Since —(0) = i^(z) is normal to dAf, gni{z,0) = 0. Therefore, 
dt 

proof is completed. 



0, and the 
□ 
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Fixing t, we define the map expgj^(-,i) by 

expQ^{-,t) -.dJV 3 j,{t) e A/". 

Let dofj- expQj^{zo,t) : Tzo{dN) — >■ T^^^[t){J^) be the differential of ex\)Qj^{-,t) 
evaluated at zq. 

Definition 6.4. Let 7zo(0 be the boundary normal geodesic starting from 
zq G dN . The point 720(^0) = expgjy^(2;o, to) is called a focal point along 720 (0 if 

Tank{ddjs/ exY>Qj^{zQ,tQ)) < n - 1. 

Lemma 6.5. Let 7zo(i) (0 < ^ ^ ^o) be a boundary normal geodesic starting 
from Zq e dH ■ If jzo{ti) is a focal point along 72^ for some < ti < to, then 
T — d{'jz„{to) < ^0 ttnd there exist w G dM such that 7to(T) — 7z„(to). 

Note that this lemma is a particular case of Fermi coordinates associated with 
fc-dimensional submanifold in Af, where k < n. See lCha93', §3.6. See |BiCri64] . 
p. 232, or [Sak96] . Chap. 3, Lemma 2.11 for the complete proof. 

We prove this lemma under the following additional assumption. 

Condition (TG) : In a neighborhood of zq, we can extend A/" to a bigger manifold 
J\f so that, in a neighborhood of zq, ON is a totally geodesic submanifold of M . 

Let us recall that, given a Riemannian manifold A/", its submanifold S is said 
to be totally geodesic if any geodesic of Af starting from a point 2; G 5 in a direction 
tangential to S lies in S. Note that, if dim(5) — n~\, which is the case of 5 = dN , 
this condition is equivalent to the fact that the second fundamental form (the shape 
operator) of iS vanishes. In turn, this is equivalent to the fact that v{z) is parallel 
along S. 

For example, if for some e > 0, A/" = 5 x (— e, e), and the metric of A^ is of 
product form: 

ds^ = {dtf + h{uj,duj), 

where h(uj, duj) is the positive definite metric on S induced from that of A/", then S 
is totally geodesic. 

Proof of Lemma (|6.5|) . By the assumption, there exists 7^ ^ G Tz^ (dAf) such 

that 

(6.7) {dg^fexpg^{zo,ti))^^0. 

Let z(s) be a geodesic in JV such that z(0) — zq, i(0) = ^. By the condition (TG), 
z{s) is also a geodesic in dAf. We put 

H{t,s) = (expg^it)) (z(s)) = 72(s)(0, 

dH{t, s) 



Y{t) = 



ds 

Then, by Lemma W% Y{t) is a Jacobi field along c{t) and satisfies 
(6.8) ?(0)=e, ?(ti) = 0. 

These facts follow from -ff (0, s) — 2(3), (|6.7p . and 
d ~ . d 

—H{ti,s)\^^^ = ^expajv(^i)(2(s))L^o ^ {ddAf exPdAf{zo,ti)) ^. 
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Take a parallel vector field Z{t) satisfying 
D 



(6.9) 



^^Z(t) = 0, for 0<t<to, 
Z(0 = -f?(^i). 



Pick f{t) € C5^((0,to)) such that /(ti) = 1, and put for a e R 

' Y{t)+af{t)Z{t), 0<t<ti, 
af{t)Z{t), ti<t< to. 



(6.10) V^{t) 



Note that at t ^ ti, Va{t) is continuous by (|6.8p . however, ^Va{t) is discontinuous. 
As a variation of c{t) ~ jzoit): '^^ consider 

(6.11) i?„(t,s) =exp,(,)(sFa(i)). 

Let Ca,s{t) be the curve : t Ha{t,s). Then Ca,Q{t) — c{t) for all a. Define the 
energy of Ca^s{t) by (|6.ip . We can then prove the following formula. 

Proposition 6.6. For small \a\, we have 

(P / DY DY \ 

(6.12) ^i^(c„,) = -2a,,(,,( — (.0,^(^1)) +0(a^). 

Granting this proposition for the moment, we complete the proof of Lemma 
DY 

6.5. We have (ti) ^ 0. In fact, if this vanishes, since Yit-i) = and Y{t) is a 

at _ 

solution of the 2nd order differential equation, Y{t) vanishes identically. Proposition 
6.6 then yields 

(6.13) (d/ds)2i?(c„,,)|^^„ <0, 
if a > is chosen small enough. Letting 

Yo,{t) = dH^{t,s)/ds\^^^ = V^{t), 

and using Yq(0) = Y{Q) = Ya{ta) — 0, we have by Lemma 6.1 (1), 

{d/ds)E{c^^,)\^^^ = 0. 

This, combined with (|6.13p . implies E{ca^s) < E{c), for < s < e, if e > is small 
enough. For < s < e, we have, by the Cauchy-Schwarz inequality (j6.3p . 

i(Ca,.)' < 2to£^(Ca,s) < 2tQE{c) = L{cf, 

where in the last step we use the fact Co{t) is a unit speed geodesic. Therefore, 
di'yzoito),dAf) < to, which implies an existence of w G dJ\f with desired property. 
This proves Lemma 6.5. □ 

Now we prove Proposition 6.6. We split energy into 2 parts: 



in 1 



E{Ca,s) = T; / 9c^ si't)i(^a.s{'t),Ca,s{t))dt + - / gc^_^{t){Ca.s{t), Ca.s{t))dt 
^ Jo ' ^ Jti 

= : Ei{Ca,s) + E2iCa,s)- 



to 
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Let S'a(i) be defined by Then, by Lemma 6.1 (2), 

(P 

—^Ei{Ca,s) = 5c(ti)(5'a(tl),c(il)) - gc(0) (S'a (0) , c(0)) 

QjS s— 

^ lo -5(^(^a,c)c,K,)}di. 

Since DZ/dt = 0, tlie integral in the right-hand side is equal to 

X {9[^+o^fZ,^+afZj -g{R{Y + afZ,d)c,Y + afZ)jdt 

+ 2a ^ ' {.9(/Z, - g{R{Y, c)c, fZ) }dt + Oia^). 



Since F is a Jacobi field, it satisfies (|6.6p . This imples 
d^ 



ds 



s=0 



9c(ti){Sa{tl),c{ti)) - gc(0)('S'a(0),c(0)) 



(6.14) 



mY DY 
KdT' ~drJ 



\ ,D^Y ~o 



Then two integrals of the right-hand side are computed as 



'1 d (DY 



-4 — ,rj.t + 2o/ j^9{^JZ)dt 



(6.15) 



(0),r(0) 



2a{.9c(t,) (^(ii)' /(ii)^(^i)) - 5c(o) (^(0), /(O)^(O)) } 



Recall that Y[ti) = 0. We also note that the curve : s H{t, s) — exp^^jj (sV"a(t)) 
is a geodesic for i > 0. Then we have 



(6.16) 



^a(t) 



D dH{t,s) 



ds ds 



We show that -^(0) = 0. In fact, since 



D~, , DdH 
3.17 -r>" = — — 

' dt ^ ' dt ds 



_ D dH 
,=t=a ds dt 



0, t>0. 



,=t=o ds 



0. 



s=0 



where the last equation follows from vanishing of the second fundamental form in 
zq. Plugging ()6.14p ^ (|6.17p . we obtain 

ffl / r)Y \ 

(6.18) di^^i^'^"-) = 2«5c(tO Zih)) + Oia'). 
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We turn to E2{ca,s)- As above, 

-^E2{Ca,s) ^ = gc(to)iSaito),c{to)) - gc(ti){Sa{tl),c(ti)) 



s=0 



I " f " 5(^(^a, C)C, Va,) }dt. 



We compute in the same way as for Ei{ca.s)- Since Y does not appear in this case, 
we have 

(6.19) ^E2{c^,s) = 0(^2) 

In view of (|6.9p . (|6.18l) and (I6.19p . we have completed the proof. □ 

Remark 6.7. The above proof can be immediately extended to the case when 
the second fundamental form of 97V vanishes just at the point zq. Indeed, the above 
proof shows that, for sufficiently small a > and \s\, 

d(z(s),72o(io)) <to- cas^. 
Since d{z{s),dM) = 0(|sp), the result follows. 

6.3. Boundary cut point. Let ^z{') be the boundary normal geodesic start- 
ing from z G dJ\f . A point (t) is said to be uniquely minimizing along the geodesic 
jz{-) if t = d{'jz{t), dJ\f) and t < d{"fz{t),w) for any w G dN such that w ^ z. Thus, 
{lz{s) ; < s < t} is a unique shortest geodesic from dN to 7z(i). 

Lemma 6.8. Let jz{t) (0 < i < to) be the boundary normal geodesic starting 
from z e dAf. If Jz{ti) is not uniquely minimizing for some < ti < to, then 
d{-fz{to),dM) < to. 

Proof. Since 7z(ti) is not uniquely minimizing, there exists w € dAf such 
that 7u,(t) = lz{ti), t < ti. Consider a once broken geodesies c(s) = 7u;([0,t]) U 
lz{[ti,to]). Here, for any curve c(s), by c([a, &]) we denote the piece of c(s) for 
s G [a, b]. Then 7z(to) = c(s), s — to + (t — ti). This proves the lemma when t < ti. 

For t — ti, consider a curve c(s) which consists of 3 parts: the geodesic 
7u,(s),0 < s < t ~ e, the minimizing geodesic c'(t) connecting 7^(t — e) and 
7z(ti + e), and the piece of geodesic 7z(s) for ti + e < s < to. Note that, by 
the short-cut arguments, L(c') < 2e. Therefore, 

Lie) = (t - e) + L(c') + (to - (ti + e)) < to - (ti - t) = to, 

which proves the lemma. □ 

By the above lemma, if 7z(t) is uniquely minimizing along 7z(-)j then so is 
72(5) for any < s < t. We put 

(6.20) t(z) = sup{t ; 7z(t) is uniquely minimizing}. 
We then have 

d{-fz{t),dJ\f) < t, for r(z) < t. 
In fact, we have only to take r(z) < ti < t and apply Lemma 16.81 

Definition 6.9. The function r(z) defined by (|6.20p is called the boundary cut 
function, and the point 72(r(z)) for t(z) < 00 is called boundary cut point of z along 
7z. If t{z) = 00, we say that there is no boundary cut point along the boundary 
normal geodesic 7z. 
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Lemma 6.10. For zq G dJ\f, let r(zo) be as in Definition \6.9[ At the boundary 
cut point, 

d{'Jzo{T{zo)),zo) = t{zo), 
and at least one (possibly both) of the following statements holds: 

(a) 7zo(''"(-2o)) '5 fl"' ordinary boundary cut point, i.e. there is w ^ dN such that 
w^zq andj^„{T{zo))=^^{T{zo)). 

(b) ^zai^iza)) is the first focal point along ^^a, i-e. 

rank(daAAexpg^(2;o,i)) = n - 1 if t < r(zo), 
rank(daA^expg^(2:o,i)) < n - 1 if < = r(zo). 

Proof. By definition, we fiave d{'-fzo{s),dJV) = s for s < t(zo). Letting s — ?> 
t(zo), we have (i(7z„ (t(zo)), c^A/") = t(zo). Tliis implies, by Lemma 6.5, 72o(s) is 
not a focal point for < s < t{zo) . 

There exists 6 > such that the geodesic ^zo (t) exists in the interval [0, t{zq) + 
S]. Take a sequence (5 > ei > £2 • • • ^ and put t„ = t(zo) + e„. Then, by 
the definition of t{zq), there exists w„ € dJ\f, Wn 7^ zq, and s„ < i„ such that 
7ju„(sn) = 7z(^n)- Since dN is compact, there exists a subsequence {w„,s„}, such 
that — > w e c^A/", s„ — > s, where < s < t(zo). Then 7to(s) = 72n(T(zo)), which 
implies s = t{zq). This gives rise to ordinary boundary cut point \i w ^ Zq. 

Suppose w = Zq. Let us show that ^zq(Jzq) is the first focal point along ^^q- 
Assume that rank {dg^ expgj^(zo, t(zo))) = n — 1. Take a small neighborhood V of 
Zq in c^A/" and smaU e > 0. Then the map : V x (t(zo) — e, t(zo) + e) 9 (-z, —J' lz{t) 
is a diffeomorphsim. Therefore, in a small neighborhood J7 of 7z,-|(t(zo)), 7z(t)~^ 
is a diffeomorphism. Since Wn -> zq and s„ — > t(zo), 7u,„(sn) G t^- However, 
lzo{tn) € and 7zo(in) = 7to„(sTi). We thus arrive at the contradiction. By 
Lemma l675l for t < tq, 720 (0 ^^ot a focal point. □ 

We introduce a topology in R+ U 00 by taking intervals (a, b) and (a, 00] = 
(a, 00) U cx) as basis for the open sets. 

Lemma 6.11. The function t{z) in DeRnition \6.9\ is continuous from dj\f to 
R+ U 00. 

Proof. Suppose t(z) is not continuous at z S dAf, and let Zk G dJ\f be such 
that Zfc — ^ z and limT(zfc) ^ '''(z). Set = ''"(z^), Too = limr(zfc) and t = ''"(z). 

We first consider the case t > Too- Since t = t(z) > Too, then Too < 00 
and by Lemma 16.51 expgj^^ (too , z) is not a focal point along the boundary normal 
geodesic j-{t). Therefore, rank(dgjv expgj^(z. Too)) = n — 1. Then, there is a 
neighborhood F of z in dJ\f and e > such that the map V x (tqo — e, Too + 
e) 9 (z,t) — !■ expgj^(t, z) is a diffeomorphism. Since z^ — )■ z, — > Too, we have 
(zfc, Tfe) e Vx (too-c, Too+e) for large k. Therefore, Ta.nk{daM expgf^{zk,Tk)) = n-1 
for large k. Then by Lemma 16.101 expgj^{zk,Tk) is not the focal point along the 
boundary normal geodesic expQj^{zk,t), but the ordinary boundary cut point, i.e. 
there exists Wk £ dAf such that Wk ^ Zk and e:xjpQj^{wk,Tk) = expgjy;-(zfc, r^). We 
see that Wk ^ V, since eyipgj^ is a diffeomorphism on F x (tqo — e, Tqo + e). By 
taking a subsequence if necessary, we can assume that Wk converges to w G dAf. 
By shrinking V if necessary, we have w ^ V. We than have 

expg_^(w,Too) = limexpgj^(wfc,rfc) = limexpg_^(zfe, r^) 

= exp9^(z,Too). 
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This contradicts Lemma [6.81 and the definition of r = r(z). 

Next we assume T < Too- Take r < r < oo. Then, there is w G dJ^ and s < r 
such that 7-(t) — jw{s)- Since Zk -> z, Jz^i''') ~^ Tzl^)- By the triangle inequlaity, 

rf(w,7^,(T)) < d(w,7-(T)) +d(7y(T),7^^(r)) = s + d(7-(T), 7^, (r)). 

Since s < t, taking k large enough, we see that d{w,jz^{T)) < t. Since r < Too, so 
that T < T(zk) for large k, we get the contradiction. □ 

6.4. Boundary cut locus. Boundary normal coordinates. 

Definition 6.12. The boundary cut locus lo is defined by 

w-{7.(T(^));ze9AA}, 

where 7z(t(z)) is the boundary cut point of z along the boundary normal geodesic 
^z{t) — exp3j\/(z,f) in Definition 6.8. 

Recall that by Lemma IB. lOi we have d{"fz{T{z)),z) — t{z). Let us investigate 
the structure of w. We put 

B{Af)= U {7.(i);0<i<r(z)}. 

Lemma 6.13. (1) M = B{Af) U cj, B(JV) n cj = 0. 

(2) CO is a closed set of measure 0. In particular, it has no interior points. 

(3) B{Af) is an open set. 

Proof. For any x G Af, there exists z^ € dAf such that d{x, Zx) — d{x, dAf) :— 
s{x). Therefore x = lz{x)isix)) (see Lemma l3.1|) . Let us prove s{x) < t{zx), 
where r(z) is boundary cut function, see Definition 16.91 Indeed, if s{x) > t{zx), 
there exists w € dAf such that d(x,w) < s{x), which is a contradiction, since 
s{x) ^d{x,dAf). 

Therefore, we have shown that, for any x G Af, there exists z^ G dAf such that 
X = expgj^{zx,d{x, dAf j) and d{x, dAf) < t{zx). This proves N = B{Af) U oj. 

The disjointness of i? and uj is obvious. Since r(z) is continuous, U :— {{z, r(z)) ; 
z G dAf} C dAfxR^ has measure 0. Since expgj^{z, t) is continuous, w = expg^(C/) 
has measure 0. This implies that lo has no interior points and, since dAf is compact, 
u! is compact. □ 

Example 6.14. (1) Let Af = B^ = {\x\ < 1} equipped with the Euclidean 
metric. Then lo = {0}, which is both an ordinary boundary cut point and the first 
focal point. 

(2) Let Af be the inside of an ellipse : Af = {{x, y) G R^; x^/a^ + y'^/P < 1}, (a > 
b > 0) equipped with the Euclidean metric. Then uj = {(x, 0); |a;| < (a^ — 6^)/a}. 
The end points (±(a^ — b^)/a,0) are focal points, and all the points in the open 
interval {(x,0); |x| < (a^ — b^)/a} are ordinary boundary cut points. 

Based upon Lemma 16.131 we make the following definition. 

Definition 6.15. The boundary normal coordinates is the map, 

(6.21) B{Af)=Af\uj3 X {z{x),s{x)) e dAf x R+, 

where s{x) is the distance from x to dAf and z{x) is the unique point on dAf which 
is the closest to x, i.e. x = Jz{x){six)). 
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7. Boundary distance coordinates 

7.1. Conjugate point. The boundary cut locus is different from the standard 
notion of cut locus on the manifold without boundary. Therefore, we shall assume 
in this section that the manifold Af is embedded in a complete manifold of the 
same dimension Af, where Af has no boundary. Note that we can always construct 
Af taking it to be the Hopf double of A/ equipped with metric which is a smooth 
Seeley-Borel continuation across dAf. 

Definition 7.1. Let c{t) {a < t < b) he a. geodesic on A^. Two points c(a) and 
c{b) are said to be conjugate along c(t) if there exists a non-trivial Jacobi field Y{t) 
along c{t) such that Y{a) — 0,Y{b) = 0. We also say that c(6) is conjugate to c(a) 
along c{t). 

For y G Af, let 7(y^i,)(i) — expy{tv) be the unit speed geodesic starting from y 
with initial direction v e Sy{A/), where Sy{A^) ^ {v e Ty{Af) \\v\g = l}. 

Lemma 7.2. Let c{t) = 7(j,,^)(t) be a unit speed geodesic on Af. Then c{to) is 
conjugate to y along c{t) if and only if there exists 7^ ^ G Ty{Af) = Ttgy{Ty(Af)) 
such that 



dexp 



tov 

For the proof, see e.g. |Au82j . p. 17, or ICha93| . Theorem 2.16. 

Lemma 7.3. Let c{t) {a < t < b) be a geodesic on Af. If there exists a < t < b 
such that c{t) is conjugate to c{a) along c{t), there is another geodesic with end 
points c(a) and c(b) which is strictly shorter than the arclength, b~a, of the geodesic 
c{t), a<t<b. 

For the proof, see e.g. |Cha93j . Theorem 2.11, or }KN69j . p. 87. 

Similary to the boundary cut function t(z), we introduce (Riemannian) cut 
function, r^. 

Definition 7.4. The (Riemannian) cut function r^, : S{Af) — > R+ is given by 

(7.1) T^{y,v) =sup {i; d(7(y.„)(t),y) =i} . 

t>o 

Note that d{y,j(^y^y){T^'{y,v)) = T^{y,v). The point ji^y^y){T^'{y,v)) is called 
the cut point for y along the geodesic 7(^,1,) (•)• This should not be confused with 
the boundary cut point of Definition 16.91 where we considered the distance to dAf. 

Remark 7.5. Assume that Af = Af\B{xo, a), where B{xQ,a) is a ball of radius 
a > centered at xq. Let 

a< min_ t^{xo,v). 

Parametrize the points on dAf — dB{xQ,a) by v and observe that the normal 
geodesies to dA^, i.e. jv{t) are actually the continuations of the geodesies ■yxo,v{t), 
namely, 7t,(i) = ^xo,vit + a). Therefore, the focal and boundary cut points along 
7t, are actully the conjugate and Riemannian cut points along Jxq.v. This implies, 
due to Lemma 17731 the validity of Lemma [6.51 for dAf — dB{xo, a). 

Lemma 7.6. The mapping T^{y, v) : S{Af) — > R+ U 00 is continuous. 
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This is proven in the same way as Lemma Em See e.g. |Cha93j . Theo rem 
3.1, or [KN69j . p. 98. 

Lemma 7.7. Let z e dM , and v he the inner unit normal to dM at z. Then 
T^{z,v) > t{z). 

Proof. Assume that for some z G dJ\f, t^{z,v) < t{z). Note that, fohowing 
our notations for the boundary normal geodesies and geodesies starting at z, we 
have jz{t) = 7(2, for t > 0. Take x = 7(^^^) (t-^(z, z/)) and ^ = ~i{z,^){'t) at 
t — T^{z,v). By duahty, t^{x,£) = t^{z,v). We extend ^{x,^){t) on the interval 
[Q,T^{x,£) + 5\ with (5 > 0. Since 7(a;_^)(T^(z, z^)) = by choosing J > small 
enough, we can assume that, if t^(x,^) < s < t^{x,(,) + S, J(x,i){s) is outside 
the original A/". Let y{t) — 7(3, + t^(x,^)). Then, for smaU t, d{y{t),z) = 
d{y{t),dN)=t. 

Note that, by the definition of r^, for t> Q d{y{t),x) < t + T^{x, ^). Therefore, 
there is a shortest geodesic ^{s) from y{t) to x with fi{s) — x and s < t^{x, ^) + 1. 
Let w be the last point on /i where /i crosses dAf. 

By triangle inequality, 

s > d{y{t), w) + d{uj, x)>t + d{w, x) > t + t^{z, u), 

where in the last step we use the assumption t^{z, v) < t{z). This is a contradic- 
tion. □ 

Let z G df\f and 72 be the boundary normal geodesic from z. Then, by Lemma 
17.71 there exists e > such that for t < r(z) + e, 7z(-) is still the shortest geodesic 
(lying inside Af) from z to "yz{t). 

7.2. Hamilton's equation. Let (g*-') = (gij)^^ be the contravariant metric 
tensor, and define a C°°-function on T*{M) by H{x,^) = ^g^-' {x)^i£,j. As has been 
mentioned in Subsection 1.4 in Chap. 1, the equation of geodesic can be rewritten 
as Hamiltons's canonical equation 



(7.2) 



dx"- dH j- 
dC. dH Ifdg'^'ixy 



dt dx^ 2 V dx 



Fix a point y E J\f and let x{t), £^{t) be the solution to (|7.2p with initial data 
a;(0) — y, ^(0) = ^0, where ^0 satisfies g^-' {y)£,oi£,oj = 1- Then, by the energy 
conservation law, 

(7.3) g^\x{t))C,m,it) = I. 

Let v'{t) = dx'{t)/dt = g'^ {x{t))^j{t), and put v{t) = {v^{t),--- ,u"(t)), vq = 
v{0). Then x{t) is a geodesic starting from y with initial direction vq. Assume 
that, for U C Sy{Af), < ti < t2, the map : U x (^1,^2) 3 (vo,i) x{t) is a 
diffeomorphism. Then t and Wq become smooth functions of x depending (smoothly) 
on the parameter y : t — t{x,y), Vq = VQ{x,y). Hence, so is ^ = ^{x,y). Since 
ti^, y) = Jy S,idx\ we have 



(7.4) 
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This equality can be rewritten as 

(7.5) {gradJix, y)y = c/^ {x) — {x,y) ^v^x.^y). 

Note also that, if t2 < t^(?/,wo) and C/ is a small neighborhood of vq, the above 
map is, indeed, a diffeomorphism and t{x,y) — d(x,y). 

7.3. Boundary distance coordinates. Near the cut locus, we cannot use 
the boundary normal coordinates. However, the boundary distance coordinates 
constructed below can be used everywhere on A/"™* = Af\ dAf. 

Lemma 7.8. For any xq G A/""'*, there exist points zi, - ■ ■ , G dM such that 
the functions {pi{x), ■ ■ ■ ,pn{x)), where Pi{x) — d{x,Zi), give local coordinates in a 
small neighhorhhood of Xq . 

Proof. Let zq G dAf be a point nearest to xq, i.e. xq — 7zo(so)j where sq — 
d{xo,zo) — d{xo,dAf). If there are several such points, one can take any of them. 
Let vo = -jza{t)\t=to e SxoiAf) so that 7(xo,i.o)(*o) = zq. By Lemma[7?71 we have 
So < T^(zo,i^(zo)) = t'^{xo,vo). By Lemma[721 ^exp^^ |^^^^ : Tsqu,, (T^;,, (TV)) = 
TxoiA/) -> T^ai-^) is non-singular. 

Consider curves Zi{t),i — 1, • • • ,n — 1, in dAf such that Zi{0) = zq and the 
vectors ii(0), i — 1, • • • ,n — 1, form an orthonormal basis of Tzg{dAf). Let Vi — 
(dexp^-g 1^ ^ )~^Zi{0) for z = 1, • • • , n— 1, and Vn = vq. Then Vi, i = 1, ■ ■ ■ ,n, form a 
basis ofTxfX-^)- Furthermore, Ci{s) :— {ex-p^J^^{zi{s)) G Txg{JV), i ~ 1, - ■ ■ ,n—l, 
satisfy Ci{0) = sqVq and Ci(0) — Vi. For i — I,-- - ,n — 1, let Zi — Zi{e) for a 
sufRciently small e and z„ — zq. We define pi{x) — d{x,Zi), i — I, ■ ■ ■ ,n. Then, 
by (|7.5[) . gradj.pi(a;o) = —Ci{e)/\ci{e)\g, i — 1, . . . ,n, are linearly independent. The 
inverse function theorem completes the proof. □ 

Example 7.9. Let Af he a Euclidean sphere : Af — {\x\ < 1}. Then the 
boundary normal coordinates are essentially polar coordinates with center at the 
with r— >1 — r, r<l. The center is the cut locus. To define the local coordinate 
around the origin, we have only to take n points wi, - ■ ■ , Wn on dAf which are 
linearly independent, and Pi{x) — \x — Wi\. 

7.4. Reconstruction of the metric. The following lemma is a key trick to 
reconstruct the Ricmannian metric. 

Lemma 7.10. Let xq G Af. Then we can recover the metric tensor gij{x) 
from the boundary distance functions dAf 9 w — > d{x,w), where x Cz U , U being a 
neighborhood of xq . 

Proof. For xq G A/", let zq S dAf be such that d{xo,zo) — d{xo,dAf). Then 
there is a small open cone of directions C C Sxg {Af) such that the geodesic starting 
from Xq with initial direction in C hits dAf transversally in a neighborhood Wq of 
zq. Using the proof of Lemma [7.81 this means that the directions of the shortest 
geodesies from z G Wq to xq form the cone — C in Sx„{Af). 

Let U he a small neighborhood of xq. For x £ U and z G Wq, we consier 
d{x,z). Passing to Hamilton's equation, we have d{x,z) — t{x,z), where t{x,z) is 
defined in Subsection 7.2. By (17.31) . we have 

g'^{xo)£,i{xo,z)£,j{xo,z) = 1. 
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We can compute ^i{xo,z) from (I7.4p : ^i(xo,z) — ——(xo,z]. Let z vary on Wq. 
Then, since ^(a;o,2:) varies over an open set in S*^{Af), the unit sphere in the 
cotangent space T*^ {J\f) , we can recover the contravariant metric tensor g^^ (xq). □ 

8. Reconstruction of i?(7V) from BSP 

In this section, we shall prove that if two manifolds Af^^'' and A/"*-^-* have the 
same BSP, the space of boundary distance functions R{Af'^^^) and i?(A/''^-') coincide. 
We use the expression "BSP determines the quantity A" to mean the following: 
Let j4'^^ and A^'^^ be the quantities associated to the manifolds A/"*-^-* and A/"*-^-*, 
respectively. Then if 7V'^' and VV^^^ have the same BSP, A^''-^ = A^^) holds. 

8.1. Projection to the domain of influence. Recall that, for a subset 
F C 97V C Af and r > 0, we put 

AA(r,T) = {x G A/"; d{x,T) < t}. 

We also define for z E dJ\f 

JV{z, t) ^ {x eM; d{x, z) <t}. 

Let XAf(r t){^) be the characteristic function of Af{T, r). We define a projection on 
L2(AA) by 

(8.1) Pr,r/(a:)-XAA(r,r)(x)/(x)eL2(AA(r,T)), f E L^iAf). 

Let (t) be the solution to IB VP (^1^ . 

Lemma 8.1. Let f E C^{dM x (0, cx))) and T,t > 0. Let T C 97V be an open 
set. Then BSP determines a sequence fj E C^(r X (0,t)) such that uf^{t) 
PT,ruf{t). 

Proof. Let us recall an elementary fact on the projection in a Hilbert space T-L. 
Let P be a projection onto a closed subspace 5 of T-L. For u E H, take Vn & S such 
that lim„_>.oo \\u — Vn\\ = inf^,£5 ||u — f || = ||(1 — Then w„ — > Pu. 

Using Theorem 4.6, we have 

Wu^m' - ||Pr,V(t)||2 = 11(1 - Pr,r)M^(i)|P 

= inf \\uUt)~u'^(T)P. 
r,eCo-(rx(o.r))" 

Noting that 

\\uf{t) - u^{T)f = \\ufit)f ~ 2Re(u^(i),u''(r)) + \\u^{T)f, 



one can compute the right-hand side of (|8.2p by Corollary 2.2. We then choose a 
sequence fj E C^(F x (0,r)) which attains the infimum of (|8.2p . Then u^^{t) — 
Pt,tU^ {t). This procedure depends only on BSP. □ 

Lemma 8.2. Let f , h E C§° {dAf x {0 , oo)) and Ti,T2,t, s > 0. 

(1) Let Fi,F2 C 97V he open sets. Then BSP determines the inner product 

{PT^.nuf{t),Pv2.nU^{s))L2(^j^) ■ 

(2) Let zi,Z2 € 97V. Then BSP determines the inner product 
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Proof. (1) is an obvious consequence of Lemma 8.1. Taking open sets Fi, r2 C 
dJ\f shrinking to 21,2:2 G df\f, and applying Lebesgue's convergence theorem, we 
obtain (2). □ 

8.2. Domain of influence and R{Af). Following |KKL04] . we can identify 
the boundary normal geodesic from BSP. 

Lemma 8.3. Let 7z(-) be the boundary normal geodesic starting from z G dAf, 
and s > 0. Then the following 3 assertions are equivalent. 

(1) d{^M,z)^d{^As),dN). 

(2) For any e > and any neighborhood F C dM of z, the interior of (A/'(F, s) \ 
AA(9AA,s-e)) y^0. 

(3) For any neighborhood F C dJ^ of z, there exists h € C^iT x (0,s)) such that 
\\u^{s)\\ > \\Po:^,s^,uHs)\\. 

Proof. Suppose (1) holds, and consider the open ball B^/2{^e)^ where ~ 
72(5-6/2). Clearly B,/2(a;e) cA/'(F,s). Let us show S,/2(a;e) n A/'(5A/', s - e) = 0. 
Indeed, if there exists x e i?e/2(a^e) H N{dN, s — e). Then 

d{x„dAf) < d{x„x) + d{x,dAf) < e/2+ (s-e) = s - e/2, 

which contradicts (1). Hence (2) holds. 

Suppose (2) holds. Take a sequence e„ — and a neighborhood F„ C dJ\f 
of z of diam(F„) < e„. There exists a sequence a;„,^„ G (0, e„/2) such that 
Bs„{xn) C A/'(F„, s) \ N{dN, s — e„). Up to taking a subsequence, 
Since s — e„ < d{xn,dN) < (i(a;„,F„) < s, we have d{x,dN) = d{x,z) = s. This 
implies that x = 72(5), hence (1) holds. 

Suppose (2) holds. Let x be the characteristic function of A/'(F, s)\J\f{dJ\f, s—e). 
Then ||xllL2(Ar) > 0. Approximating x by u'^{s), where h £ C^(F x (0, s)), we get 
(3). 

Evidently, (3) implies (2). □ 

Lemma 8.4. Let 7m,(') be the boundary normal geodesic starting from w € dAf, 
and s > be such that d{jw{s),w) = d{'^w{s),dAf). Let z G dM and t > 0. Then 
the following 3 assertions are equivalent. 

(1) t > d{'j^{s),z). 

(2) There exist a neighborhood F C dM of w and e > such that 

N{V, s) C N{dN, s - e) U N{z, t-e). 

(3) There exist a neighborhood F C dM of w and e > such that for any h £ 
Co-(Fx (0,s)) 

Proof. Assume (1) holds. If (2) does not hold, there exist a sequence F„ C dM 
shrinking to {w} and e„ — >■ 0, such that A/'(F„, s) ^ MidM, s — e„) U A/'(2, t — e„). 
Then there exists Xn G M such that d{xn,dH) > s ~ en, d{xn,z) > t — e„, and 
d{xn, F„) < s. Then, up to subsequence, a;„ — > x, with d{x, dM) — d(x, w) = s, and 
d{x,z) > t. Therefore x = 7u,(s), which by (1) implies (i(7u,(s),z) = d{x,z) < t. 
This contradiction shows that (1) implies (2). 

Suppose (2) holds. Since the condition d{'yw{s),w) = d{'~fw{s), dAf) implies that 
7«,(s) <^ Af{dM, s — e), then 7u,(s) € M{z,t— e). Thus, d(7u,(s),z) < i — e, proving 
(!)• 



204 



6. BOUNDARY CONTROL METHOD 



Let P = PdM.s-f, Q = Pz,t-e- Using (|8Jl) . we see that R = P + Q-PQ is & 
projection onto L"^ {JV {dJV , s — e) U Af{z, t — e)). Then (2) is equivalent to 

u''{s) ^ Ru''{s), VheC^ir X (Q,s)). 

Since i? is a projection, this is equivalent to 

\\u\s)r = \\Ru'^{s)r, yheC^{Tx{Q,s)). 

which is equivalent to (3). □ 

8.3. Main theorem. We are now in a position to prove the following theorem. 

Theorem 8.5. Let (A/", 5) be a connected Riemannian manifold with compact 
boundary. Suppose we are given the boundary spectral projections of the Neumann 
Laplacian on Af. Then these data determine (M, g) uniquely. 

Proof. We take w £ dAf. By Lemma [521 and Lemma [5751 (3). we can determine, 
by using BSP, whether or not 7iu([0, s]) is a shortest geodesic to dJ\f. In particular, 
this detemines the boundary cut function t{w). 

By Lemma \8A\ for s < t{w), we can compute, by using BSP, d{'-fw{s),z) for 
any z G dJ\f. Thus, for any w £ dJ\f and s < r(w), we associate, using BSD, a 
function r(^"''')(-) G C{dAf): 

r("''^)(z) = d(7^(s),z), z£dN. 

Note, see ()5.ip . that r*^'^''''-'(-) is the boundary distance function corresponding to 

Lemma 16.131 shows that, when w runs over dAf and s runs over [0,t(w)], then 
r("''')(z) runs over the whole R{Af) C C{dM). Thus, BSP determines R{M). 

We then recover the topology of N by Lemma 5.1. By Lemma 7.10, we recover 
the metric by BSP. □ 

We note that the uniqueness in the above Theorem means " up to an isometry" . 
We have used the generalized Fourier transform to represent BSP. However, in the 
above proof, we have actually used the hyperbolic Neumann-to-Dirichlet map and 
this can be controlled under milder assumptions. In fact, the BC-method also works 
for the manifold of bounded geometry, i.e. with the assumption of uniform injective 
radius of Riemannian normal coordinates, and the boundedness of curvature tensor. 
See |KKL04j . 

9. Wave fronts and R{M) 

As has been seen above, the construction of boundary distance functions from 
BSP is the step where the geodesic is traced using Blagovestchenski identity for the 
solutions to IBVP, providing an interplay between geometry and partial differential 
equations. Therefore, it is of interest to try other ideas. In this section, we explain 
the method which deals with the wave front of solution [t) to IBVP (|4.ip . 

(i) Controlled subspaces. By the finite propagation property, we have 

supp {■,t) C 7V(r, t) := {x £ J\f ; d (x, T)<t}. 

Recall that the closure in L^{Af) of {u^■,t) ; / £ Ci^{r x (0,t)} is L"^ {Af {T , t)) . 
We define a unitary operator 

J- J^p) : L^iAf) ^ L^((0,oo); h;dk) ® 
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where J-c^^ is the generahzed Fourier transforni, and J-p is the spectral representa- 
tion associated with the point spectrum for H: 

J^p : L'^iAf) B u = ^anpi{x) (ai,a2, - ••) e C*, 

i 

where d is the dimension of the point spectral subspace of H. If d = cxd, = l"^. 
If M is compact, ^i"*"^ is absent. 

(ii) Projections. Let Pr,t be the orthogonal projection 

Pr,t ■ L\U) 3u^ XAA(r,t)(a;)«(ar) e L'(A^(r,t)), 

XAfir,t){x) being the characteristsic function of the set J\f{T,t). Passing to the 
Fourier transform, we have 

where Vr,t is the orthogonal projection : 

Vr,t : L'^{{0,oo);h;dk) ® & ^ jC'^{r,t). 

(iii) Layers. It is obvious that 

L\Af{T,t_)) c L2(A/-(r,i+)), 0<t_< t+, 

C^{T, t-) C £^(r, Q<t-<t+. 
Take £2(r,t+,f_) = /:2(p^i_^) q £2(-p^^_-)^ ^j^j^.^^ ^^^.^ ^.j^g Fourier transforms of 
functions with support in the shell type layer or approximate wave front 

N{T,t+)\N{T,t-) ■.= Sh{T,t+,t-). 
Take {Ti,f^,t^) and (r2,4>*2 )• Then 

C^{Ti,t+,t^)nC\T2,t+,t^) 
= T{a;snppacSh{Ti,tt,t^)nSh{r2,tt,t2)}. 

(iv) Approximate distance functions. We take Fj, tf, i = I,-- - ,A'', and con- 
sider n^]^£^(rj, t^, which is the Fourier image of functions with support 
in the intersection of layers. If the intersection of layers has measure 0, then 
n-^;^>C^(rj, tf,t^) = {0}. If this intersection has positive measure, then dim ( fl^^ 
jC'^{Ti, , i^)) = oo. In particular, there is a; G A/" such that t~ < d{x, Fj) < . 

Divide dJ\f into a large number, which is denoted by iV(e), of F^ with diamFj < 
e. For any vector n = (ni,-- - ,nN(^)) G Z^^*^-*, put t^ = {rn — l)e, — UiC. 
Construct r]^C'^{Ti,t'l ,ti). We call n admissible, if ni£2(Fi, tr) ^ {0}. For 
any admissible n, we associate a function 

KneL°°(dAf), Kn{z) = nie, for z € F^. 

Take all these Kn{z) for all admissible n, and get a finite number of L°°{dN) 
functions. They are roughly distances from various points in J\f to dJ\f. Let us 
denote the set of these functions as R^{J\f). 

(v) Boundary distance representation of Af. Recall that, see §5.1, for any x € Af, 
there is the boundary distance function r^^z), z G QA/", 

rx{z) = d{x,z). 

This defines the map 

R:M ^C''^^{dM)^L'^{dM), R{x)=rx{-). 
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Let R{J\f) be the image of A/" by this map. Then the Hausdorff distance in L°°{dN) 
between R{JV) and ^^{Af) is estimated as 

(9.2) dH(i?(AA),i?^(AA)) < 3e. 

In fact, since (n^ — l)e < d(x,Ti) < and diamF,; < e, we have 

\d{x, z) — nie\ < 2e, z G Ti, 

for ah X S nSh{Ti, Uit, {tii — l)e). As, for any x G A/", there is J € C]Sh{Ti^ riie, {rii — 
l)e) with d{x,x) < e, this proves (|9.2p . 

In summary, we have shown the foUowing lemma. 

Lemma 9.1. For any e > 0, we can construct, from BSP, a finite set R'^{M) C 
L°°{dAf), such that (iij(i?(7V), i?°°(7V)) < 3e. Taking e-^ 0, we obtain the boundary 
distance representation R{Af) ofAf. 

10. Propagation of singularities and R{J\f) 

The singularities of solutions to the wave equation on Riemannian manifolds 
propagate along the geodesies. Using this property, we can determine the boundary 
distance function from BSP. The tool we use is the Gaussian beams which are 
complex valued asymptotic solutions to the wave equation in A/" x R having the 
following property: A Gaussian beam is concentrated near a light ray {•^{t),t), 
where ^{t) is a unit speed geodesic. For any t, the profile of the Gaussian beam is 
close to Gaussian, with its peak at a; = 7(t). Therefore, it is a wave packet moving 
along the geodesic. Since whole procedure requires long computations, we only give 
the sketch here. The details can be found in |KKLOlj . The exposition of }Ral82j 
is a good introduction to the theory of Gaussian beams. 

The Gaussian beam is an asymptotic solution to the wave equation of the form 

(10.1) U,{x,t) = (^e)-"/4exp fJ-^\ f;(ze)^\.,(x,0, 

where the phase function has the following property: 

(10.2) lme{"f{t),t) = 0, lme{x,t) > CQd{x,-f{t)f , 

where j{t) is a geodesic associated with U^. The fact that is an asymptotic 
solution means that, if we take a finite sum, 

f/W(x,t) = (^e)-"/sxp (-^) 

then, for any given time interval [0,T], there exists a constant Ct > such that 
Ue^\x,t) satisfies 

(10.3) {df - Ag)U^^\x,t) < CTe''(''\ on x [0,T], 

a{N) oo, for oo. 
Fixing boundary normal coordinates, we consider in the half-space R" = {x — 
{z,Xn) ; z g R"^^,a;„ > 0}. For zq G R"^^ and to > 0, and we put the following 
highly oscillatory data on the boundary: 

(10.4) f,{z,t) = (^e)-"/4xo(z,i)exp (-^^) , 
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where e > is a small parameter, xoi^, t) is a smooth cut-off function near (zq, to) 
and 

(10.5) &iz,t) = -it-to) + ^{Hoiz-zo),z-zo))+^it-tof, 

( , ) being the Euclidean inner product, Hq a complex symmetric matrix with a 
positive definite imaginary part. 

Since we are taking boundary normal coordinates, the Riemannian metric be- 
comes ds^ = gij{x)dz''dz^ + (dx"')'^, and the boundary normal geodesic emanating 
from zq at time t = to is (t) = (^Oi t ~ to). Then for any given zqj to, Ho and V , 
one can construct the Gaussian beam (jlO.ip as follows: 

(i) Let l{zo) be the time when the normal geodesic starting from zo at time 
hits the boundary. Then the Gaussian beam is constructed on the time interval 
/(zo) = [OM + Kzo)). 

(ii) It concentrates along the geodesic 720 (^) = {zo,t — to), i.e. (110. 2p is satisfield 
for 7(t) = (i) on /(zq). 

(iii) Its phase function and the amplitude functions satisfy 

9{z,0,t)^e{z,0), Uj{z,0,t)^Sjo, 
where /(z) w g(z) means d"{f{z) — .9(z)) — 0, Va, at z — zq, and 

(dtO)^ -g,,(x){d,e){d,0)>:O, 

LgUn :< {df - Ag)Un-l, U-1 = 0, 

where Lg = 2{dt0)dt - 2g'^{die)dj + {dj - Ag)0, dj = d/dx^, and f{x) x 5(2;) 
means d"{f{x) — g(x)) = 0, Va, at a: = 720 (i) on /(zq). 

Let u^{t) be the solution to IB VP (gH]) with / repalced by fe(z,t) of 
Then as can be checked easily 

\K{t)-U^,''\t)\\<CNe^^''\ 

Using this Gaussian beam one can prove the following lemma (see Corollary 3.25 
of [KKLOlj l. 

Lemma 10.1. For any zp S dM , to < t < to + l{zo) and r > 0, we have 
y fp u,, /"W' d{j,„{t),y)<T, 

lira {Py^rUe{t),uS)) ^ < 

•^-^o [ 0, if d{-fz„{t),y) > T, 

where a(t) > 0. 

Therefore we can compute d{'~fzg{t),y) from BSP. 

11. Eigenfunction coordinates 

11.1. Regularity of the metric. Let us discuss regularity problems for the 
metric. For the details, see |AKKLT04) . If gij G C*^'", the distance is locally 
(~<k-i,a^ Then gij is only in distance coordinates is C*^"^'", since the Jacobian is 
involved. As regard to this regularity loss problem, a nice choice is the harmonic 
coordinates X^(x), i = 1, ■ ■ ■ ,n, such that AgX^ = 0. The feature of these harmonic 
coordinates is that they are the best possible for smoothness. In fact, assume that, 
in some coordinates {x^, - ■ ■ , x"), gij is C*^'". Then X^{x), j — 1, . . . ,n, are (7'^+^'", 
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which implies that gij is C**^'" in the coordinates {X^, ■ ■ ■ , X"). Another important 
feature is that, in the harmonic coordinates, the fohowing equation holds: 

where RiCy is the Ricci curvature. For the proof, see [DeKa81| . Lemma 4.1. See 
also |Heb96| for harmonic coordinates. 

We should also remark that eigenfunctions of are good candidates of coor- 
dinates. In this section, we only consider the case of compact manifold. 

Lemma 11.1. Let ipj(x), j — 1,2, ■ ■ ■ , be a complete orthonormal system of 
eigenfunctions of Ag with Neumann boundary condition. Then, for any Xq G A/"™* , 
there exists a neighborhood of xq and ji,--- ,jn such that ipj^{x),--- ,ipj^(x) form 
local coordinates on U . 

Proof. By the Fourier expansion for any a £ C^(Af), a(x) — '^ak(pi^{x), 
where the series converges in C°°{Af). From this one can show that, for any 
xo e A/""*, Sp{Vv9fe(a;o)}^i = T^oW := R", where Sp(A) means the linear 
span of the set A. In fact, take some local coordinates near xq and let a{x) be a 
smooth function which is linear around xq. Then Va(a;) = ^afeV(/9fe(a;) near xq- 
This means that the direction Va(xo) is approximated by a linear combination of 
\/ipk{xo). Therefore, one can choose n functions (pj-{x),i — ,n, such that 

Sp{V(^fe(xo);A: = ji,--- ,j„} = R". ' □ 

Note that, since Ag(pk ~ Xkfk, we have, by elliptic regularity, that ipk € 

if <?.y e C"='". 

Suppose we can find ifkix), k — 1,2, ■ ■ ■ , in R{Af). Then, we can reconstruct 
the distance on Af by looking at the heat kernel 

h{x,y,t) = ^e-^'=Vfe(2;)<^fe(y)• 
In fact, we have as t -> 

Therefore, 

/ \ 1/2 

( — lini4tlog/i(x, = d(x,y). 

This is another way of reconstructing the distance on R{M). 

11.2. Spectral map. From R{N), we have reconstructed the differential struc- 
ture of M by finding boundary normal coordinates and boundary distance coordi- 
nates. However, the distance coordinates have the disadvantage that we lose 2 
orders of regularity, say, of gij . As for the regularity problem, the best choice is the 
coordinate system made of eigenfunctions. Let 

Aii,M2,M3--- and ipi{x),^p2{x),^3{x) ■ ■ ■ 
be the eigenvalues and eigenfunctions of Dirichlet problem, and 

Ao,Ai,A2,--- and ipo{x),ipi{x),ip2{x),- ■ ■ 
those of Neumann problem. 

Lemma 11.2. Having BSD for, say, Neumann problem, we can find BSD for 
Dirichlet proplem. 
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Proof. Let and A^ be Neumann and Dirichlet Laplacians on Af, and 
y^ilgj^', * = 0, 1, 2, • • • } and {fii, d^i/di'\gj^; i = 1, 2, • • • } be the boundary spec- 
tral data for Neumann and Dirichlet problem, respectively. Take z ^ <t(— A^) U 
(t(— A^). The Neumann-to-Dirichlet map is defined to be {z) : f u\ 
where 

(-Ag - z)u = in TV, 
P = f on dN. 

and the Dirichlet-to-Neumann map is defined to be R^{z) : f dv / dv\gj^, where 

J (-Ag ~v)u = G in TV, 
\v = f on dN. 

As is seen before, {z) has an integral kernel 

R-{z;.,y) = ±'^^^^^ .,yedN 

1 = 

By definition, one can easily see that {R^ (z))^^ — R^(z), and R^ (z) is determined 
by the Neumann spectral data. Therefore, R^{z) is determined by the Neumann 
spectral data. Now R^{z) has the following formal integral kernel 

uDf ^ ^ d^ilJi{x)d^^pi{y) 

R {z;x,y)^y , x,yedN. 

i=i 

Actually this sum does not converge. However, R^{z) is known to be an operator- 
valued meromorphic function of z with simple poles at z = /Zi and its residue is 
given by I]^^^^^ di^i^t^k {x)dv4>tik (y), which proves the lemma. □ 

By the same argument as in the proof of Lemma 11.1, one can show the fol- 
lowing lemma. 

Lemma 11.3. Let x € dN. Then there are n — 1 eigenf unctions of Neumann 
problem, and one eigenfunction of the Dirichlet problem such that {ipi-^ , ' ' ' i Vin-i i ''Pin. } 
form a coordinate system near x. 

Now we define the spectral map 5 : TV — > R°° by 

S{x) = {ipo{x),tl;i{x),ifii{x),ip2{x),(p2{x),- ■ ■ }■ 

Since these eigenfunctions satisfy —Agipi — Xiipi, —Agipi = ^iipi, they can be used 
to find coefficients of Ag in "eigenfunction coordinates", i.e. the metric tensor. 
This is now an well-known idea in geometry, see e.g jBBG94] . [KaKu9496j. 
The problem is how to find these eigenfunction coordinates. 

Lemma 11.4. BSD determines S{N) C R°°. 

Proof. Let us recall the slicing procedure in §9. There, by solving the ini- 
tial boundary value problem for the wave equation, we have constructed a layer 
S'/i(r, i+, t^). By taking the intersection of these layers in a generic position, we 
can find a region of positive measure in TV. Let us call it " a pixel" , and denote by 
Px. Passing to the Fourier transforms (Neumann case) or (Dirichlet case), 
we then find 

f'^'iPx) ^''{L^Px)), I'-'^iPx) ^^(^'(Px)). 
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Observe that 



Let 



jr^^i = ei = (0,--- ,0,1,0,--- ,0,---), 
J^V = /i = (o,--- ,0,1,0,--- ,0,---), 



^N(p^ . ,2 , ,2,N, 



be the associated orthogonal projections. We then have 

W(Px)e„e,)=/ i^,{x)i;,{x)dV, 



3 * 
Px 



We now let Px shrink to a point : Px — {a:}- Then we have 



(g^.A,/o) 



(g^/o,/o) ' Vol(AA)^.(x)^,(x), 

Yol'/^{^^)<fii{x), voi-v2(^) ^ ^^|^^_ 



(Q^/o,/o) 
We thus find a map 

S -.AfB {ipo{x),'ipi{x)'^,V>i{x),tp2{x)tpi{x),-- ■ }. 

Since ipi{x) > 0, one can find ipi{x) from -01(2;)^ on Af. Therefore by dividing by 
ipiix), we get {(fio{x),ipi{x),(fii{x),'ilj2{x),- ■ ■} = S{x). □ 



APPENDIX A 



Radon transform and propagation of singularities 

in 



In this appendix, we study the relation between the Radon transform and the 
propagation of singularties of solutions to the wave equation. This is basically well- 
known, however, we feel it important to study this problem in a general Riemannian 
metric, and it is not an obvious task even in the asymptotically Euclidean metric. 

The Radon transform associated with the Euclidean metric is defined by 

(7^o/)(s,0)= / f{x)dU,, sGR, 0g5"-i, 
Js=x-e 

dTlx being the measure induced on the hyperplane {x G R"; s = x ■ 6} from the 
Lebesgue measure dx on R". This is rewritten as 

/oo 
-oo 

where / is the Fourier transform: 

Let us consider the Riemannian metric on R" satisfying the following condition: 

(0.1) \^:{g^,{x) - S,,)\ < a(l + \x\)-'-^o-H, Va, 

where Cq > is a constant. In Chap. 2, §7, we have already constructed a general- 
ized Fourier transformation for Ag. As in Chap. 2, §7, we construct T± from 
J^^^^ , and define the modified Radon transform TZ± by 

1 f°° 

n±f{s, 0) = ^ e-'=(J-±/)(fc, 6)dk. 
For the Euclidean Laplacian in R" this turns out to be 

n± = (t9, + o)'^7^o. 

The main issue of this chapter is the singular support theorem for 'R,±. We 
construct tp{x,e) G C°°(R" x 5"-^) such that 

\d^dl,{^{x, e)-x-e)\< c^p{i + \x\)-^^\-'\ 

and it solves the eikonal equation 

g'\x){diip{x,e)){djip{x,o)) = 1, di = d/dxi, 

in an appropriate region in R". We put S(s, 6*) = {x E R";s = (p{x,9)}, which 
describes a wave front of a plane wave solution to the wave equation dfu = AgU. 
Then by observing the propagation of singularities, we obtain the following theorem: 
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Let 7?.+ (s, 0, x) be the distribution kernel of TZ+. Then if we fix s > large enough, 
we have the following singularity expansion: 

oo 

7^+(s, e,x)^Y.^s- ^{x, e))z'^+'r,{x, e). 

3=0 

Let E(s) be the envelope of the family of hypersurfaces {E(s,6') ; 6 £ 5""^}, 
which describes a spherical wave front. We then show that / (satisfying a suitable 
condition on the wave front set) is piecewise smooth near S(cr) with interface S(cr) 
if and only if (7?.-|-/)(s) is piecewise smooth near {s = a} with interface s = a. 
Moreover we also obtain the singularity expansion of TZ+f in terms of spherical 
wave solution to the eikonal equation. 

1. Fourier and Radon transforms for perturbed metric 

1.1. Spectral properties. The Laplace-Beltrami operator is symmetric 
in L^(R"; -y/ g{x)dx). To avoid the denstity -y/ g{x), we apply a unitary transforma- 
tion : u — > ug{xy/'^, and consider the differential operator 

n n 

H = -g{xy/^Agg{x)-^/^ = - ^ a,j{x)d,dj +J2b^ix)^^ + c{x) 

on L^(R";dx). Note that aij{x) ~ g^^ (x) and aij{x) — 5ij ,hi{x),c{x) satisfy 
|5^?a(x)| <C„(l + |x|)-l"l-i-^«, Va. 

We put 

n 

i?o = -A = -^(5/ax,)', V^H~Ho, 

i=l 

Ro{z) ^ {Ho - z)-\ R{z)^{H-zY\ 

Theorem 1.1. (1) a{H) ^ aac{H) = [0,oo). 

(2) ap{H)=asc{H)=9. 

(3) For any A > and f,g Cz B, there exists a limit 

lim (i?(A ± te)f, g) {R{\ ± ^0)/, g) . 

(4) For any < a < b < oo, there exists a constant C > such that 

||i?(A±zO)/||B. <q|/||B, a<A<&. 

(5) For any f, g £ B, {R{X ± iO)f,g) is a continuous function of X> 0. 

The proof is omitted. The limiting absorption principle in weighted spaces 
was proved in, e.g., |IkSa72] . and in B — B* spaces by Agmon and Agmon- 
Hormander [Hor] . and jJePeSS] . 

1.2. Generalized Fourier transform. Let us recall the notation in Chap. 
2, §7. For fc e R \ {0} and / G 6, we define 

(c.) = (2^)-"/2 / e-^''--^f(x)dx. 

It has the following properties 
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(1.1) -^"(-fc) = J-F°(fc), 

J being the anti-podal operator defined by 

(1.2) (JV')(t^) = ^(-^). 
We put 

•H>o = i^((0, c5o); ^2(5"-^); k"-^dk), 
n<o = L^{{-oo, 0); 

Then the operator [F^ f){k) := F^{k)f is uniquely extended to a unitary operator 
from L^(R") to H>o- It is also extended to a unitary operator from L^(R") to 
'H<o- With these properties in mind, we define the generahzed Fourier transform 
T'^^\k) by the foUowing formula: 

F^^\k) = ^°(fc)(l - VR({k ± iQf)). 

Note that (fc + zO)^ = fc^ + iO for fc > and (/c + iQf ^ k'^ - iO for fc < 0. By ([T^ 
we have 

(1.3) ^(+n-fc) - J^^-^fc)- 

By Theorem 2.7.11, J^'*-' is uniquely extended to a unitary operator from L^(R") 
to ■H>o and diagonalizes H, and J^*-*-* is also unitary from L^(R") to ii^o- 



Remark. One can also prove that {J^^^^ f) (fc, 9) is smooth with respect to k and 9. 
In fact, let^(A) e C^((0,oo)), /(x) e C^(R") and put g{^) = (J"(±) (fc)(^(L)/) (w) 
with fc = |^|,a; = C/ICI- Then 5(^) e C°°(R"). For the case of the Schrodinger 
operator —A + V where is a real-valued potential, we have proven this property 
in [Is85| by using a parametrics at infinity of the time evlolution equation. One 
can repeat the same argument by using the geometrical optics solutions to be 
constructed in §3 of this chapter. 

The following theorem is proved in the same way as in [YafQlj . 

Theorem 1.2. _For fc e R \ {0} and f e B 

R{{k + iQf)f{x) ^ Co(fc)r-("-i)/2e''='- (-F(+)(fc)/) (..), 

where r — u — x/r, and 

Co(fc) = y|(-zfc + 0)("-3)/^. 
Here f — g means that 

lim 1 / \f{x)-g{x)\'dx = 0. 

R^OO H J|3;|<_R 
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1.3. Wave operators and scattering matrix. The wave operator W± for 
the Schrodmger equation is defined by the following strong limit in L^(R"): 

It is well-known that this limit exists and regarding J^^ and J-"*^*-* as unitary from 
L^(R") to 'H>o, we have the following relation 

(1.4) W± = 

The wave operator for the wave equation is usually defined by the energy norm. 
We can also employ the following equivalent operator 

(1.5) s - lime'*^e-'*^ ^ W± = V. 

The point is that the limit in the left-hand side exists, and coincides with the wave 
operator for the Schrodinger equation. This fact, called the invariance principle, is 
known to hold in a broad situations (see e.g. |Ka76| . p. 579). The equality (II. 5p 
can of course be proved directly by using (see e.g. IMocSBj ). 

As a by-product, one can show that the solution u(t) of the wave equation 

u{0) = /, dtu{0) = -iVHf 
behaves as follows 

||u(i) - e"**^/±||i2 ^ as t->±oo, 

where f± = (J^°)*J-"'*-'/- Therefore J^'^' represents the far field behavior of waves. 
The same fact can be proven for the Schrodinger equation. 

Definition 1.3. Regarding J^" and J^^*^ as unitary from L^(R") to 'H>o, we 
define the scattering operator 5, its Fourier transform S, and the physical S-matrix 
Sphy{k) by 

s = {w+yw-, s - (J-")* - ^w(^(-))*. 

Sphy{k) = I - TTik''-^T^+\k)VT"{ky , k>0. 
Lemma 1.4. Sphyik) is unitary on L^(S"^^) for any k > 0, and 
{Sf){k)^Sphy{k)f{k), V/eH>o, a.e. fc > 0, 
T''+\k) = Sphy{k)T'-~\k), Vfc>0. 
Definition 1.5. For fc > 0, we define the geometric scattering matrix Sgeo{k) 

by 

Sgeo{k) — Sphy{k^J. 

The following theorem is proved in the same way as in [YafQlj , (see also [IsOl] , 

Hioiii). 

Theorem 1.6. Let k > 0, and put 

N{k) = {ueB*;{H- k^)u = 0}. 

(1) We have 

M{k)^T'^^\k)*{L\S''-^)). 
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(2) For any u € Af{k) there exist (p± G L^{S"- ^) such that 

^i{ki — (n— l)7r/4) ^—i(ki — (n—l)-n/i\ 

(1-6) — ;:(;rrT)75 — ¥'+H + — ■^:(^:^2 — "^-H' 

where r =\x\, uj = x/r. 

(3) For any (/?_ € L'^(S"'^^), there exist a unique u € J\f{k) and (p+ G L'^{S^^^^) 
such that the expansion hl.b]l holds. Moreover they are related as follows : 

ip+ = Sgeo{k)(p-. 

1.4. Modified Radon transform. It is convenient to cliange tlie definition 
of the generalized Fourier transform slightly. For fc e R \ {0}, we define 

v2 

J-o(fc) = -^{-ik + 0)("-i)/2^"(fc), 

and put {T±f){k) = T±{k)f, (J"o/)(fc) = J^oik)f. Note that by ^ 
(1.7) F+{-k) ^ JF-{k). 

Theorem 1.7. (1) T± : ^^(R") L'^i'R; L'^{S"^^);dk) is an isometry. More- 
over we have 

{F±Hf) {k) = e {T±f) (k). 

(2) For k > 0, we have 

T+{k) = {-ir-%Hy{k)JT+{-k). 
Consequently, the range of J-± has the following characterization: 

g e Ran J-+ {~ir^^Sphy{k)Jg{-k) = g{k), fc > 0, 

g e Ran J"_ {-iY-^Sphy{k)g{k) = Jg{~k), k > 0. 

(3) Let r+ (r_) he the projection onto 'H>o ('H<o)- Then we have 
(1-8) W+ - 2(j-+)V+J-o, - 2(j-+)*r_ J-Q, 

(1.9) W+ = 2(-*)"-i(j-_)V_J-o, = 2z"-i(j-_)V+J-o. 

Proof. Theorem 2.7.11 proves (1). Lemma 1.4 and dO]) imply Sphv{k)J F'^+\~k) 
= J"(+)(fc) for fc > 0, which proves (2). The formula (|1.4p proves (|1.8p for W+. For 
f,gEB,we have by using (|1.3p and (|1.4p for 

(M^_/,g) = (J-"/, -^^-^5) 

OO 

(J-°(fc)/,J-(-)(fc)g)fc"-idfc 



{JT°ik)f, JT'^+\k)g)\k\''-^dk 

-OO 



((-ifc + 0)("-i)/2jr0(^)j^ ^ 0)("-i)/2jr(+)(fc)^)^;. 

-OO 

2((.F+)*r_J-o/,5). 
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This proves ()1.8p for W- . By a similar computation using 
we have 



{W+f,g) = / (J-0(A;)/,^(+)(fc)5)fc"-idfc 

(JJ-°(fc)/, JJ-(~)(fc)5)|fc|"-idfc 



^ — oo 

= 2Hr-i((J-_)*r_J-o/,g), 
which proves (II. 9p for W+ . Finally by (|1.4D 

/•OO 

{W^f,9) = I {T"{k)f,T^-\k)g)r~^dk 

{{ik + 0)("-i)/2^°(fc)/, (^fc + Of''-^^'^F^-\k)g)dk 



= 2z"-i((J-_)V+J-o/,5), 
which proves (I1.9P for W- . □ 

As a consequence of Theorem 1.7 (2), we have 

g e Ran J"o ■^=^ -t^) = 'i"~^9{k,uj), k > 0. 

The projection onto the range of J-q is written as follows. 

Lemma 1.8. We define the operator J by {Jf){k,Lu) = f(~k,~Lu). Then 

-^o(-Fo)* = i + + J. 

Proof. We put (U^)f^{k,Lu) — --^|A:|'"~^)/^/(fcw). Then Uq is an isometry from 

L2(R") to L2(R;L2(5'n-l).^;,) g^^^ 

g e Ran ?7o ■^^=> .9 = ^3- 
Since C/o(J7o)* is the projection onto the range of C/q, we have 

C/o(C/o)* = ^(l + J). 

Let /i = C^^^^+ + C^^^r-, C = e^("-i)'^*/2. Then we have = /it/o, hence 

FoiFoT ^hUoiUoTh*. 

As can be checked easily 

(1.10) Jr± = rzp J. 

Using these formulas we obtain the lemma by a direct computation. □ 
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Corollary 1.9. 

(1.11) F+=r+Fo{W+y +r^F^{W-)\ 

(1.12) - z"-V+J-o(W^-)* + (-z)"-V_J-o(W^+)*. 

Proof. By (dH), J"o(VF±)* = 2Fo{F^Yr±F+. By Lemma 1.8 and p:iU|) we 
have 

r±To{TQ)*r± -r±. 

This proves (dH]). By (HH), we have J"o(W'+)* ^ 2i'^-^Fo{Fo)*r_F-,B.ndFo{W-)* 
2{-iY-^Fo{Fo)*r+F-. Therefore 

r_J-o(VK+)* = i"-ir_J-_, r+J-o(W^_)* - (-7;)"-^+^.. 

Hence follows. □ 

Definition 1.10. The modified Radon transform Ti± is defined by 

1 1"°° 



\/27r j-oo 
By (|1.7p and Theorem 1.7, we have 

Theorem 1.11. 7^± : ^^(R") _^ L2(-jj^. ^2(5.n-i). isometry and 

(7^±i^/) (s) = -af(7^±/)(s). 

Moreover 

(7^+/)(-,s) = J(7^_/) (s). 

Definition 1.12. For an open interval / C R, let be the set of functions 

0(s, uj) satisfying 



0<j<m 

If / = R, we simply write H"^, in which case m can be any real number by passing 
to the Fourier transformation. 

Lemma 1.13. For any m > we have 

/ e i?" <^ 7^±/ e iJ™. 

Proof. A direct consequence of Theorem 1.11. □ 

1.5. Asymptotic profiles of solutions to the wave equation. The fol- 
lowing theroem is proved in the same way as Theorem 2.8.9. 

Theorem 1.14. For x e R", we write r — \x\,uj = x/r. Then for f E L^(R"), 

we have as t ^ oo 

(cos{tVH)f) (x) (7^+/) (r ~t,Lo) ^ 0, 

(sin(i/ff)/j (x) ^= - j (r -t,io) ^ 0, 

where \\ ■ \\ is the L'^{W)-norm, and h{k) = 1 (fc > 0), h{k) = -1 (fc < 0). 
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1.6. Relation between scattering operators. The scattering operator is 
also defined by the Radon transform, namely 

Definition 1.15. Sr = 71+ (7^_)* . 

The following lemma follows easily from Theorem 1.11 and Lemma 1.13. 

Lemma 1.16. (1) Sr is a partial isometry with initial set Ran(TZ-) and final 

set Ran {T^+) ■ 

(2) dlSR=SRdl. 

(3) SrH"" c fl"", Vm > 0. 

The relation to the scattering operator S in Definition 1.3 is as follows. 

Lemma 1.17. LetT\ he the 1- dimensional Fourier transform, r± the projection 
in Theorem 1.7 (3) and J as in Lemma 1.8. Then we have 

J'lSRiT^r = (-i)"-V+J-o5(J^o)V+ + i"-V_J-o5*(J^o)*r-_ + ^J. 

Proof. Since J^iSr{J^i)* = , the lemma follows from Corollary 1.9. □ 

2. Asymptotic solutions 

2.1. Geometrical optics. In this section we construct an asymptotic solution 
to the equation 

fc e R being a large parameter. We put a = Yl!j=o k~^aj. Then we have 

e-''"^{-Ag - k^)e''"^a = k^ [g"''^ {d^ip){di3^) - l] a - ikTa - A^a 
= k^ [g''^{da^){d^ip) - 1] a - ikTao 

(2-1) 

— i k~^{Taj+i — iAgUj) — ik~^ AgttN, 
j=o 

where T is the following differential operator 

T = 2.g"^(9„(p)a^ + Ag^. 
We define the Hamiltonian h{x,p) by 

K'^^P) = ^9'\x)piPj. 

Our aim is to constrcut a real function (p{x, 6) G C°°(R" x 5""^^) which behaves 
like x-0 + O{\x\~'^°) as \x\ — > cxd, and solves the eikonal equation h{x, Wx^) = 1/2 in 
the region {a; • ^ + |a;_L|/e > i?}, where x±_ = x — {x- 6)6, and R, 1/e are sufficiently 
large constants. We shall parametrize the bicharacteristics by the asymptotic data 
at infinity. 

We fix ^ e 5""^ arbitrarily. We seek a solution x{t),p{t) of the Hamilton- Jacobi 
equation 

, , dx dh dp dh 

having the following asymptotics: 

x{t)=t6 + y + 0{t-'°), p{t) = 6 + 0{t-^-">), (t^oo) 
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for some y G R". A simple calculation shows that x{t) satisfies the following 
integral equation 



x{t)=te + y+l {s -t) ds. 



Since Hamilton's equation (|2.2p coincides with the equation of geodesic, we have 

dt^ ^ dt dt ~ ^ 
being Christoffel's symbol. In view of these formulas, we put 

z{t) x{t) -te-y, 

A^{t,s,y,e-z,p) = {t-s)T%{se^^y + z)g''^{se + y + z)g^f^{sO + y^z)paPp, 

B''{s,y,6;z,p) = --^{s6 + y + z)p,pj, 
and consider the integral equation 



(2.3) 



We fix a sufficiently small e > 0. For a sufficiently large R > 0, let il.j^^^{d) be the 
region defined by 

Qr^M = {{t, y,z)-t+ \y\le > R, y ■ 9 ^ Q, \z\ < 3}. 

Then taking R large enough we have by a simple computation 

(2.4) \te + y + z\>C{\t\ + \y\+R), V(t, y, z) e l}fl„e(0), 

where the constant C is independent of {t,y,z) G ^^^^{O) and R> 0. We put 

X{t)^{z{t),p{t)), 

and define the non-linear map C{X) by 

C{X){t,y,6)=[ A{t,s,y,9;z{s),pis))ds, B{s,y,0; z{s),p{s))ds 



^;(i) = y Mt,s,y,9;z{s),p{s))ds, 
p{t)^e+ / B{s,y,e;z{s),p{s))ds. 



We parametrize y in the following way. Take vectors ei{9),--- ,e„_i(0) so that 
ei{6), • • • , e„_i(0) and 6* form an orthonormal basis of R". Then if y • 6* = 0, y is 
written as y = Ui^ii^)- This (yi, • • • , yn-i) gives the desired parametrization. 

Note that ei(0), • • • , e„_i(6') can be chosen to be smooth with respect to e 5"^^ 
(at least locally). We put 

|XU = sup \X{t)\. 

Lemma 2.1. Suppose \X\ao < 2, \X\ao < 2. Then the following inequalities 
hold: 

\drd^CiX){t,y,0)\ < C„U\t\ + |y| +i?)'^«-"-l"l, Vm,a, 
£{X){t, y, 9) - C{X){t, y, 6) < C{\t\ + |y| + R)-'"\X - X\^. 
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Proof. This is a direct consequence of (|2.4p and the estimate c?"rfj(x) = 
0(|x|-2-<^o-l"l), which fohows from dHUl)- □ 

We now put Xq — (0,6) and take R > large enough. Then by Lemma 2.1 
and the standard method of iteration, there exists a unique solution X{t,y,9) of 
the integral equation 

X = Xo + C{X) 

in the region {t + \ij\/e > R, y ■ 6 = 0} satisfying 

\drd:^{X(t,y,9)~Xo)\ <C„„(|i| + |y|+i?)-^°-'"-l"l, Vm, a. 

Returning back to the equation (12. 2p . we have proven the following lemma. 

Lemma 2.2. Take G S"^^ arbitrarily and R > large enough. Then there 
exists a unique solution x{t,y,9),p{t,y,6) of the equation h2. ^|) such that in the 
region + |y|/e > i?, y ■ 9 = Q} it satisfies 

\dTd^{x{t,y,e) - te ^ y)\<C,nc.m + \y\+ Rr''''"'-^''^ Vm, a, 
\d'^d^{p{t,y,e)^e)\<C„M + \y\ + R)-^-"-\''\. Vm, a. 
Proof. By differentiating the integral equation (|2.3p . we have 

^-(X^ + l ry-g'^Po^Ppds, 

dpk Idg^P dh 

Therefore we have to show that 

g^^p^ = + / Y^^g'^^g^^^ppds. 



Since both sides tend to as t — )■ oo, we have only to show that their time 
derivatives coincide. By (12. 5p . the formula to show is 



which follows from a direct computation and the formula 



The estimates of x{t),p{t) are easy to derive. □ 

Lemma 2.3. As a 2-form on the region {{t, y) ; t + \y\/e > R, y ■ 9 = 0} , we 

have 

n 

Y,dp^{t,y,9)Adx'{t,y,9) = 0. 

i=l 

Proof. Without loss of generality we assume 9 = (0, • • • ,0,1) and put y = 
(w^, • • • , u"^^, 0), t = u". Then we have 

dpi A dx^ — ^^[p, x\jkdu^ A du'' , 
i j<k 

. , dp dx dp dx 
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Noting that 

d f dp dx\ d'^h dx^ dx^ d^h dpi dpm 

dt \duj du^ J dx^dx'^ dui du^ dpidpmdu^ dvJ 

is symmetric with respect to j and k, we have 

^ r 1 

g-^\P,X]jk=0. 

By Lemma 2.2, \p,x]jk — > as t — > oo. Hence [p,x]jk = 0, which proves the 
lemma. □ 

For X € R", we put x± = x — {x ■ 9)9 and define the region Aii^f{9) by 

Ajj,e(6l) = {x e R" ; X • 6* + |a;_L|/e > R}. 

In the coordinates with basis 9,ei{9),--- ,e„_i(6'), the differential of the map 
{t, y) — >■ x{t, y, 9) is I + 0{R^'^"). Therefore the following lemma holds. 

Lemma 2.4. For large R> 0, the map {t,y) — ^ x{t,y,9) is a diffeomorphism 

and its image includes /\2R,e{9)- 

Let t = t{x,9),y = y{x,9) be the inverse of the map : {t,y) — >• x{t,y,9). We 
put p{x,9) = p{t{x,9),y{x,9),9) for the sake of simplicity. Lemma 2.3 implies 
d{J2j Pj{x,9)dx^) = 0, which shows 

(2 Q) dpj{x,9) ^ dpi{x,9) 

^ ' ^ dxi dxi 

We put 



/•OO O T 

f{x, 9) = p{x, 9)~^ = I Hs, y, 9),p{s, y, 9))ds 
and define ^{x,9) by 

/•oo 

^{x, 9) = x-9- f{x + t9,9)- 9dt. 
Jo 

Lemma 2.5. On A2R,e{9), we have 

(2.7) V,*(x,0) =p(x,0), 

(2.8) h{x,V^^{x,9)) = 1/2, 

(2.9) \d^{^{x,9)-x-9)\<Ca{l + \x\)-'''-\"\, Va. 



t=t{x,e),y=y{x.e) 



(2.10) 



^{x,9) = t{x,9). 
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df. Qf. 

Proof. Letting / = (/i, • • • ,/„), we have -^i^J) = ^(^'^) by (EH). We 
then have 



^ 0,- -Mx + t9,9)dt 
Jo dt 

= 0^+Mx,9) 

= Pi{x,9), 

which proves (|2.7p . Since x{t),p{t) solve the equation (3.2), h{x{t),p{t)) is a con- 
stant. Letting t H> oo, this constant is seen to be equal to 1/2, which together with 
((27)) proves ((2?8l) . The estimate (|2J|) follows from Lemma 2.1. By ([Sj]) . we have 

— = (a,*) — = .g'^(a,*)(a,vi/) = L 

Therefore ^' = i + to(y, ^) for some to{y, 9). However by Lemma 3.2, x{t, y,9) ■ 9 = 
t + 0{t-^°), which implies to{y,9) = - x ■ 9 + O{t-^o) = O{t-^o). Therefore 
<o(y, 9) = 0, which proves (iriu)) . □ 

The equality (|2.6p yields the following corollary. 

Corollary 2.6. For any smooth function f{x) on R", we have 



d_ 

dt' 



f{x{t,y,9)) =g^\x) 



5*(x,6') dfix) 



t=t{x,e),y=y{x,9) 8x3 Qx'- 



By the above construction, 'i>{x,9) is actually a function on the fibered space 
{{9,x) ; 9 e S-"-!,!: G A2fl,e(0)} and satisfies 

\d^dl^{^{x,9)~x-e)\<C^pil + \x\)-''>-\P\, Va, /3. 

Definition 2.7. We take Xoo(i) e C°°(R) and x(i) e C°°(R) such that 
Xoo(t) = 1, (t > 3i?), Xoo(i) = 0, (t < 2i?), x(i) = 1, > -1 + 2e), 
= 0, < — 1 + e), where 1/R and e > are sufficiently small constants. 
We define 

V{x, 9)^x-9 + Xoo{\x\)x{x ■ 9) {^^{x, 9)-x-9y 

^±(x,e) = ±iei^(x,±e), ^=m\- 

The following lemma is a direct consequence of the above definition. 
Theorem 2.8. (1) ip±ix,() e C°°(R" x (R" \ {0})) and 

9f5f((^±(a:,0-x-C)| <C„0l^r-|"l(l + N)-^°"l''l. 

(2) If \x\ > 3i? and ±x ■ ^ > —1 + 2e, it satisfies the eikonal equation 

/i(x,V,^±(x,0)-|eiV2. 

(3) ip-{x,0 = -V'+ix,-0- 
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2.2. Asymptotic solutions. We employ the above f{x, 9) as ip in p.ip . Let- 
ting 

1^ 

2 ^ ' ' ^ ^ " ' ' y t—t{x,9),y—y(x,i 



(2.11) ao{x,0)^e^p[ I -(Ag(^)(x(5, y, ^), 0)ds 



and using Corollary 2.6, we have 

Tao(a;,6l)=0 for > 3i?, x ■ > -1 + 2e. 

By Theorem 2.8 (1), ao{x,6) satisfies 

\d^d^ {ao{x,e) - 1) I < C^^il + 

We integrate the higer order transport equation 

Taj - iAgUj^i =0, j >1 

in a similar manner, and obtain 

|9,"9fa,(x,0)|<C„^(l + |:Er^-l/^l-^°. 

Let x{t),Xe{t) e C°°(R) be such that x{t) = 1 > 4), x(0 = < 3), Xe{t) = 
1 (i > -1 + 3e), Xe(i) = (< < -1 + 2e). We put 

OO 

(2.12) a{x,k,e) ^ g{xy/\,{x ■ 9)Y,k-^aj{x,e)x{ej\x\)x{ej\k\). 

3=0 

By a suitable choice of the sequence eo > ei >•••-> 0, this series converges and 
defines a smooth function. We finally define 

a±(x,0 =a(a^,±l?l,±0. 

The following lemma holds. 

Lemma 2.9. (1) On R" x R", a±{x,£,) satisfies 

\dp^a^{x,o\ < + ier'"'(i + l^^l)^""- 

(2) Let g±ix,0 = e-^'^±(^'«) (L - |$|2)e*'^±(^'«)a± (x, 0- Then it satisfies 

\d^d^,9±{x,0\ < Co.M^ + |e|)-^(f + N|)-~ 
for any N > in the region \x\ > 4_R, ±5; • ^ > —1 + 3e. 

3. Fourier integral operators and functional calculus 

3.1. Product formula for FIO. Lets us recall the theory of FIO's. Since we 
need precise product formulas, we employ the computation by [Kum76] . [KumSl] . 

For m e R, let S*™ be the class of symbols defined by 

S^" 3p{x,0^\d^d^p{x,0\<Co.,3il + m''-^"K Va, /3. 

The phase function (p{x,^) G C°°(R" x R") is assumed to be real- valued and satisfy 
the following conditions (3.1) ^ (3.4) for a sufficiently small constant So > 0: 

(3.1) ^(x,0-x-^es\ 

(3.2) \V^{^ix,0~x-0\<So, 

(3.3) |V,(^(x,C)-a;-0| < <5o(l + 
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(3.4) 



dxd£, 



< So- 



We define FIO's Iv',a by 



Iv',au{x) = (27r)" 



J{x-(,-ip{y,(.)) 



aiy,Ou{y)dyd^. 



R"xR" 

We put Dx = —idx and define the tj}T>0 p{x, D^) with symbol p{x, ^) by 
p{x,Dx)u{x) = (27r)-" j I e'^^-y>^p{x,i)u{y)dydS,. 

R^xR" 

Using the conditions (3.1) ~ (3.4) we can prove the following lemma. 

Lemma 3.1. (1) The map R" 9 ^ — )■ = Vx'p{x,£,) S R" is a global diffeo- 
morphism on R". Letting its inverse by ^{x,r]), we have 

^{x,r])-'nGS\ 

C-\l + \r,\)<l + \^\<Cil + \r,\). 

(2) The map R" 9 x — > j/ = V^ip{x,^) is a global diffeomorphism on R". Letting 
x{y,^) be its inverse, we have 

x(j/,0-2/e5°, 

C-\l + \y\)<l + \x\<Cil + \y\). 

In the following Theorem 3.2, all symbols c(a;,^) belong to S^'^^^^ and have the 
following asymptoic expansion: 



(3.5) 



Theorem 3.2. Let a £ 5*^, b £ S^'^. Then we have the following formulas. 



(3.6) 



c(x,r?) ~ a{x,^)b{x,^) det (^-^^^i^'O 



where ^{x,r]) is the inverse map of r] = Va;</j(a;, ^), 



where x{y,^) is the inverse map of y = V^ip{x,^), 

j Iip,ab{x., Dx) — L.{p^c^ 

\ c{x, ~ a{x, Ob{V^<p{x, 0, + • • • . 



(3.8) 
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(3.9) 



For the proof, see jKum76] . Theorems 2.1 ~ 2.4. We need the following explicit 
form of the asymptotic expansion (3.5) later. We put 

V5(/p(a:,5,77) = / (V^^) {x,t^ + {1 - t)T])dt, 
Jo 

^M^,y,0= I {yxv){tx + {i-t)y,Odt. 

Jo 

Then c(x, ^) in (3.8) has the following asymptotic expansion; 

(3.10) c(a;,77)^^l95"|a(x,0(^?6)(V5^(x,e,r,),77)| , 

a 

and c{x,^) in (3.9) has the following asymptotic expansion: 

(3.11) c(a;,e)^5]^i?^{(a|'a)(a:,V,v:>(x,2/,0)%,0}| 

(see |Kum76| . (2.41), (2.57)). 

3.2. Functional calculus. In Chap. 3, §2, we have introduced the almost 
analytic extension F{z) of f{t). By the construction procedure, we see that dtF{t + 
is) is an almost analytic extension of f'(t). Let 

(3.12) X= (1 + 1x12)1/2, A=(l + |i?,ni/2. 
Lemma 3.3. Let f{t) e C^(R). Then we have for any N > 

N 

(3.13) f{H) - f{Ho) + ^p„(a;,i?,)/(")(Fo) 

n=l 

wherepn{x,D,) = E|a|<M(«) ai"\x)D^ such that \d^ a^^\x)\ < C„^(1+|:e|)-I'3|-i-'«, 
and Rn satisfies 

(3.14) X^A^EatA^X^ e B(L2(R")). 

Proof. We first prove the lemma with the property (13.141) replaced by 

(3.15) X^RnX^ e B(L2(R")). 

We prove the case A'^ = 1. By the resolvent equation, we have 

{z - H)-' - {z - Ho)-' = {z-H)-W{z^Ho)-' 

= V{z - H)-\z - Ho)-' + [(z - H)-\V](z - Ho)-' 
= V(z-Ho)-'' + K{z), 

K{z) = V{z-H)-'V{z-Ho)-^ 

+ {z - H)-'[H,V]{z - H)-\z - Ho)-'. 
Therefore by virtue of Lemma 3.2.1 



(3.16) 



f{H)-f{Ho) = V^ f d,F{z)(z-Ho)-^dzdz 

+ / d^F{z)K{z)dzd:z. 

27n Jc 
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Since dtF[t + is) is an almost analytic extension of /'(t), we have by integration 
by parts 

/'(i/o) - ^ / d:dtF{z){z - Ho)-^dzdz 

= — / d^F{z){z- Ho)-^dzdz. 

Therefore the 1st term of the right-hand side of (I3.16P is equal to Vf'{Ho). If Pj 
is a differential operator of order j = 1,2 with bounded coefficients, we have by 
passing to the spectral decomposition 

\\P,{z - H)-'\\ < C |Imzri(l + |z|y/2. 

We then have 

\\XKiz)X\\<C\lmz\~P{l + \z\)P, 

for somep > 2. Since F{z) satisfies \dzF{z)\ < C|Im z|p(1 + |z|)*~''~^ for any s < 0, 
the remainder term has the desired estimate p.l5|) . The proof for iV > 2 is similar. 

Now for / e C^(R) we take x € C'o°(R-) such that x{t) ^ 1 on suppx- We 
multiply (I3.13P by the expansion 

N 

X{H) = x{Ho) + J2x^'HHo)qjix,D^) + {Rn)* , 

with qj{x,Dx) and R^q having the above mentioned properties. We then have 

fiHa)xiH) - f{Ha) + /(i/o)(i?Ar)*. 

Since Rn satisfies p.lSp . one can prove that f{Ho){RN)* satisfies p.l4p . One can 
deal with Pn{x, Dx)f'^^^Ho)x{H) and Rnx{^) in a similar manner. □ 

4. Parametrices and regularizers 

We construct parametrices for the wave equation in the form of a FIO using if± 
and a± in §2. Recall that ip±,a± contain cut-off functions. Here we need another 
cut-off function which restricts x and in a smaller region. Let R and e be as 
in Definition 2.7. Take Xoo{t), x(t) G C°°(R) such that Xoo{t) = I {t > lOR), 
Xoo(t) = (< < 9i?), x{t) = 1 (t > -1 + 5e), x(t) ^0 {t<-l + 4e), and put 

(4.1) X±ix,0 = Xooi\x\)Xooi\^\)x{±x -0- 

Definition 4.1. Let (p±, a± be as in Theorem 2.8 and Lemma 2.9, and x± a-s 
in dm]). We define a FIO U±{t) by 

In the following, || • || denotes either the operator norm ||T|lB(L2(R,n)) of a 
bounded operator T on _L^(R") or the L^-norm ||M||L2(R^n) of a vector u G L^(R"). 
There will be no fear of confusion. We put 

Let X and A be as in (|3T2)) . 

Lemma 4.2. For any N > 0, there exists a constant Cn > such that 
||A^G+(t)A^X^|| < CAr(l + t)-^, t>0. 
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Proof. We have 

We decompose this operator into two parts and make use of the tools in §3. 

Low energy part. First we deal with the low energy part. We take Xoit) G C°°(R) 

such that xo(0 = 1 (i < 1), Xo{t) = {t > 2) and consider A^e^*^%/ffxo(ff 
Noting that 

A^e''^VHxQiH)U+{t) = A^(l + H)-^/^e''^{l + H)^/^VHxo{H)U+{t), 
we have only to show 

(4.2) \\xo{H)U+{t)A''X^\\<CN{l + tr^, Vt,7V>0. 
We decompose xo{H)U+{t) into two parts: 

(4.3) Xo{H)U+{t) = xo(ff)V,a+ • e-**^^/^;,;,^. 
Proposition 4.3. xo{H)I^^,a^A^ e B{L^(R")), ViV > 0. 
Proof. Lemma 3.3 entails the asymptotic expansion 

N 

(4.4) xo{H)^Xo{Ho) + Y.Pn{x,D.,) + RN, 

71=1 

(4.5) pn{x,0 = for 1^1 > 2, X^A^i?ArA^X^ e B(L2(R")). 

By the construction of a^{x,^) in §2 (see (|2.12p ). |^| > 1/eo and |a;| > 1/eo on 
supp a+(a::, ^). Therefore in the expression 

(4.6) 1 1 Vo(|?7ne^'^+(^^«)a+(x,0(l + ~ ^if'^Iimdx, 

which is the Fourier transform of xo(io)^i^+,a+ A^AT^/, the phase has the following 
estimate 

|v4x-77-(^+(a;,0)| >C(l + |e|), C>0. 
Using the differential operator 

P = i\-q- V.jr.ip+{x,C)\ ^{v - ^x(p+(x,0) ■ ^x, 
and integration by parts, we can then rewrite ()4.6p as 

e-'(^"'-'^+(^'«»Xo(hn(P*)'''a+(x, 0(1 + - A,f/'mdidx. 

Since \{P*f'^ a+{x, ^)\ < CAr(l + |x|)-2^'(l + |^|)-2W, by integrating by parts with 
respect to the proposition is proved if Xo{H) is replaced by Xo(^^o) • By (14. 5|) one 
can prove the same result if xo^Hq) is replaced by Pn{x,Dx) oi Rjy. This proves 
the above proposition. □ 



By (j4.3|) and Proposition 4.3, the proof of ()4.2p is reduced to the following 
Proposition. 

Proposition 4.4. 

||X-^A-^e-'*^/^. A^X^II < Cw(l + 1)-^, yt, N>0. 
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Proof. We estimate the phase function of 

^-uVH-oj^^^^^j = (Stt)-"!! e'(-«-*l«l-^+(«'«))x+(2/,e)/(y)d2/rfe 
First we have 

Here the locahzation with respect to the directions of y and ^ plays an important 
role. Since S, ■ y > — 1 + 4e on suppx+(y, 0^ have 

H + y\'^t' + 2t\y\^-y+\y\^ 

>t^~2t\y\{l-Ae) + \y\^ 

>Mt' + \yf)- 

By choosing R large enough, we have 

(4.7) \V^m + ^+iy,0)\>Cit+\y\) 

with a constant C > independent of y and t > 0. Integration by parts then proves 
the proposition. □ 

High energy part. Next we consider iVH{l — XQiH))U+(t] + -^U+lt). By the 

at 

definition of g^ in Lemma 2.9, we have 

(4-8) H I^p^Q^^ -^(p+,a+-^0 

which implies 

We put /(<) = — Xo{t)) and let F{z) be its almost analytic extension. Then 

we have by virtue of Lemma 4.3 

(4.9) fiHK+.a^ - I^^.aJiHo) = B, 

S = d:F{z){H - z)-^L^^.g^{Ha - z^^dzdz. 

c 

Using this formula, we then have 

%/H(l-X0(i?))/^+,a+ = fiH)HI^^,a^ 

f{Ho)Ho + BHo + f{H)I^^,g_^, 
where we have used (|4.8p . (j4.9p in the first and second lines. Therefore we have 

iVH{l~xo{H))U+{t) + jU+{t) 

(4.10) = ^BH,e-^'^>I^^_^,^^ + z/(i/)/^+,,+ e-'*^/^;,^^ 

The third term of the right-hand side vanishes, since Xo(l?P)x+(y: C) — 0. Let us 
consider the second term. Taking notice of the relation 

A^e"^f{H) = A^(l + H)-^/^ ■ e'*^ . f{H){l + H)^/^A-^ ■ A^, 
we have only to show the following 
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Proposition 4.5. 

||A%+,<,^e-"^/^;,x+A'^^'^ll <CN{l + t)-^, \ft,N>0. 

Proof. We choose ■0i(i),'02(O € C°°(R) such that + -02 (i) = 1 (i G R), 

V-iW = 1 < -1 + 3e), ■01 (t) = (t > -1 + 7e/2), and put 

Then /^^^g_i_e"'*^/^/^-j^^^_^ = + J2(i)- Note that x-f> -l + 3e on the support 

of 'ip2{x-S,), on which region g+{x, ^) decays rapidly in x and ^ by Lemma 3.9. Using 
(|4.7p and integrating by parts, we then have 

\\A^J2it)A^X^\\ < CN{i + t)-^, yt,N > 0. 

We next show that on the support of the integrand of Ji (i) 

(4.11) \W^{^+{x,0~m-V+iy,0)\>C{t+\x\ + \y\) 
for a constant C > 0. Once this is proved, one can prove 

\\A^Ji{t)A^X^\\ < CN{l + ty^.. Vt,iV > 

by integration by parts. To prove (|4.1ip . we put 

D+ = {yeW;y-i>-l + 4e}, D_ = {x G R" ; x • f < -1 + 7e/2}. 

Then there exists < co < 1 such that 

y-x<co\y\\x\ if y e D+, x e D^. 

We also see that y + tS, £ if y G t >0. Therefore 

\y + t^-x\'>{l^co){\y + t^\^ + \x\^). 

In the proof of Proposition 5.4, we have already seen that ly + > C{t + \y\) for 
some C > 0. This proves (|4.1ip . □ 

It remains to consider the first term of the right-hand side of (|4.10p . 
Proposition 4.6. 

WA^'BHoe-^'^I^^^^^^A^X^W < Cjv(l + 0"'^, Vt,iV > 0. 

Proof. We rewrite _BiJoe~**^'^/,^^,x+ 

^ ^ (9rF(z)) |Imzr™(l + \z\r-' ■ \lmz\{H - z)-' 
/ \-[rnz\ X™-! , 

TO being an arbitrily chosen integer. By the property of almost analytic exten- 
sion, (KF{z)) |Imz|-™(l + |z|)™-i is integrable, and \\\lmz\{H - z)-'^\\ is uni- 
formly bounded on C. We show that by taking to large enough, one can deal 
with |Imz|™~^(l -I- |z|)^™+^(i?o ^ z)^^Lo like a i/jDO with smooth symbol whose 
operator norm is uniformly bounded in z. To show this, we have only to prove 

(4.12) (i+MJ ^ - ^ 
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where C is a constant independent of ^ G R and z G C \ R. In fact, one can show 
by induction that 

whereP„(^) is a polynomial of order n. Using the inequality |^| < C(l + |z| + ||^p — 
z\), we have |P„(C)| < C((l + |z|)" + \\^\^ - z|"), which implies 



|q| + 1 



n-l 



This proves (I4.12p . Then by the same computation as in the proof of Proposition 
4.5, we can prove the desired estimate. □ 

The proof of Lemma 4.2 is now completed. □ 
Lemma 4.7. For any f £ L^(R") we have in the sense o/L^(R") 

Proof. We have only to prove that 

^¥'±,a±e"**^5 = e^'*^g + o(l), as t ± oo 

for g satisfying g{^) = XooiOdiO ^ C^(R"). We prove the case as t — oo. Take 
Xo{t),Xi{t) e C°°(R) such that xoW + XiW = 1 (i G R), XoW = I {t < 1/3), 
Xo{t) = (i > 2/3). Then we have 

Xo{^-^)W.a,e~^'^g = (2.)-"/^ / e^(^+(-0-*kl)^^(M)„4^, 
Since V{((/7+(x,0 - ^x- + 0{\x\-'">), we have 

for some constant C > on the support of the integrand. By integration by parts, 
we then have 



lxo(^)/^+.a+e-'*^3l! < c^r^, ViV,t > 0. 



We rewrite XiOjO^v+.a+e as above. Since a+(a;,0 = x(eolCI)Xe(^ ' O + 

0(|a;|~'^°) (see (|2.12l) ). and the integral over the region {x-£, < 0} disappears (which 
is proven by the same method of integration by parts), we have 

Xi(^)V,a,e-"^5- (2^)-"/' / e^(^+(-'«)-*l«l)xi(^)x(£o|ei)?(?)rfe + o(l). 

In (|4.ip . we take R large enough so that Xoo(ICI) — Xoo{\£,\)x{^o\£,\)- Then we have 
x(eo|ei)5(0 =Xoo(|e|)?(0 Therefore 



Xi(f ) V,a,e-"v^g ^ ^,(m)e-*v^5 + o(l) 

-it%/75o" 



= e-"^^°5 + o(l), 

which proves the lemma □ 
Let H™ be the Sobolev space in Definition 1.12. 
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Definition 4.8. (1) An operator R is called a regularizer of order N if it satisfies 



m— — oo 



m— — oo 



If can be taken arbitarily large, R is simply called a regularizer. 

(2) A i/jDO P+ (-P-) is called an approximate outgoing (incoming) projection if its 

symbol p+ (a;, ^) (p_(a;,^)) has the form 

P±{y,C) = X±(a;,0 , 
where x±{x^C) is specified in (|4.ip . and x±(2/,^) is the inverse function of y = 

Let W± be the wave operator defined in Subsection 1.3. 

Theorem 4.9. For any N > 0, there exist an approximate outgoing (incoming) 
projection P+ (P-) (ind a regularizer of order N , which is denotede by R±., such 
that 

W±P±=I^^,a^P±+Rl. 

Proof. Wc consider W+. Lemmas 4.2 and 4.7 imply 



(4.13) 



G+{t)dt, 



the 2nd term of the right-hand side being a regularizer. In the following we use the 
abbreviation 



We now 



put bo{x,^) = det (j)^ip-i-/dxd^^ 



, and let 



Then we have modulo a regularizer 

W+c+{x,Dr, 

By virtue of (4.7), c+(a;,^) has an asymptotic expansion 



a+C+{x,Dx). 



Let x+{^j be a function similar to x+{^i such that x+{^i ^) = 1 on suppx+(2;, ^). 
Namely, we slightly shrink the support of x+- Let qi E S^^ and Qi be a -000 with 



symbol x 
expansion 



9i(?/iO- Then the symbol of c^{x, D,j:)Qi has an asymptotic 



la:+(iy:C) 



i«i=i 

We choose qi as follows: 



+ X+ 



■ DyX+ 



x+{y,i) 



mod S~^. 



1 



Qi 



X+ 



ciX+ 



x+iy,i) 



|a| = l 



x+{y,i) 



D'ix+ 
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Since x+ = 1 on suppx+, 1i{y,C) is smooth and 

c+{y,O^X+ , +c2(y,C)H > C2 e S""^. 

Repeating this procedure, we complete the proof the theorem. □ 

5. Propagation of singularities 

5.1. Singularity expansions I. We show how 7?.+ describes the singularities 
of solutions to the wave equation. We start with the following lemma, which can 
be proved easily by integration by parts. 

Lemma 5.1. The integral operator defined by 

{Af){s,u;)^ r [ e'^^'~^-y'^a{s,uj,k,y)f{y)dkdy 



(s € R"'^, uj £ S"^^ ) is a regularizer if there exist constants G R and Cq > such 
that 

(5.1) \d':dld^ya{s,u,k,y)\<Co.p-,{l + \k\Y-P, Va,/3,7, 

(5.2) \s-uj-y\>Co{l + \3\ + \y\) 
on the support of a(s,UJ,k,y). 

By Corollary 1.9, we have the following expression: 

n+f){s) = -y= I e^^^ [Mw+Yf) {k)dk 

ik 



e''^' {ToiW^Yf) {k)dk. 

We take xr{s) € C°°(R) such that xr{s) = (s < 15i?), xr{s) = 1 (s > 20R), 
and study the singularity of xr{s)T^+ f (s) with respect to s. 

Lemma 5.2. We take N > large enough. Then there exist approximate 
outgoing, incoming projections P+, P- such that 

j*oo poo 

(5.4) xr{s) e^'^MkYW+Ydk^XRis) e^'^' F^{k)PXI^-^-^dk, 

Jo Jo 

(5.5) Xr{s) r e''''Mk){W-Ydk = XR{s) r e'"' Mk)P*-I^'_,a^dk 



modulo regularizer s of order N . 

Proof. We compute the first term of the right-hand side of (15.31) . Let Xao{t) 
and x(t) be as in (|4.ip . Modulo a regularizer, we can insert Xoo{\Dx\) between 
Fo{k) and [W+Y ■ Let Qo and Qoo be defined by 



)o/(x) = (2^)-"yy e»(--y)-«(l-Xoo(|a;+(y,e)|))Xoo(|el)/(y)rf2/rf?, 
Qoof{x)^{2^r- ff e'(^-«)-«Xco(|a;+(y,OI)Xco(|^|)/(2/)dyde, 
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where x±{y,^) is the inverse function of y = V ^ip±{x,^). Then we have 



oo 



(5.6) xr{s) e''''Mk)Qofdk= / e'''^'-"-y'>a{s,iu,k,y)f{y)dydk, 

Jo Jo Jr" 

a{s,u;, k, y) = -0^{-^k + ~ Xoo(|x+(y, MI))Xoo(fc). 

Since \y\ < IIR on the support of a{s,LL!, k,y), the condition (|5.2p is satisfied. 
Moreover by differentiating y — V^(p+(a;,^), we have 

\d^d^x+{y,kuj)\<C^^{l + \k\)-'^, Vm>f, V7, 

from which one can show that the condition (|5.ip is also satisfied. Hence by Lemma 
5.1, (|5.6I) is a regularizer. 

Therefore we have only to consider 

/•oo 

(5.7) xr{s) / e''''{J'oQ^{W+rf){k)dk. 

Jo 

We put X-{t) = 1 ~ x(^) let (5_ be defined by 

Q^fix) = i^Trr-JI e^(^-^)-«Xoo(|x+(y,OI)Xoo(|e|)x-(^^^|^- ||)/(y)d2/de 
Then the operator (15.71) is spHt into two parts: 

Xr{s) e''''{j^oP;{W+rf){k)dk + XR{s) e'''{ToQ-{W+rf){k)dk. 
Jo Jo 

The second term is rewritten as, up to a constant, 

^Ris) n e'^(^'-«)y (^±1^1^. 

which is a regularizer by virtue of Lemma 5.1, since s > 15i? and uj ■ y < —\y\/2 on 
the support of the integrand. By Theorem 4.9, 

p;(w^+)*^p;/^;,- 

modulo a regularizer of order TV. We have thus proved (j5.4p . 

Next we consider the second term of the right-hand side of (|5.3p . We repeat 
the same arguments as above with x+{y,^) replaced by x_(y,^) and ■ ■ ■ dk hy 
• • • dk. Let x+ii) = 1 ^ xi^t) and Q+ be defeined by 

g+/(x) = (27r)-«||e^(--^)-«xoo(|2:4y,0l)xoo(|?|)x+(^^|^-^)/(y)dyrfe 

Then as above, we are led to consider 

Xr{s) f e'''{J^oPl{W-rf){k)dk + XR{s) f ^'''{FoQ+{W-rf){k)dk 

J ~QQ J —OO 

modulo a regularizer. Since fc < this time, we have 

/ X-{y,kuj) kuj . , X-(y,kuj) ^ 

— 1 — r^'Tr~i)=^+( 



\x-{y,kuj)\ \kuj\' \x-{y,kuj)\ 

on which support, we have uj-y < —\y\/2. Therefore the second term is a regularizer. 
Again using Theorem 4.9, we have 
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modulo a regularize!- of order N. We have thus derived (|5.5|) □ 
Let (s)" be the homogeneous distribution defined in Chap. 4, §5. 
Lemma 5.3. Let Xoc{k) be as in ETp, and put 



1 f°° ..-1 ■ 

(5.8) D,is) = — / e'*'-^ i-ik + 0) — -' Xoo(|fc|)dfc. 

Then we have 

where ^o(s) *s a polynomially hounded smooth function on R. 

Proof. Letting '!/'o(i) be the Fourier transform of 1 — Xoo(|^|), we have 
11+1 1 11+1 

D,{s) = - -j= / (s + <):^+>oWdi, 



from which the lemma follows immediately. □ 
In the following we use the notation ^ in the same meaning as in p.5p . Namely 



if and only if 

JV-l 

|5pf(c(x,o- E m-'cj{x,o)\<c^PN\^\-''-^"^, 1^1 > 1 

holds for any a, /3 and N. Note that this asymptotic expansion can be differentiated 
term by term with respect to x and f . 

By Theorem 3.2, we have for some b±{x,£,) € 5°, 

(5.9) I-p±,a±P± = If±,b±- 

Lemma 5.4. There exist hj{x,9) (j — 0,1,2,- ••) such that &±(x,^) have the 
following asymptotic expansions as \£\ — >■ oo; 

oo 

(5.10) 6±(x,0^E(±l^l)"'^j(^'±^)' 

i=o 

(5.11) bo{x,e)=g{xf'^a^{x,e)xoo{\x\)x{x-e), 
where aQ{x,9) is given in \2.11]) and Xoo, X. c^^c given in J^. j| ). 

Granting this lemma for the moment, we state the main theorem of this section. 

Theorem 5.5. Let TZ^{s,9,x) he the distribution kernel ofTZ^. Then there 
exist Sq > such that for any N > (n + l)/2, the follolwing expansion holds for 
s > So- 

7^+(s, e,x)^J2^'~ (^))-'^^'r,{x, 9) + r^^\s, 9, x), 

3=0 

where (so,oo) 3 s^ r^^^s,9,x) G 2?'(5""i xR") is inC^W, n{N) is the greatest 
integer < N — {n + l)/2, 1^9(2;, 9) is given by Definition 2.7, and 

(5.12) rj{x,e) = 2-i/2(27r)(i-")/2z-J6j(x,0), 
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bj(x,9) being given in Lemma 5.5. 
Proof. First let us note that 

(5.13) ip-{x,k0) ^ kip+{x,0) for fc < 0, 

OO 

(5.14) b-{x,k9) r^^k-^b j{x, 9) as fc — >■ — OO. 

3=0 

In fact by Theorem 2.8 (3) we have for fc < 

(/?_ {x, kO) = —ip^{x, —kO) — —(p+{x, \ k\9) = —\k\ip+{x, 0) = kip^{x, 0), 
which proves (|5.13p . By (|5.10p we have as fc — > — oo 

OO , „ OO 

b^{x, k0) ^ Y.{-\k\r^b,{x,-—) = k-'b,{x,0) 

3=0 ' I 3=0 

which proves ()5.14p . 

Take / G Cg"(R"). Since (p+ix,0) = ip{x,0) by Definition 2.7, using ([STO]) we 
have as fc — >■ OO 

-7^o(fc)(/ip+,6+)*/ 

^ 72(2^)"/^ ^ y^^^e-*^-'^(-'«)(-zfc + 0)^-^Xoo(fc)*'^6,(:.,^?)/(:c)dx, 

where Xoo(fc) is as in (|4.ip . Here we have used the fact that 

(-iifc + 0)"(-ifc)'" = (-ifc + 0)"+™ if OT^fceR, a€R, m G Z. 
By (|5.13p and (|5.14p . we have as fc — > — oo 

= _I-_(-zfc + 0)'""'^/' / e-'^-^^-'''h^ix,k0)fix)dx 
V2(27r)«/2^ ^ ij,„ ^ ' ^■'^ ^ 

- 7f(^;jV^E^„e"^"'^'''H-*fc + 0) ^ ■'xoo(fc)*--''6,(:r,^)/(a;)dx. 
Using (|5.3p . Lemma 5.2 and (15. 9p . we have 

Xi^(s)7^+/(s) ^ ^ e''^-J-o(fc) /dfc 

modulo a regularizer of order N. We replace J^o{k) {lip±,b±) by the above asymp- 
totic expansion to obtain 

N ^oo 



/2tt 



^ik{s-i^{x,9)) 



-OO J R," 



(-ifc + 0)- — ^Xooik)i^^bj{x, 0)f{x)dxdk 
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modulo a term sufficiently regular in s. Performing the integral in k and using 
Lemma 5.3, we have 



N 



V2(2^)("+i)/2^yR. 



l)/2 ^ 



i ■'hj{x^9)f{x)dx, 



modulo a term sufficiently regular in s, which proves the asymptotic expansion of 
7^+(s,6l,x). □ 



It remains to prove Lemma 5.4. Let (V^(p±) (a;,C) the inverse of the map 
: X — > y ^f±{x,£). Then by (|4.I[) . the symbol p±{x,S) of P± is written as 

(5.15) P±(a;,e)=X±°(Vc^±)"'(x,0- 
Now in view of p.lOp . we have 

(5.16) b±{x,T^) ^ {a±(a;,0(i?:P±)(V«¥P±(a:,C,^),r?)} 1^^^. 

a 

Each term of the right-hand side consists of a sum of functions homogeneous in rj. 
We rearrange them as 

oo 

(5.17) 6±(a;,r;)^E|,7r^"62^(x,^), 

3=0 

and compare (|5.16p and (|5.17l) to obtain 

hf{x, 9) = g{x)^'\,{±x ■ 9)ao{x, ±9)p± (V^^± {x, 77), 77) 



where we have used (|2.12p . Since 
we have by (|5.15p 



(V^(/7±)(X,77), 



which proves (|5.1ip . 

To prove (|5.10p . we make the following definition. Two functions /+(x,^) and 
f-{x, ^) are said to be compatible if there exist fj{x, 9) [j = 0, 1, 2, • • • ) such that 
f±ix,S,) have the following asymptotic expansion as |^| — > 00: 

00 

i=o 

Lemma 5.6. (1) If f-^-{x,£^) and f-{x,^) are compatible, so are (?|'/+(x,^) and 

(2) If f+{x,^) and f-{x,^) as well as g+{x,^) and g^{x,Cj are compatible, so are 
f+{x,09+{^,0j'nd f-{x,£,)g-{x,(,). 

(3) dl{Dy+){V^^+{x,i,ri),Ti) andd^{D^p^){V^ip_ix,^,r,),7j) are com- 
patible. 
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Proof. The assertions follow from a direct computation. In order to prove (1), 
we let di = d/d^i and take notice of 

oo n 

m— j — 1 

oo n 

m— j — 1 

The assertion (2) is obvious. To show (3), note that by Definition 3.7 



Since V^^Si are homogeneous of degree 0, this means that V^(p+{x, £_) and V^(/5_ (x, ^) 
are compatible. Since £'"p+(x,^) and are compatible, one can prove 

(3) inductively. □ 

By Lemma 5.6 and (j5.16p . b±{x,^) are compatible. This proves Lemma 5.4. 

5.2. Recovering partial regularities near infinity. Let us rewrite Theo- 
rem 5.6 in the operator form. Let Dj{s) and rj{x,9) be as in (jS.Sp and (|5.12p . 
rspectively. We put 

7^^V)(s,e)= / Dj{s-^{x,9))r,ix,e)f{x)dx. 

Lemma 5.7. (1) For any j,m> 0, we have Tzf* G B{H"'; H^+"'). 
(2) Let Xr{s) be as in Lemma 5.2. Then for any N 

N-l 

XB{s)n+ = xr{s) E 

modulo a regularizer of order N . 



Proof. To prove the assertion (1), we have only to note that the operator 

is L^-bounded. The assertion (2) has been proven in Theorem 5.5. □ 

The purpose of this section is to prove Lemma 1.13 in a localized form. Let 
us recall that the stationary phase method shows the scattered waves propagate to 
infinity along the directions close to ^ = ±5;. With this in mind, we prepare the 
following notion. 

Definition 5.8. For a constant < (5 < 1, let S{S) be the set of symbols 
e S° such that suppp C {(x,^) ; |x • ^| < 6}. We say that / e L'^{'R^) is 
regular in non- scattering region if there exists < d < 1 such that p{x, Dx)f S 

j?-(R"), yp{x,o&siS). 

If / is regular in non-scattering region, its wave front set, denoted by WF (/), 
satisfies WF (/) n {\x • ^| < ,5} = 0. As an example, let Br = {x e R"; |x| < R}. 
If / G H°°{Bfi) and f{x) — for |a;| > i?, by the stationary phase method, f{x) is 
shown to be regular in non-scattering region (see Lemma 6.8). The necessity of this 
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notion will be made clear in the proof of Lemma 5.9. We put H™{s > a) = H"^{Ia) 
and i7"(|a;| > p) = H"^[B'p), where !„ = (cr, oo) and B'p^ixC R"; > p}. 

Lemma 5.9. There exist constants p > a > such that the following assertion 
holds: If f (z L^(R") is regular in non-scattering region and Ti!^^^ f £ H™'{s > a) 
for some m > 0, then f € H"^(\x\ > p). Moreover p can be chosen arbitrarily close 
to a. 

Proof. The proof is complicated and is split into several parts. Let x(s) S 
C°°{R) be such that x(s) = 1 (s > cr + 2), x{s) = (s < cr + 1), where ct > wih 
be determined later. We put 

/oo /■ 
/ e*'=(^-^(-^''))(-*fc + O)^xoo(|fc|)r-o(a;, 9)f{x)dxdk, 
-ooJR" 

and assume that u £ We take •ipQ{t),tl;^{t) e C°°(R) such that ipoit) + 

V-ooW = 1 € R), V'ooW - 1 (i > 2), ijj^it) - (t < 1), and Co(0,Ci(t) G C°°(R) 
such that co{t) + ci{t) = I {t e R), ci(t) = 1 {\t\ > 5/2), ci{t) = {\t\ < (5/4), 
where 6 is the constant appearing in the assumption of regularity in non-scattering 
region for /. We split f{x) into 3 parts : 

fix) = i^oo{\x\)c,{x ■ 9) fix) + M\x\)f{x) + ^oo{\x\)coix ■ 9) fix). 

1st Step. We put 

/oo /• 
/ e*'=(^-^(-^^))Hfc + 0)^Xoo(|fc|) 
-oo JR" 

•ro(a;,6')V'oo(|a;|)co(a; • 9)fix)dxdk, 
and show that ui £ H°°. This is proved if we show 

v,ix) := (27r)-" / / e^(-«-'^(2''«))xoo(|^|)ro(2/, ±C)^oo(|y|)co(±y • f )/(2/)dyde 

J jR"xR" 

is in H°° . In view of p.6p . we have 

wi := I^svi = Pf, 

where, modulo a regularizer, P is a ipDO whose symbol is supported in the region 
{|ir • ^1 < S}. Therefore wi G H°°, since / is regular in non-scattering region. 
Computing /^'^iWi and using p.7p . we then have 

(1 + Pi + F2 + • • • )«i = .9, 
where P; G 5^* and g G By multiplying suitable ipDO^s, we have vi G 

^nd Step. Next we consider 

/oo /• 
/ e^'^(^-'^(-'«))(-*fc + O)^xoo(|fc|)ro(x,0) 
-oo JR" 

•[V'oo(|x|)ci(S-0)+V^o(N|)]/(.T)dxdfc. 

Let x(s) e C°°(R) be such that x(s) 1 (s > cr), x(s) = (s < - 1). By 
integration by parts, the operator 

Xis) J j e^M^-^(-,e)) (1 _ ^(^(2,^ e))) ■ ■ ■ dxdk 

is a regularizer. In fact, since (fix, 9) < cr, we have \s — (pix,9)\ > C(s + |a;|) for a 
constant C > thanks to the factor V'oo(|a;|)ci(a; • 9) + ^poUx]). 
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We are thus led to consider 

/OO p 
-OO JR" 

• xivix, e))r^{x, 6) [^oo{\x\)ci{x ■ 6) + f{x)dxdk, 



which belongs to H™. Here we choose a large enough so as to be able to apply 
Lemma 2.4, and make the change of variables x — >■ {t,y) = {t{x,0),y{x,9)). Since 
t(x, 0) = ip{x, 9) by virtue of Lemma 2.5, the above integral is rewritten as 

(5.19) ^x{s) I j e'''^'-'Uoit,k,y,0)nt,y,e)dkdtdy^: V2{s,e), 

(5 20) *(t,fc,2/,e) -27r(-ifc + 0)^xco(|fc|) 

• x{t)ro{x, 0) [iJo.{\x\)ci {x-e)+ M\x\)] J{t, y, 0), 
J(t,y,0) being the Jacobian of the map : x — > {t,y), and in the expression of qo, 
X should be read as x{t,y,0), f{t,y,9) — f{x). This reduces the problem to the 
1-dimensional i/jDO calculus. 

Let Qo be the 1-dimensional t/^DO with symbol qo{t,k,y,0), where y,9 are 
regarded as parameters. Then ()5.19p reads 



Xis) (Q5/(-,y,0)) {s)dy^V2is,0), 
where V2 G i?™. By ipDO calculus, we have modulo 
(5.21) / x(s) [Q*ofi-, y, 0)) is)dy ^ [ [P*J{-, y, 0)) {s)dy G H^' 



where the symbol of Pq is the product of x{t) a-nd qo{t, k, y, 0), namely, it is obtained 
with x{t) replaced by xi^) in (|5.20p . Passing to the Fourier transformation with 
respect to s in (|5.2ip . we get 

e-'^H-ik + O)'^x^{\k\)x{t)ro{x, 0) 

■ [^oo(|x|)ci(J • 0) + M\x\)] J{t, y, e)J{t, y, 0)dtdy =: w{k, 0), 
where w{k,0) satisfies 

l2 



(i + ifc|)^™imfc,.)iii.(5.-i)dfc<oo. 

Transforming back to the original variable x, we get 

(-jfc + 0)^Xoo(|fc|) / e~^''^^^''hMx,0))Mx,( 



(5.22) 

• [V'oo(|x|)ci(x • 0) + M\x\)] f{x)dx = w{k,0). 

We try to regard (|5.22p as a FIO putting ^ — k0. Here we must note that the term 
x{'p{x,0)) behaves like 

\d^x{v{x,0))\<cM + \x\tK 

which seems to cause a trouble in defining a suitable class of symbols. However 
thanks to the locaization factor ^oo{\x\)ci{x ■ 9) +^(j{\x\), the amplitude b{x,0) of 
(|5.22p has the estimate 

\d^d^b{x,9)\<C^p{l + \x\r^Pl 
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In fact, by the estimate ()2.9|) . on the support of x'{f{x, 9)), \x ■ 9\ is bounded. Due 
to the locaization factor tpoo{\x\)ci{x ■ 9) + ipo{\x\), if \x ■ 9\ is bounded so is x. 
Therefore, the derivatives of x((^(a;,0)) does no harm to our analysis. This is the 
reason why we have introduced the notion of regularity in non-scattering region. 

3rd Step. We consider (I5.22p separately in the region fc > and fc < 0. For ±k > 0, 
we put /c = ±1^1 and 9 — Then we can rewrite (|5.22p as 

3-^±(-'«)p±(x,e)/(x)da; = g±(0, 

where p±{x,^) G S'^ has its support in the region ±x ■ ^ > (5/3 and <?±(C) satisfies 
(1 + \£.\)"'g±{0 e i2(R")- We now mulitiply e^-^i^^-?) and integrate in ^. Then we 
have by FIO calculus 

q±ix,D,)x{\x\)f eH"', 
where q±{x,S,) € S^, q±{x,^) = 1 for ±x ■ ^ > S and > 1, q±{x,S^) — for 
±x < 5/5 and > 1, and x(0 € C°°(R) such that x(i) = 1 {t > a + 2), 
x{t) — {t < (T + 1). Taking into account that / is regular in non-scattering 
region, we finally prove that / S H^dxl > p) for p ^ s + 2. By examining the 
proof, we see that p can be chosen arbitrarily close to a. □ 

Theorem 5.10. There exist p > a > such that if f is regular in non-scattering 
region and TZ+f G H"^{s > a) for some m > I, then f G > p). Moreover 

p can be chosen arbitrarily close to a . 

Proof. If 7^+/ G i?i(s > cr), we have 11%^ f G U^{s > a) by Lemma 5.6 (1). 
Therefore the case m = 1 follows from Lemma 5.9. Let us assume the theorem 
when TO = fc— 1. Then if TZ+f G H''{s > a), we have / G H''~^{\x\ > p). Therefore 
if j > 1, we have TZ^l' f £ H''{s > a), which implies that 7^^°V e Hf^is > cr). By 
Lemma 5.9, we have / G H''{\x\ > p), which completes the proof. □ 

6. Singular support theorem 

6.1. Envelope. Let us first recall the classical notion of envelope. Let U and 
be open sets in R" and R"~^, respectively. Suppose a real- valued function 

(l){x,uj) G C°°{U X Q) satisfies 

(6.1) det f V,0, -^V,0, • • • , -^V,0 ) ^ 0, xeU, uen, 

(6.2) det ( TT^^l 7^ 0, xeU, w G 17. 

Given an interval / C R, we consider a family of surfaces 

S](s, uj) — {x ^ U ; (j){x, oj) = s} , s ^ I, uj £ ^l. 
Assume that for x d U there exists a unique solution uj(x) to the system of equations 

6.3 —{x,uj) = --- = - (a;,cj)=0. 

Then the envelope I](s) of {i;(s, w)}^^^^ is defined by 

I](s) — {x ^ U ; 4>{x,uj{x)) = s}. 
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We put y = {s,u) and f{x,y) = {fi{x,y), ■ ■ ■ ,fn{x,y)), where 

f.i{x,y) = d<j>{x,uj)/doJi, (l<^<7^-l), fn{x,y) ^ <j){x,uj) - s. 
Then the equation for the envelope and the conditions (|6.1I) . (|6.2p are rewritten as 

fix, y) = 0, det (^] ^ 0, det ( ^] ^ 0. 



9a; y ' \dy 

Hence by the imphcit function theorem the map : U 3 x vi^) — {s{x),uj{x)) G 
/ X 57 is a diffeomorphism. Let X{s,lu) be its inverse. 



Lemma 6.1. Let gij{x)dx^dx^ be a Riemannian metric on U and put h{x , ^) — 
■^g^-' {x)£,i£,j ■ Assume that (f)(x,uj) satisfies the eikonal equation 

(6.4) h{x,\/^(j){x,uj}) = 1/2, xeU, ujen. 

(1) We put = (j){x,Lj{x)). Then <^{x) also satisfies the eikonal equation 

h{x,V,^<^{x)) = 1/2, xeX. 

(2) Let P(s,Lu) = (S/x^) {X{s,io)). Then we have for s G / and lo £ Q, 

^-X{S,UJ)=(^) {X{S,L,),P{S,LU)), 



ds ' ' ' 

^ P{S,UJ)=~(^) (X{S,L0),P{S,UJ)). 



(6.5) 

ds ^ ^ ' \dx 
Proof. By virtue of (j6.3p . we have 

(6.6) Vx'i>{x) = {Vx^){x,Lj{x)), 

which imphes (1). We let k{x,uj) = x4') {x,uj) and differentiate (|6.4p by ujj to 
have 

dh\ , ^ , dk \ „ 1 

—j{x,k{x,uj))-—{x,uj)=0, l<j<n-l. 

Using (|6.6p . we have P{s,uj) = k{X{s,uj),uj), hence 

(6.7) (J^yP{s,u;),u;)-(^^yX{s,u),P{s,u;))=0, l<j<n-l. 
On the other hand, we have by differentiating (^d(l)/dujj){X{s,uj),bj) = by s 

(6.8) (^^yx{s,u),u)-^{s,uj) = 0, l<j<n-l. 

By (|6.1I) . dk/doJi, ■ ■ ■ , dk/dujn-i are linearly independent. Therefore by (|6.7p and 
(|6.8p we have 

^{s,u;) = \{s,u^) (^^^ {X{s,u^),Pis,u;)) 

for some scalar function X(s,lu). Differentiating s = (f>{X{s,uj),uj) with respect to 
s, we then have 

l^k-^ = Xk-(^^^ {X,k) = 2\h{X,P) = \. 
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Finally by differentiating Pi{s,uj) — {dcf)/dxi) [X{s,uj),uj) we have 

since by differentiating h(x,k(x,Lu)) = 1/2, we get 

(1^) + (1^) i^^H^^^)) ■ |^(^'^) = 0. □ 

Let us note that by (|6.6p . I](s,a;) is tangent to I](s) at X(s,w). 
We now put 

I](±)(s, 61) {a; e R"; ip±{x, 9) = s} , 
and construct the envelope of {l]*^^^(s, 6')}gg^„_i. Since ^+{x, 9) — —ip-{x, —9) by 
Theorem 2.8 (3), we have 

Therefore we have only to consider 9) — (p{x, 9). For (p{x, 9), the assumptions 

(|6.ip . (|6.2p are satisfied on the region {|x| > ro} x where rp > is chosen 

largre enogh. We consider the equation 

(6.9) Vgip{x,9)=0, x-9>0, 

V e being the gradient on 5"^^, which corresponds to (16. Sp . If (p(a;, 9) = x ■ 9, the 
solution is unique and given by 6* = x. Since 9"(<p(x, 9) — x ■ 9) = 0(|a;|~l"l~'^"), we 
see that (j6.9p has a unique solution 9{x) = a; + 0(|a;|~'^''). Let s{x) = (p{x, 9{x)) and 
X{s, 9) be the inverse of the map : x (s(a;), 9{x)). We summarize the properties 
of these diffeomorphisms in the following theorem. We put E(s, 0) ~ 1]'^+^ (s, 6'). 

Theorem 6.2. There exist ro > and sq > for which the following assertions 
hold. 

(1) For any x G R" such that \x\ > ro, there exists a unique 9{x) G S'"'^^ satsifying 
(Vet^s) (a;, 0{x)) = and 9{x) ■ x> Q. We define 

^{x) = Lp{x,9(x)) for Ice] > To, 

and extend it smoothly for \x\ < ro so that $(x) is monotone increasing with respect 
to \x\. Then 3>(a;) ^ |x| as | a; | —)■ oo and satisfies the eikonal equation 

g''{x){^^^^>{x)){^J^{x)) ^1 for |x|>ro. 

(2) For any s > so, the set 

E(s) = {xe R";$(x) = s} 
is a strictly convex compact hypersurface. 

(3) For any s > So anc? a; G S(s), S(s) is tangent to Y,{s^9{x)) at x. Moreover 9 {x) 
is a unique point 9 in S"^^ such that S](s) is tangent to Y,{s,9) at x. We also have 
for \x\ > ro 

(6.10) max (p(x,9) = <I>(a;), 
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and the maximum is attained if and only if 9 ~ 0{x). 

(4) For any s > sq and 9 G S""^^ , there exists a unique X{s,9) G S(s) such that 
S(s,0) is tangent to S](s) at X{s,9). We also have for any 9 G S"^^ 

(6.11) max ip{x, 9) = s = $(X(s, 9)), 

and the maximum is attained if and only if x = X{s, 9). 

(5) For any s > sq, the map 

S-"-! ^o^x{s,9) e E(s) 
is a diffeomorphism and its inverse is given by 

E(s) 3x-^9{x) € S'''\ 

( 6) The map 

X : (so, oo) X 5"'-! 9 (s, 9) X{s, 9) G R" 
is a diffeomorphism whose image contains the region {x ; > ro}. The inverse of 
this map is 

X-^ -.x^ {<^>{x),9{x)). 
It has the following estimates (x — x/\x\) 

(6.12) |S^($(x)-|x|)| <C7„(l + |x|)-^°-l«l, Va, 

(6.13) \d^{9ix)-x)\<Cc,{l + \x\)-^-''>~\"\ Va. 

(7) The diffeomorphism X^^ gives the geodesic polar coordinates in a neighborhood 
of infinity, and in this coordinate system the Riemannian metric G = gij{x)dx^dx'-> 
takes the following form 

n-l 

X*G = {dsf + h,j{s,9)d9'd9^. 

Proof. As is noted above ip{x, 9) = x-9 for the Euclidean metric, hence 9{x) = x, 
$(x) = |a;|, and the theorem is obvious. The assertion (1) follows from Lemma 6.1. 
Since E(s) is a slight perturbation of sphere, (2) follows. The first part of the 
assertion (3) is obvious. We shall prove (|6.10p . If ip{x, 9) attains its maximum at 9, 
{Wef){x, 9) = Q holds. This equation has two solutions 9± such that ztx ■ 9± > 0. 
The Hessian matrix of ip{x,9) at 9+ (6'_) is negative (positive) definite. Hence 
the maximum is attained at 9^, furthermore, 9^ = 9{x). The first part of (4) is 
obvious. At the point x where ip{x,9) attains its maximum on S(s), ^x^{x) and 
Wx^{x,9) are propotional. This is just the point on which two surfaces S(s) and 
S(s,^) are tangent each other, hence (j6.11l) holds. The mapping properties in (5) 
and (6) are clear. From the equation \7gip{x, 9) — 0, we get \/ qx ■ 9 — 0{\x\~^~'^''), 
from which (|6.13p follows. The estimate (|6.12l) then follows from Theorem 2.8 (1). 
Let us prove (7). By the equation (|6.5p . X{s,9) is a geodesic. Hence {s{x),9{x)) 
are geodesic polar coordinates. We put x^ — 9i{x) (1 < z < n — 1), = $(a;). 
Then the associated Riemannian metric is computed as follows : 

^^^ = '"^d^^'" (a.$)(5,$) = i, 
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for 1 < fc < n — 1. Here we have used the equation (7.5) and 

ds dx"' ds ^ ™ 
This proves (7). □ 

Corollary 6.3. For large \x\, we have ip{x,0) < ^(x), and the equality holds if 
and only if ^ equivalently, x — X{s,0) for some s > Sq. 

6.2. Singularity expansions II. Our next aim is to compute an asymptotic 
expansion around s — a of the integral (coupling of distribution and test function, 
actually) 

(6.14) / {s-v{x,e))^{a-<^{x))lf{x)dx, / e Co°°(R"). 

JR" 

For any 9 £ S"^^, we have constructed a bicharacteristic x{t, y, 6), p{t, y, 9) having 
the properties in Lemma 2.2. We use the variables t,y to calculate (|6.14p . which 
is possible by virtue of Lemma 2.4. In perfoming the computation below it will 
be helpful to recall that for the Euclidean metric X^iLiC*^^*)^' 2;(i, ^,6*) = t9 + y, 
9 ■ y ^0, if{x, 9) ^ X ■ 9 and $(x) = 

Let $(t, y, 9) — ^{x{t, y, 9)). Then since t — cp{x, 9) by Lemma 2.5 we have by 
Corollary 6.3 

^t,y,9)-t = ^x)-ip{x,9)>0, 

and for a fixed t the last equality holds only at one point, which we denote by 
y{t,9). At y{t,9) the surface t = $(a;) is tangent to the surafce t = (p{x,9). 
Therefore {t,y{t,9)) is the coordiante of X{t,9) given in Theorem 6.2 (4). By the 
Taylor expansion with respect to y we have 

^{t, y,0)-t= ^{A{y - y{t, 9)),y~ y{t, 9)) + 0{\y - y{t, 9)\'), 

as y ^ y{t, 9), where 

A = Ait,9)^^-£^^it,ym,9)^ 

is a positive definite matrix and ( , ) is the Euclidean inner product of R"^^. By 
the Morse lemma, one can find a function z = z{t,y,9) defined in a neighborhood 
oiy{t,9) such that 

<^{x) ^^{t,y,9) = t + ]^{A{t,9)z,z), 

and z = y — y(t, 9) + 0{\y — y{t, 9)\'^). We now make a new change of variables: 
X — > {t, z) and put f{t, z, 9) — f{x). We denote by 

Jp{t,z,9) = \Aet{dxld{t,z))\ 

the associated Jacobian. (Here the subscript P menas that we are using the plane 
wave like characteristic surface t = ip{x, 9)). Then we have 

{s~^{x,9)Y_{a-'f{x))'lf{x)dx 

(s - t)" (^(T - t - ]^{A{t, 9)z, z)y fit, z, 9)Jp{t, z, 9)dtdz. 



(6.15) 
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We say that g{s,6) admits the asymptotic expansion 

oo 



fc=0 



around s = cr, if there exists eo > with the foUowing property. For any TV > 0, 
there exist Gn{s,9), Hn{s,9) e C°^{R; L^{S"-^)) such that 



Af-l 



fc=0 

holds for |s — cr| < eo- Similarly, we say that /(x) admits the asymptotic expansion 

CO 

fix) ^ Y.^a - AW e C°°(I](a)) 



k=0 



around $(x) = cr, where I]((t) ^ {a ~ ^{x)} and 9 denotes the local coordinate on 
S(a), if there exists eo > with the following property. For any > 0, there exist 
Gn{x),Hn{x) e C°°(R") such that 



N-l 



fix) = ^ (a - + - Hx))l+''GNix) + HMix) 

holds when |$(a;) — ct| < eo- 

Lemma 6.4. Let git,z) <E C^(R x R""'^), and cr > be a sufficiently large 
constant. Then if j3 > —1, we have the following asymptotic expansion around 
s — a 



J J is-t)"((7-t-^{Ait,9)z,z)\ git,z)dtdz 

(6.16) ^ ^ + 

[Pk 'g)icr,o), 

k=0 

where P'^'^'^ is a differential operator having the following form 

(6.17) Pi"'^^= Ckm^ia,P)pkm^io,9)dTd2. 

m+|7|/2 < k, 
1 7 1— even 

// I7I = m = fc = 0, we have 

(6.18) Cooo(«,/3)pooo(a,0) = i2n)^ detAia,9)-^/\ 

Proof. First let us note that the left-hand side of (16. 16^ vanishes if s > cr. For 
s < cr, we put e — a ~ s, s — t ^ ep, z ^ ^2e(l + p)Ait, 9)^^/'^w and 

w)^g{a^ e(l + p), ^2eil + p)Aia - e(l + p), 9)-^'^w) 

.detA(cr-e(l+p),6i)-i/2^ 
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Note that since a > t + \ {Az, z) > t, we have cr — t = e(l + p) > 0. Then the 
left-hand side of (16.161) is rewritten as 

(6.19) + 

{pYl{l+p)i^^{l~\w\yg,{p,w)dpdw. 

\w\<l 

Since A{t,9) is a positive definite matrix and smooth in so is A{t,9)~'^/'^ . This 
fohows from the weU-known Dunford- Taylor integral of bounded operators (see e.g. 
p. 44 of |Ka76| ). We put 5 — ^ e(l + p) and expand 5e(p, vS) into a Taylor series 
with respect to 8 to see that each term of the expansion consists of the product of 
a function of cr, 9 and 

(6.20) 52p+|7ly,7 {d'^dlg) (cr, 0), m < p. 

In fact, we first expand g{a — (5^, 5y) to obtain terms like S^'^^\^\'ip{d™d1g){a, 0), 
and next expand y = V^A{a - 6^,9)~^^^'w and det A{a - S^,9y^/^ to have ((O0| . 
We replace ge{p,w) in (|6.19p by this asymptotic expansion. If I7I is odd, /(I — 
Iw]"^)^ w'^ dw = 0. Therefore, letting k — p+ \j\/2 and rearranging the terms, we 
obtain (I6.16p . To compute (|6.18l) . we have only to use (|5.1I) and the formula 



/h<i r(/3 + ^) 

Here we have assumed /3 > — 1 to guarantee the convergence of the integral □ 

Lemma 6.5. Let a > be sufficiently large, and assume that /3 > — 1. Then 
for any f{x) € C(j"(R"), we have the following asymptotic expansion around s — a: 

/°° +1 
(. - ^(.x,0))!(a - Hx))lf{x)dx ~ ^ (a - ,s);+^+^+^("-'')(a,0). 
fc=0 

Each term of the expansion \6.21\) is represented by a differential operator Mjf''^'^ 
on R X S"^^ in the following way: 

5i"'^)(a,0) = (M^^V°^) (cT,^), 

where X(s,9) is the diffeomorphism in Theorem 6.2 (6). In the local coordinates 
M^"'^'' has the following expression 

(6.22) M^f-'^^ = Ckjj{a,l3)mkj-,{s,9)didl 

i+|7|/2<fc 

In particular, 

(6.23) M^"''^^ ^ (Stt)"^ det {A{a, 9))'^'^ Jp{a, 0, 9). 

Proof. We plug (|SJ5l) with (jOB]) . Let X : {s,9) X{s,9) be the diffeomor- 
phism in Theorem 6.2 (6). In the {t, y) coordinate system employed to derive (j6.15p . 
the condition z = and t — a means that y = y{a, 9) and ip{x{u, y, 9), 9) = cr, which 
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represents the point X{a,0). Therefore each term of the asymptotic expansion 
(|6.21|) is a derivative of f{x) evaluated at a; = X{(t, 9). Moreover 



dt 



= Y^g^^X{s,9))[^]{X{s,9),9)-^ 



t=s,y=y(s,e) ' \dXj J ' ' dXi 

= j2gnx{s,9))(^){x{s,9)) ^ 



dxj J ' dxi ' 



which is equal to ds in the coordinate system {s,9) = X ^{x). Thus we have the 
asymptotic expansion (I6.21[) . The formulas (|6.22l) and (|6.23p follow from (j6.17p and 
(CT - □ 

The first term Mq"'^'' is written by geometric quantities. By a simple compu- 
tation one can show that 



{detA{a,9))-'/' = |V,$(x)r("-i^/2 (^detHps 



dx dx ^ 



dyi ' dy^ 



x=X{a,e) 



nps = np-ns, 



where x — x{t,y,9), Hp and Hs second fundamental forms on {a — ip{x,9)} 
and {(T ~ <&(.t)} induced from the Euclidean metric, and 



Jpia,0,9) = \Gix)-'Vx<i>{x)\ {detGsix))'^^ 



x=X{a,e) 



where G{x) = (^gij{x)^, and Gs{x) is the matrix of first fundamental form on 
{a = ^{x)} induced from the Euclidean metric. 

Theorem 6.6. Let a > be sufficiently large and A > —1/2. Then for any 
f € C^(R"), we have the following asymptotic expansion around s — a 

oo 

(7^-,(a - {s, 9) ^ Y.^a ~ s)X+^ g^^\a , 9) . 

k=0 

Proof. This follows from Theorem 5.5 and Lemma 6.5. Note that (cr — 
e L2(r») if A > -1/2. □ 

In order to prove the converse of Theorem 6.6, we expand {a — $(x))^/(a;) into 
an asymptotic series X]fcLo(''' ~ ^{x))^'^ fkix) and study the relations between fk 
and gk- We compute in the following way. For f{x) £ C^(R"), take x(a;) G 
C^(R") such that xi^) = 1 on supp/. Then by Taylor expansion 

N 

{a - <i>{x))if{x) = ^(a - )x(a^) + Fn{x), 

where /j'^'' is a smooth function on {cr = $(a;)} and Fj^(x) is a compactly supported 
C/^(w)_function, where n{N) -> cx) as — > oo. This implies modulo C^^^^-function 

N 

(7^+((a - $ (x))i/(x))) {s, 9)^Y1 (^+((^ - (s, 9), 

3=0 
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and up to a smooth function the right-hand side is equal to 

lis- ^{X))Z^^\<7 - <i>(x))i+V,/f 

near s = a, since x{x) = 1 near {a = $(a;)}. Omitting the cut-off function x{^)j 
we express this computation as 

oo 

which will not give a confusion. 

In order to write down the expansion it is convenient to use the diffeomorphism 
X{s,9) in Theorem 6.2 (6). We insert the asymptotic expansion 

oo 

{{a ~ o X){s, 9) ^ ^(a - s)^+V,.(a, 0) 

k=0 

into the formula in Theorem 6.6 and obtain 

oo oo 

(n+ ( EC'^ - '^i^))'+'fk)) {r, e)^Y.^a- T)X+'^gu{\, o, 9), 

k=0 k=0 

where = fkoX~^. Note that we fix tr and regard as a function on {tr = ^{x)}. 
Let us look at gk{X,cr,9) more precisely. Using Theorem 5.5 and Lemma 6.5, we 
have 



oo 

(7^+(^(a-<i>)i+"/:))(r,( 



fc=0 a+P+j=k 
(-2±i-|-/3,A+a) , l-n+l+i3^x+a) 

57 (CT,e')=Af^ rpf^oX. 



Therefore we have 



a=0 \ /3+7=fe-a 



Hence we have the following formula 



3.24) 

_L . . . _L i 

2fc 



where P2(k_j-^ (A) is a differential operator with respect to 9, and Pg*^^ is the operator 
of multiplication by 

(6.25) Pq''\(^.0) = {2ti)'^ del A{a,9)-^l^ Jp{a,{),9)r^{X{a,9),9). 

Using (|6.25p . one can solve (|6.24p with respect to fj to have 

fk{\<T,9) = Q^^\\)gk{a,9)+Qf-'\X)gk-i{a,9) 

(6.26) 

+ --- + Q^fc^(A)5o(a,^), 
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where Q2"(fc-j) W ^ differential operator with respect to 6, and 

Qi''\a,e) = l/P^''\a,e). 

Theorem 6.7. Let a > be sufficiently large and A > —1/2. Given any g{s, 9) 
having the following asymptotic expansion around s = a 



gis,e)^Y.(''-s)l+^g,id) 
with gk{d) G C°^{S^~^), there exists f{x) such that around s ^ a 

oo 
fe=0 

and f{x) admits the asymptotic expansion 

oo 

(6.27) 

around S(cr), being the local coordinates on S(o'). Furthermore 

go{9) = N{a,9)fQ{X{a,0)), 

N{<T,9) being given by 16'. 25\) . This f{x) is unique in the sense that if there exist 
two such f^'^'^ix) and /^^^(x), f^'^^x) — f^^H^) ^■s smooth. In particular, /^"'^^(x) 
and /^^^(x) have the asymptotic expansion as in \6.2T^ with the same fk{9). 

Proof. By (|6.26l) . one can construct fk{9). Using Borel's procedure we then 
construct f{x) having the asymptotic expansion f{x) '-^ J2T=oi'^ ~ fk{(^)- 
Suppose there exist two such /^"'^^ and/*-^-*. As is seen by the lemma below, Z*-^-'— Z*-^-' 
is regular in non-scattering region, hence it is in by Theorem 5.11. □ 

Lemma 6.8. For a > large enough, let u{x) — {a — <^{x))^f{x), where 
fix) £ C°°(R") wwhose support is sufficiently close to {a = and fj, > —1/2. 

Then u{x) is regular in non scattering region. 

Proof. Let P be the t/^DO with symbol p{x, ^) e S*" such that for some < 
5 < 1, suppp(a;,^) C {\x ■ S\ < d}. Then by using the polar coordinates {s,0) in 
Theorem 6.2 (6), 

FuiO = (27r)-"/2 f e-'^<]^{^uix)dx 

f e^^'^'^'^^^ia ~ sY'p{X{x, 9), 9)dsd9, 

JS"-i 

with suitable g{s,9) e C°°. We apply the stationary phase method (as |^| -> oo) 
to the integral on 5""^. Since X{s, 9) is close to s9, the critical points are close to 
on which p{X{s, 9), ^) vanishes. Therefore above integral is rapidly decreasing 
in ^. □ 
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6.3. Singular support theorem. The following Theorem 6.10 will elucidate 
how the modified Radon transform describes the propagation of singularities for 

the wave equation. 

Definition 6.9. Assume T,{t) C {\x\ > ro}. A function /(x) G ^^(R") is said 
to be piecewise il°°(|a;| > ro) with interface T,{t) if there exist /i, /2 G H°°{\x\ > ro) 
such that f = (t — $(a;))° /i + (t — $(a;))° /2 on \x\ > ro. Similarly a function 
/(s) e i^(R; is said to be piecewise iJ°°(s > sq) with interface s ^ t {> 

So) if there exist /i,/2 e H'^{s > sq) such that f = {t - s)']_fi + {t - s)°_f2 for 

s > So- 

Theorem 6.10. Pick ro, so > large enough, and let t > max {ro + 1, sq + !}• 
Assume that f G L^(R") is regular in non-scattering region. Then f is piecewise 
H°°{\x\ > ro) with interface S(t) if and only ifTZ+f is piecewise H°°{s > sq) with 

interface s — t. 

Proof. Suppose / is piecewise H°°{\x\ > ro) with interface T,{t). Up to an 
if°°-function, / is equal to {t - ^x))lf {x) with / e if°°(R"). By Theorem 5.5, 

{TZ+f){s,9) is smooth with respect to s if s ^ t. By Theorem 6.6, {TZ+f){s,d) ^ 
Sfc>o(^ ~ ^)+9k{0) around s = t. Therefore TZ+f is piecewise H°°{s > sq) with 
interface s = t. 

Conversely, suppose TZ+f is piecewise H°°{s > sq) with interface s = t. Up to 
an ^""-function, {n+f){s,e) = {t - s)°. 9(5,6*) with g G H°°{s > sq). By Theorem 
6.7, there exists / such that {TZ+f){s,9) ~ — s)']_g{s,9) around s = t. Then 
■R+{f - /) e H°°{s > So). By Theorem 5.10, / - / e H°°{\x\ > ro). This shows 
that / is piecewise H°°{\x\ > ro) with interface E(t). □ 

The meaning of Theorem 6.10 in propagation of singularities is as follows. We 
put v{t,s) = (TZ+dtu{t)) (s) for the solution u{t) to the wave equation dfu = Hu 
with initial data m(0) = 0, dtu{Q) — f. Then v{t, s) solves the 1-dimensional wave 
equation 

(a2-a,>(t,,s) = o, 

t;(0,s) = (7^+/)(s), dtv{0,s)=Q, 
hence is written as 

v{t, s) = i ((7^+/)(s + t) + in+f){.s - 1)) . 

If a is sufficiently large, t > and / is regular in non-scattering region, we then see 
that / is piecewise H'^{\x\ > ro) with interface T,{a) if and only if {TZ+dtu{t)){s) 
is piecewise H"^{s > sq) with interface s = t + a, which is equivalent to that dtu{t) 
is piecewise H™-{\x\ > t + ro) with interface T,{t + a). 
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